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PREFACE. 


The  present  volume  is  the  first  of  three  in  which  its  author  desires 
to  offer,  to  academies  and  colleges,  a  course  of  Natural  Philosophy, 
including  Astronomy.  It  embraces  the  subject  of  Mechanics — the 
ground-work  of  the  whole.  It  is  intended  to  be  complete  within 
itself,  and  to  have  no  necessary  dependence,  for  the  full  compre- 
hension of  its  contents,  upon  those  which  are  to  follow.  In  its 
preparation,  constant  reference  was  made  to  the  admirable  labors  of 
M.  PoNCELET,  and  much  valuable  assistance  waa  derived  from  the 
work  of  M.  Peschel. 

Large  type,  margiBal  notes,  tables  of  reference,  and  nnmerous 
diagrams,  often  repeated,  have  swollen  the  volume  beyond  the  limits 
originally  intended ;  but  whatever  of  inconvenience  may  thence  arise, 
will,  it  is  hoped,  be  more  than  compensated  by  the  facilities  which 
these  sources  of  increased  size  cannot  fail  to  bring  to  the  aid  both  of 
the  teacher  and  student 
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NATUEAL   PHILOSOPHY. 


INTRODUCTION. 

The  term  nature  is  employed  to  signify  the  assemblage  Nature, 
of  all  the  bodies  of  the  universe;    it  includes  whatever 
exists  and  is  the  subject  of  change.     Of  the  existence  of 
these  bodies  we  are  rendered  conscious  by  the  impressions  Bodies, 
they  make  on  our  senses.     Their  condition  is  subject  to  a 
variety  of  changes,  whence  we  infer  that  external  causes 
are  in  operation  to  produce  them ;   and  to  investigate  Physical  saenoe. 
nature  with  reference  to  these  changes  and  their  causes, 
is  the  object  of  Physical  Science. 

All  bodies  may  be  distributed  into  three  classes,  viz. :  cinMincation  of 

7  •  *       A  •     1  '       A    1  :\    jA      bodies. 

unorganized  or  inammatey  organized  or  animated^  and  the 
heavenly  bodies  or  primary  organizations. 

The   unorganized    or   inanimate   bodies,    as   minerals,  inanimate 
water,  air,  form  the  lowest  class,  and  are,  so  to  speak,  ^^n^JJ^^^riod 
the  substratum  for  the  others.     These  bodies  are  acted  no  ufe. 
on  solely  by  causes  external  to  themselves;   they  have 
no  definite  or    periodical    duration;    nothing    that  can 
properly  be  termed  life. 

The  organized  or  animated  bodies,   are  more  or  less  Animated  bodies, 
perfect  individuals,  possessing  organs  adapted  to  the  per-  "'^""*'  *  **  ^^' 
formance  of  certain  appropriate  functions.    In  consequence 
of  an  innate  principle  peculiar  to  them,  known  as  viiaUly^ 
bodies  of  this  class  are  constantly  appropriating  to  them- 
selves unorganized  matter,  changing  its  properties,  and 


10  NATURAL  ^PHILOSOPHY. 


deriving,  by  means  of  this  process,  an  increase  of  bulk. 

Reproduction,     They  also  posscss  the  faculty  of  reproduction.      They 

duratiTn.  Pctain  Only  for  a  limited  time  the  vital  principle,  aiJ, 

when  life  is  extinct,  they  sink  into  the  class  of  inanimate 

Animal  and        bodics.     Thc  animal  and  vegetable  kingdoms  include  all 

khS^m»  ^^^  species  of  this  class  on  our  earth. 

ceieauai  bodies;        The  Celestial  bodies,   as  the  fixed  stars,  the  sun,   the 

comets,  planets  and  their  secondaries,  are  the  gigantic 

individuals  of  the  universe,  endowed  with  an  organization 

organs-  on  the  grandest  scale.     Their  constituent  parts  may  be 

ateaoBphere?^"^  Compared  to  the  organs  possessed  by  bodies  of  the  second 

class ;   those  of  our  earth  are  its  continents,  its  ocean, 

its  atmosphere,  which  are  constantly  exerting  a  vigorous 

action  on  each  other,  and  bringing  about  changes  the 

most  important. 

Earth  existed  The  carth  supports  and  nourishes  both  the  vegetable 

Md^B^midr^"***  and  animal  world,  and  the  researches  of  Geology  have 

demonstrated,  that  there  was  once  a  time  when  neither 

plants  nor  animals  existed  on  its  surface,  and  that  prior  to 

the  creation  of  either  of  these  orders,  great  changes  must 

have  taken  place  in  its  constitution.     As  the  earth  existed 

thus  anterior  to  the  organized  beings  upon  it,  we  may 

Heavenly  bodies  infer  that  the  Other  heavenly  bodies,  in  like  manner,  were 

animiUsMd  ^    Called  into  being  before  any  of  the  organized  bodies  which 

vegetables.         probably  exist  upon  them.     Eeasoning,  then,  by  analogy 

from  our  earth,  we  may  venture  to  regard  the  heavenly 

bodies  as  the  primary  organized  forms,  on  whose  surface 

both  animals  and  vegetables  find  a  place  and  support. 

Natural  Natural  Philosophy,  or  Physics,  treats  of  the  general 

externaf changes.  Properties  of  unorganized  bodies,  of  the  influences  which 

act  upon  them,  the  laws  they  obey,  and  of  the  external 
changes  which  these  bodies  undergo  without  affecting 
their  internal  constitution. 


chemiatry;  Chemistry^  on  the   contrary,  treats  of  the  indiindual 

properties  of  bodics,  by  which,  as  regards  their  constitu- 
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tion,  they  may  be  distinguished  one  from  another ;  it  also  internal  changes, 
investigates  the  transformations  which  take  place  in  the 
interior  of  a  body — ^transformations  by  which  the  sub- 
stance of  the  body  is  altered  and  remodelled ;  and  lastly, 
it  detects  and  classifies  the  laws  by  which  chemical 
changes  are  regulated. 

Natural  History^   is  that  branch  of  physical  science  Natural  History- 
which  treats  of  organized   bodies ;    it   comprises   three  chemist^ry, 
divisions,  the  one  mechanical — the   anatomy  and  dissec-  phy»ioio»y. 
tion  of  plants  and  animals ;  the  second,  chemical — ^animal 
and  vegetable   chemistry;   and  the  third,  explanatory — 
physiology. 


Astronomy  teaches    the   knowledge    of  the    celestial  Astronomy, 

spherical 
physical. 


bodies.     It  is  divided  into  Spherical  and  Physical  astron-  ***  ®" 


omy.  The  former  treats  of  the  appearances,  magnitudes, 
distances,  arrangements,  and  motions'  of  the  heavenly 
bodies ;  the  latter,  of  their  constitution  and  physical  con- 
dition, their  mutual  influences  and  actions  on  each  other, 
and  generally,  seeks  to  explain  the  causes  of  the  celestial 
phenomena. 

Again,  one  most  important  use  of  natural  science,  is 
the  application  of  its  laws  either  to  technical  purposes —  AppUcaUon  of 
mechanics,  technical  chemistry,  pharmacy,  etc, ;  to  the  phe- 
nomena of  the  heavenly  bodies — physical  a.Htronomy  ;  or  to 
the  various  objects  which  present  themselves  to  our  notice 
at  or  near  the  surface  of  the  earth — physical  geography, 
meteorology — and  we  may  add  geology  also,  a  science  which 
has  for  its  object  to  unfold  the  history  of  our  planet  from 
its  formation  to  the  present  time. 

Natural  philosophy  is  a  science  of  observation  and  ex-  Natural 
perimentj  for  by  these  two  modes  we  deduce  the  varied  J|,ienl^  o/'  * 
information  we  have    acquired    about   bodies ;    by  the  observation  and 

^  1  1  .        .        1  ^.    experiment, 

former  we  notice  any  changes  that  transpire  m  the  condi- 
tion or  relations  of  any  body  as  they  spontaneously  arise 
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Apparatus ; 

experimental 

phyaics. 


Obaervation, 
experimeat. 


Laws  of  nature. 


Uypotheeea  and 
probability  of 
their  truth. 


without  interference  on  our  part;  whereas,  in  the  per- 
formance of  an  experiment,  we  purposely  alter  the  natural 
arrangement  of  thinga  to  bring  about  some  particular  con- 
dition that  we  desire.  To  accomplish  this,  we  make  use 
of  appliances  called  philosophical  or  chemical  apparatus^  the 
proper  use  and  application  of  which,  it  is  the  office  of  Bkc- 
perimentxd  Physics  to  teach. 

If  we  notice  that  in  winter  water  becomes  converted 
into  ice,  we  are  said  to  make  an  observation:  if,  by 
means  of  freezing  mixtures  or  evaporation,  we  cause  water 
to  freeze,  we  are  then  said  to  perform  an  experiment. 

These  experiments  are  next  subjected  to  calculation, 
by  which  are  deduced  what  are  sometimes  called  tlie  laws 
of  nature,  or  the  rules  that  like  causes  will  invariably  pro* 
duce  like  results.  To  express  these  laws  with  the  greatest 
possible  brevity  mathematical  symbols  are  used.  When 
it  is  not  practic4ible  to  represent  them  with  mathematical 
precision,  we  must  be  contented  with  inferences  and 
assumptions  based  on  analogies,  or  with  probable  ex- 
planations or  hypotheses, 

A  hypothesis  gains  in  probability  the  more  nearly  it 
accords  with  the  ordinary  course  of  nature,  the  more 
numerous  the  experiments  on  which  it  is  founded,  and  the 
more  simple  the  explanation  it  offers  of  the  phenomena 
for  which  it  is  intended  to  account. 


PHYSICS    OF    PONDERABLE    BODIES. 


I%ysical 
properties;  the 
senses. 


All  the  senses 
not  equally 
employed. 


§  1. — ^The  physical  properties  of  bodies  are  those  ex- 
ternal signs  by  which  their  existence  is  made  evident  to 
our  minds;  the  senses  constitute  the  medium  through 
which  this  knowledge  is  communicated. 

All  our  senses,  however,  are  not  equally  made  use  of 
for  this  purpose  ;  we  arv3  generally  guided  in  our  decisions 
by  the  evidence  of  sight  and  touch.     Still  sight  alone  is 
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frequently  incompetent,  as  there  are  bodies  wluch  cannot 
be  perceived  by  that  sense,  as,  for  example,  all  colorless 
gases ;  again,  some  of  the  objects  of  sight  are  not  sub- 
stantial, as,  the  shadow,  the  image  in  a  mirror,  spectra 
formed  by  the  refraction  of  the  rays  of  light,  &c.  Touch,  Touch, 
on  the  contrary,  decides  indubitably  as  to  the  existence  of 
any  body. 

The  properties  of  bodies  may  be  divided  into  primary  Primary  and 
or  principal^  and  secondary  or  accessory.     The  former,  are  ^^^JJ^Bof 
such  as  we  find  common  to  all  bodies,  and  without  which  bodiea. 
we  cannot  conceive  of  their  existing ;  the  latter,  are  not 
absolutely  necessary  to  our  conception  of  a  body's  ex- 
istence, but  become  known  to  us  by  investigation  and 
experience. 


PRIMARY   PROPERTIES. 

§  2. — The  primary  properties  of  all  bodies  are  extension 
and  impenetrahility. 

Extension  is  that  property  in  consequence  of  which  Exteiwion; 
every  body  occupies  a  certain  limited  space.*  It  is  the  ^fxtxckiie^ 
condition  of  the  mathematical  idea  of  a  body ;  by  it,  the 
volume  or  size  of  the  occupied  space,  as  well  as  its  boun- 
dary, or  figure^  is  determined.  The  extension  of  bodies  is 
expressed  by  three  dimensions,  length,  breadth,  and  thick- 
ness. The  computations  from  these  data,  follow  geometri- 
cal rules. 

Impenetrabiliiy  is  evinced  in  the  fact,  that  one  body  impenetmbuity. 
cannot  enter  into  the  space  occupied  by  another,  without 
previously  thrusting  the  latter  from  its  place. 

A  body  then,  is  whatever  occupies  space,  and  possesses 
extension  and  impenetrability.     One  might  be  led  to  im-  Body  defined, 
agine  that  the  property  of  impenetrability  belonged  only 
to  solids,  since  we  see  them  penetrating  both  air  and  Air  and  water 
water ;  but  on  closer  observation  it  will  be  apparent  that  *™p<"»«*™^>^ 
this  property  is  common  to  all  bodies  of  whatever  nature. 
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£3gp««in.eDt. 


Bxyorlment. 


K  a  hollow  cylinder  into  which  a  pistxjn  fits  accurately,  be 
filled  with  water,  the  piston  cannot  be  thrust  into  the 
water,  thus  showing  it  to  be  impenetrable.  Invert  a  glass 
tumbler  in  any  liquid,  the  air,  unable  to  escape,  will  pre- 
vent the  liquid  from  occupying  its  place,  thus  proving  the 
impenetrability  of  air.  The  diving-bell  aiFords  a  familiar 
illustration  of  this  property. 

The  diflBiculty  of  pouring  liquor  into  a  vessel  having 
only  one  small  hole,  arises  from  the  impenetrability  of  the 
air,  as  the  liquid  can  run  into  the  vessel  only  as  the  air 
makes  its  escape.  The  following  experiment  will  illus- 
trate this  fact : 

In  one  mouth  of  a  two- 
necked  bottle  insert  a  funnel 
a,  and  in  the  other  a  siphon  6, 
the  longer  leg  of  which  is  im- 
mersed in  a  glass  of  water. 
Now  let  water  be  poured  into 
the  funnel  a,  and  it  will  be 
seen  that  in  proportion  as  this 
water  descends  into  the  vessel 
F,  the  air  makes  its  escape 
through  the  tube  &,  as  is 
proved  by  the  ascent  of  the 
bubbles  in  the  water  in  the 
tumbler. 


Fig.  1. 


SECONDARY    FROPERTIES. 


Seoondaiy 
proportlos. 


The  secondary  properties  of  bodies  are  compressibility, 
expansibility f  porosity ^  divisibility,  and  elasticity. 


CorapressibUity, 
expaiMibility. 


§  3. — Compressibility  is  that  property  of  bodies  by 
virtue  of  which  they  may  be  made  to  occupy  a  smaller 
space;  and  expansibility  is  that  in  consequence  of  which 
they  may  be  made  to  fill  a  larger,  without  in  either  case 
altering  the  quantity  of  matter  they  contain. 
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Both  changes  are  produced  in  all  bodies,  as  we  shall  change  of 
presently  see,  by  change  of  temperature ;   many  bodies  ^™p®'"**""» 
may  also  be  reduced  in  bulk  by  pressure,  percussion,  &c.     percuasion. 

§  4. — Since  all  bodies  admit  of  compression  and  ex- 
pansion,  it   follows    of   necessity,   that   there   must   be 
interstices  between   their   minutest  particles;    and  that 
property  of  a  body  by  which  its  constituent  elements  do 
not  completely  fill  the  space  within  its  exterior  boun- 
dary ,^but  leaves  holes  or  pores  between  them,  is  called  Porosity. 
porosity.    The  pores  of  one  body  are  often  filled  with  Poresiuiedw'.th 
some  other  body,  and  the  pores  of  this  with  a  third,  as  in  ^^^^  ^od*«»- 
the  case  of  a  sponge  containing  water,  and  the  water  in  its 
turn,  containing  air,  and  so  on  till  we  come  to  the  most 
subtle  of  substances,  eiher^  which  is  supposed  to  pervade  Ether  pervadei 
aU  bodies  and  all  space.  *"  '^'''^  •" 

^  space. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  viaiwe  and 
in  others  they  are  only  seen  by  the  aid  of  the  microscope,  °^  "  *  ^°'** 
and  when  so  minute  as  to  elude  the  power  of  this  instru- 
ment, their  existence  may  be  inferred  from  experiment. 
Sponge,  cork,  wood,  bread,  &c.,  are  bodies  whose  pores 
ai"e  noticed  by  the  naked  eye.  The  human  skin  appears 
foil  of  them,  when  viewed  with  the  magnifying  glass ;  the 
porosity  of  water  is  shown  by  the  ascent  of  air  bubbles 
when  the  temperature  is  raised. 

§  5. — The  divisibility  of  bodies  is  that  property  in  DivitibUity. 
consequence   of  which,   by   various   mechanical  means, 
such  as  beating,  pounding,  grinding,  &c.,  we  can  reduce 
them  to  particles  homogeneous  to  each  other,  and  to  the 
entire  mass ;  and  these  again  to  smaller,  and  so  on. 

By  the  aid  of  mathematical  processes,  the  mind  may  infinite 
be  led  to  admit  the  infinite  divisibility  of  bodies,  though  ^*^»**>*"'y» 
their  practical  division,  by  mechanical  means,  (is  subject  practical 
to  limitation.     Many  examples,  however,  prove  that  it  "™^*»"o«»' 
may  be  carried  to  an  incredible  extent.     We  are  fur-  smaiineaaofwmf 
nished  with  numerous  instances  among  natural  objects,  "^^""^  ©bjecta. 
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whose  existence  can  only  be  detected  by  means  of  the 
most  acute  senses,  assisted  by  the  most  powerful  arti- 
ficial aids ;  the  size  of  such  objects  can  only  be  calculated 
approximately. 

Mechanical  subdivisions  for  purposes  connected  with 
the  arts  are  exemplified  in  the  grinding  of  corn,  the 
pulverizing  of  sulphur,  charcoal,  and  saltpetre,  for  the 
manufacture  of  gunpowder ;.  and  Homoeopathy  aflfords  a 
remarkable  instance  of  the  extended  application  of  this 
property  of  bodies. 

Some  metals,  particularly  gold  and  silver,  are  suscep- 
tible of  a  very  great  divisibility.  In  the  common  gold 
lace,  the  silver  thread  of  which  it  is  composed  is  covered 
with  gold  so  attenuated,  that  the  quantity  contained  in  a 
foot  of  the  thread  weighs  less  than  ^uW  ^^  *  grain.  An 
inch  of  such  thread  will  therefore  contain  f^hfo  of  a  grain 
of  gold ;  and  if  the  inch  be  divided  into  100  equal  parts, 
each  of  which  would  be  distinctly  visible  to  the  eye,  the 
quantity  of  the  precious  metal  in  each  of  such  pieces 
would  be  yaaiooo  of  a  grain.  One  of  these  particles  ex- 
amined through  a  miscroscope  of  500  times  magnifying 
power  will  appear  §00  times  as  long,  and  the  gold  covering 
it  will  be  visible,  having  been  divided  into  3,600,000,000 
parts,  each  of  which  exhibits  all  the  characteristics  of 
this  metal,  its  color,  density,  &c. 

Dyes  are  likewise  susceptible  of  an  incredible  divisi- 
bility. With  1  grain  of  blue  carmine,  10  lbs.  of  water 
may  be  tinged  blue.  These  10  lbs.  of  water  contain  about 
617,000  drops.  Supposing  now,  that  100  particles  of  car- 
mine are  required  in  each  drop  to  produce  a  uniform  tint, 
it  follows  that  this  one  grain  of  carmine  has  been  sub- 
divided 62  millions  of  times, 
in  the  spider's  Accordiug  to  Biot,  the  thread  by  which  a  spider  lets 

thread,  thread  of  hersclf   dowu    is  composcd  of   morc  than  5000  single 

the  silkworm.  ^  " 

threads.     The  single  threads  of  the  silkworm  are  also  of 
an  extreme  fineness. 
b  Wood.  Our  blood  which  appears  like  a  uniform  red  mass,  con- 
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sists  of  small  red  globules  swimming  in  a  transparent  fluid 
called  serum.  The  diameter  of  one  of  these  globules  does 
not  exceed  the  4000th  part  of  an  inch :  whence  it  follows 
that  one  drop  of  blood,  such  as  would  hang  from  the 
point  of  a  needle,  contains  at  least  one  million  of  these 
globules. 

But  more  surprising  than  all,  is  the  microcosm  of  organ-  in  «»« inftMoru. 
ized  nature  in  the  Infasoria,  for  more  exact  acquaintance 
with  which  we  are  indebted  to  the  unwearied  researches 
of  Ehrenberg.     Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there 
exist  many  species  so  small  that  millions  piled  on  each 
other  would  not  equal  a  single  grain  of  sand,^nd  thou- 
sands might  swim  at  once  through  the  eye  of  the  finest 
needle.    The  coats-of-mail  and  shells  of  these  animalcules 
exist  in  such  prodigious  quantities  on  our  earth  that 
according  to  Ehrenberg's  investigations,  pretty  extensive  Ehrenberg's 
strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin,  ^'*^®***8*^^"^ 
in  Bohemia,  consist  almost  entirely  of  them.    By  micro- 
scopic measurements  1  cubic  line  of  this  slate  contains  Micro«5opic 
about  28  miUions,  and  1  cubic  inch  about  41,000  millions  °^««"~°^«'»*' 
of  these  animals.     As  a  cubic  inch  of  this  slate  weighs  220 
grains,  187  millions  of  these  shells  must  go  to  a  grain,  weight 
each  of  which  would  consequently  weigh  about  the  xij 
millionth  part  of  a  grain.     Conceive  further  that  each  of 
these    animalcules,    as    microscopic    investigations    have 
proved,  has  his  limbs,  entrails,  &c.,  the  possibility  vanishes 
of  our  forming  the  most  remote  conception  of  the  dimen- 
sions of  these  organic  forms. 

In  cases  where  our  finest  instruments  are  unable  to  Diviaibmty 

render  us  the  least  aid  in  estimating  the  minuteness  of  ^®*®^*®^  ^^ 

bodies,  or  the  degree  of  subdivision  attained;  in  other 

words,  when  bodies  evade  the  perception  of  our  sight  and 

touch,  our  olfactory  nerves  frequently  detect  the  presence 

of  matter  in  the  atmosphere,  of  which  no  chemical  analysis 

could  afford  us  the  slightest  intimation. 

Thus,  for  instance,  a  single  grain  of  musk  diflfiises  in  a  imumceofnrask. 
s 
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ElMttcUy,  its 
measure. 


large  and  airy  room  a  powerfiil  scent  that  frequently  lasts 
for  years ;  and  papers  laid  near  musk  wiU  make  a  voyage 
to  the  East  Indies  and  back  without  losing  the  smell. 
Imagine  now,  how  many  particles  of  musk  must  radiate 
from  such  a  body  every  second,  in  order  to  render  the 
scent  perceptible  in  aU  directions,  and  you  will  be  aston- 
ished at  their  number  and  minuteness. 

In  like  manner  a  single  drop  of  oil  of  lavender  evapo- 
rated in  a  spoon  over  a  spirit-lamp,  fills  a  large  room  ?riLth 
its  fragrance  for  a  length  of  time. 

§  6. — Elasticity  is  the  name  given  to  that  property  of 
bodies,  by  virtue  of  which  they  resume  of  themselves  their 
figure  and  dimensions  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess 
this  property  in  very  different  degrees,  and  retain  it  with 
very  unequal  tenacity.  The  measure  of  a  body^s  elasticity, 
is  the  ratio  obtained  by  dividing  the  capacity  of  resti- 
tution inherent  in  the  body,  by  the  capacity  of  the  cause 
producing  the  change,  both  being  supposed  measurable. 
Thus,  if  ^  denote  the  capacity  of  restitution,  F  that  of  the 
extraneous  cause,  and  e  the  elasticity,  then  will 

R 


When  F  and  E  are  equal,  the  body  is  said  to  be  perfectly 
elastic :  when  li  is  zero,  the  bodv  is  said  to  be  non-elastic. 
These  limits  embrace  all  bodies  in  nature,  there  being 
none  known  to  us  which  reach  either  extreme. 

The  following  are  a  few  out  of  a  large  number  of 
highly  elastic  bodies;  viz.,  glass,  tempered  steel,  ivory, 
whalebone,  &c. 

Let  an  ivory  ball  fall  on  a  marble  slab  smeared  with 
Experiment  with  somc  Coloring  matter.  The  point  struck  by  the  ball 
shows  a  round  speck  which  will  have  imprinted  itself 
on  the  surface  of  the  ivory  without  its  spherical  form 
being  at  all  impaired 


Examples  of 
Plastic  bodies. 


iivrj. 
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Fluids  under  peculiar  circumstances  exhibit  considera- 
ble elasticity;    this  is  particulaply  the  case  with  melted  Elasticity  of  «omd 

.       .  . .  ^  melted  metiils. 

metals,  more  evidently  sometimes  than  m  their  solid  state. 
The  following  experiment  illustrates  this  fact  with  regard 
to  antimony  and  bismuth. 

Place  a  little  antimony  and  bismuth  on  a  piece  of  Melted  bismuth 
charcoal,  so  that  the  mass  when  melted  shall  be  about  *"**  •n*^o«v. 
the  size  of  a  peppercorn ;  raise  it  by  means  of  a  blowpipe 
to  a  white  heat,  and  then  turn  the  ball  on  a  sheet  of  paper 
so  folded  as  to  have  a  raised  edge  all  round.  As  soon 
as  the  liquid  metal  falls,  it  divides  itself  into  many  minute 
globules,  which  hop  about  upon  the  paper  and  continue 
visible  for  some  time,  as  they  cool  but  slowly ;  the  points 
at  which  they  strike  the  paper,  and  their  course  upon 
it,  will  be  marked  by  black  dots  and  lines. 

The  recoil  of  cannon-balls  is  owing  to  the  elasticity  Recou  of 
of  the  iron  and  that  of  the  bodies  struck  by  them.  cannon- 


FORGE. 

§  7. — Whatever  tends  to  change  the  actual  state  of  a 
lx>dy,  in  respect  to  rest  or  motion,  is  called  a  force.  If  a  Porooe. 
body,  for  instance,  be  at  rest,  the  influence  which  changes 
or  tends  to  change  this  state  to  that  of  motion  is  called 
force.  Again,  if  a  body  be  already  in  motion,  any  cause 
which  urges  it  to  move  faster  or  slower,  is  called  ^arce. 

Of  the  actual  nature  of  forces  we  are  ignorant;   we  ignorant  of  their 
know  of  their  existence  only  by  the  effects  they  produce,  n*'"™ ;  existence 
and  with  these  we  become  acquainted  solely  through  the  effects  on  bodies, 
jnedium  of  the  senses.     Hence,  while  their  operations  are 
going  on,  they  appear  to  us  always  in  connection  with 
some  body  which,   in  some  way  or  other,   affects  our 
senses. 
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§  8. — ^We  shall  find,  though  not  always  upon  super- 
ficial inspection,  that  the  approaching  and  receding  of 
bodies  or  of  their  component  parts,  when  this  takes  place 
apparently  of  their  own  accord,  are  but  the  results  pro* 
duced  by  the  various  forces  that  come  under  our  notice. 
In  other  words,  that  the  universally  operating  forces  are 
those  of  attraction  and  of  repvMcn. 


Atomical  action ; 
attraction  of 
gravitation. 


§  9. — ^Experience  proves  that  these  universal  forces  are 
at  work  in  two  essentially  different  modes.  They  are 
operating  either  in  the  interior  of  a  body,  amidst  the 
elements  which  compose  it,  or  they  extend  their  influence 
through  a  wide  range,  and  act  upon  bodies  in  the  aggre- 
gate ;  the  former  distinguished  as  Atomical  and  Molecvlar 
action^  the  latter  as  the  Attractum  of  gravitation. 


Force  of  cohesion 
and  of 
dissolution. 


§  10. — ^Molecular  forces  and  the  force  of  gravitation, 
often  co-exist,  and  qualify  each  other's  action,  giving  rise 
to  those  attractions  and  repulsions  of  bodies  exhibited  at 
their  surfaces  when  brought  into  sensible  contact.  This 
resultant  action  is  called  the  force  of  coliesion  or  of 
dissolution^  according  as  it  tends  to  unite  different  bodies, 
or  the  elements  of  the  same  body,  more  closely,  or  to 
separate  them  more  widely. 


Inerti% 


Known  by 
experience ; 
passlTe  in 
character. 


§  11. — Inertia  is  that  principle  by  which  a  body  resists 
all  change  of  its  condition,  in  respect  to  rest  or  motion.  If 
a  body  be  at  rest,  it  will,  in  the  act  of  yielding  its  con- 
dition of  rest,  while  under  the  action  of  any  force,  oppose 
a  resistance;  so  also,  if  a  body  be  in  motion,  and  be 
urged  to  move  faster  or  slower,  it  will,  during  the  act 
of  changing,  oppose  an  equal  resistance  for  every  equal 
amount  of  change.  We  derive  our  knowledge  of  this 
principle  solely  fi'om  experience ;  it  is  found  to  be  com- 
mon to  all  bodies ;  it  is  in  its  nature  conservative,  though 
passive  in  character,  being  only  exertfed  to  preserve  the 
rest  or  particular  motion  which  a  body  has,  by  resisting 
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all  variation  in  these  particulars.    Whenever  any  force 

acts  upon  a  body,  the  inertia  of  the  latter  reacts,  and  this 

action  and  !reaction  are,  as  we  shall  see  in  the  proper  acUou  equal  to 

place,  equal  and  directly  opposed  to  each  other.  reacuon. 

§  12. — Molecular  action  chiefly  determines  the  forms  Fonm  or  bodies 
of  bodies.     All    bodies  are  regarded  as  collections  or^^^^^J^^ 
aggregates  of  minute   elements,   called  cUoms^   and   are 
formed  by  the  attractive  and    repulsive    forces   acting 
upon  them  at  immeasurably  small  distances. 

Several  hypotheses  have  been  proposed  to  explain  the  coiwutution  of 
constitution  of  a  body,  and  the  mode  of  its  formation.  B^Vich. 
The  most  remarkable  of  these  was  by  Boscovich,  about 
the  middle  of  the  last  century.  Its  great  fertility  in 
the  explanations  it  affords  of  the  properties  of  what  is 
called  tangible  matter,  and  its  harmony  with  the  laws 
of  motion,  entitle  it  to  a  much  larger  space  than  can  be 
found  for  it  in  a  work  like  this.  Enough  may  be  stated, 
however,  to  enable  the  attentive  reader  to  seize  its  leading 
features,  and  to  appreciate  its  competency  to  explain  the 
phenomena  of  nature. 

1.  All  matter  consists  of  indivisible  and  inextended  Fintpoetutate. 
cUoms. 

2.  These  atoms  are  endowed  with  attractive  and  repul-  second  postulate, 
sive  forces,  varying  both  in  intensity  and  direction  by  a 

change  of  distance,  so  that  at  one. distance  two  atoms 
attract  each  other,  and  at  another  distance  they  repel. 

3.  This  law  of  variation  is  the  same  in  all  atoms.     It  Third  postulate, 
is,   therefore,  mutual;    for  the  distance  of  atom  a  from 

atom  //,  being  the  same  with  that  of  b  from  a,  if  a  attract 
ft,  b  must  attract  a  with  precisely  the  same  force. 

4.  At  all  considerable  or  sensible  distances,  these  mu-  fourth  postulate, 
tual  forces  are  attractive  and  sensibly  proportional  to  the 

square  of  the   distance  inversely.      It  is  the  attraction 
called  gravitdtion. 

5.  In  the  small  and  insensible  distances  in  which  sensi- 
ble contact  is  observed,  and   which  do  not  exceed  the  ^^f^  postuiioe. 
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1000th  or  1500th  paxt  of  an  inch,  there  are  many  alterna- 
tions of  attraction  and  repulsion,  according  as  the  distance 
of  the  atoms  is  changed.  Consequently,  there  are  many 
situations  within  this  narrow  limit,  in  which  two  atoms 
neither  attract  nor  repel. 

6.  The  force  which  is  exerted  between  two  atoms  when 
their  distance  is  diminished  without  end,  and  is  just 
vanishing,  is  an  insuperable  repulsion,  so  that  no  force 
whatever  can  press  two  atoms  into  mathematical  contact. 

Such,  according  to  Boscovich,  is  the  constitution  of  a 
material  atom  and  the  whole  of  its  constitution,  and  the 
immediate  efficient  cause  of  all  its  properties. 

Two  or  more  atoms  may  be  so  situated,  in  respect 
to  position  and  distance,  as  to  constitute  a  molecule.  Two 
or  more  molecules  may  constitute  a  particle.  The  par- 
ticles constitute  a  body. 

Now,  if  to  these  centres,  or  loci  of  the  quaUties  of 
what  is  termed  matter,  we  attribute  the  property  called 
inertia,  we  have  all  the  conditions  requisite  to  explain, 
or  arrange  in  the  order  of  antecedent  and  consequent,  the 
various  operations  of  the  physical  world. 

Boscovich  represents  his  law  of  atomical  action  by 
what  may  be  called  an  exponential  curve.    Let  the  dis 


Fig.  2. 


tance  of  two  atoms  be  estimated  on  the  line  CA  (7,  ^1 
being  the  situation  of  one  of  them  while  the  other  is 
placed  anywhere  on  this  line.  When  placed  at  /,  for 
example,  we  may  suppose  that  it  is  attracted  by  A^  ivitli 
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a  certain  intensity.     We  can  represent  this  intensity  by 
the  length  of  the  line  ii,  perpendicular  to  A  C,  and  can 
express  the  direction  of  the  force,  namely,  from  i  to  -4,  Attractive 
because  it  is  attractive,  by  placing  il  above  the  axis  A  C.  «"*^°»^**»  ****>^'«- 
Should  the  atom  be  at  m,  and  be  repelled  by  J,  we  can 
express  the  intensity  of  repulsion  by  m  w,  and  its  direc-  Repulsive 

^         n  .  jx^-Li*  -Li^i  •  ordinates  below. 

tion  irom  m  towards  (t  by  placmg  m  n  below  the  axis. 

This  may  be  supposed  for  every  point  on  the  axis,  and 
a  curve  drawn  through  the  extremities  of  all  the  perpen- 
dicular ordinates.  This  will  be  the  exponential  curve  or 
scale  of  force. 

As  there  are  supposed  a  great  many  alternations  of  curve  on  oppoeit« 
attractions  and  repulsions,  the  curve  must  consist  of  many  ■**"***• 
branches  lying  on  opposite  sides  of  the  axis,  and  must 
therefore  cross  it  at  C,  D,  (7",  iy\  &c.,  and  at  0,    All 
these  are  supposed  to  be  contained  within  a  very  small 
fraction  of  an  inch. 

Beyond  this  distance,  which  terminates  at  G^,  the  force  Force  of 
is  always  attractive,  and  is  called  the  force  of  gravitation^  gravitation, 
the  maximum  intensity  of  which  occurs  at  ^,  and  is 
expressed  by  the  length  of  the  ordinate  O'g,  Further 
on,  the  ordinates  are  sensibly  proportional  to  the  square 
of  their  distances  from  A^  inversely.  The  branch  Gh  O" 
has  the  line  A  (7,  therefore,  for  its  asymptote. 

"Within  the  limit  A  G'  there  is  repulsion,  which  be- 
comes infinite,  when  the  distance  from  A  is  zero ;  whence 
the  branch  C'  D^  has  the  perpendicular  axis,  A  y,  for  its 
asymptote. 

An  atom  being  placed  at  6^,  and  then  disturbed  so 
as  to  move  it  in  the  direction  towards  A^  will  be  repelled, 
the  ordinate  of  the  curve  being  below  the  axis ;   if  dis- 
turbed so  as  to  move  it  from  A^  it  will  be  attracted,  the 
corresponding  ordinates  being  above  the  axis.     The  point  position  of 
G  is  therefore   a  position  in  which  the  atom  is  neither  ^^^^ff®'^""' 
attracted  nor  repelled,  and  to  which  it  will  tend  to  return 
when  slightly  removed  in  either  direction,  and  is  called  Limit  of 
the  limit  of  gramtatvm.  gravitation. 
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K  the  atom  be  at  C\  or  C'\  &c.,  and  be  moved  ever  so 
little  towards  -4,  it  will  be  repelled,  and  when  the  disturb- 
ing cause  is  removed,  will  fly  back;  if  moved  firom  J.,  it 


Permanent 
molecule. 
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will  be  attracted  and  return.  Hence  G',  C'\  are  positions 
similar  to  (?,  and  are  called  limits  of  coJiesion^  C  being 
termed  the  lust  limit  of  cohesion.  An  atom  situated  at  any 
one  of  these'  points  will,  with  that  at  -4,  constitute  a 
permanent  molecule  of  the  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  J9',  or  i)",  &c., 
and  be  then  slightly  disturbed  in  the  direction  either  from 
or  towards  -4,  the  action  of  the  atom  at  A  will  cause  it  to 
recede  still  further  from  its  first  position,  till  it  reaches  a 
limit  of  cohesion.  The  points  J?',  D'\  &c.,  are  also  posi- 
tions of  indifference,  in  which  the  atom  will  be  neither 
attracted  nor  repelled  by  that  at  -4,  but  they  differ  from 
(?,  C,  (7",  &c.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return 
to  it  again ;  these  points  are  called  limits  of  dissolution. 
An  atom  situated  in  one  of  them  cannot,  therefore,  con- 
stitute, with  that  at  -4,  a  permanent  molecule,  but  the 
slightest  disturbance  will  destroy  it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three, 
four,  &c.,  atoms  may  combine  to  form  molecules  of  differ- 
ent orders  of  complexity,  and  how  these  again  may  be 
arranged  so  as  by  their  action  upon  each  other  to  form 
particles.  Our  limits  will  not  permit  us  to  dwell  upon 
these  points,  but  we  cannot  dismiss  the  subject  without 
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siigge&ting  a  consequence  whicli  the  reader  will  find  of 

interest  when  he  comes  to  the  subjects  of  light  and  heat 

We  allude  to  those  characteristics  of  the  sun  by  which  he  inference— iigbt 

is  the  main  source  of  these  principles  to  the  inhabitants  of 

the  earth. 

It  results  from  the  laws  of  gravitation,  that  every  Auraction  of 
atom  in  a  spherical  solid  body  is  attracted  towards  the  "J****'**^  meesos. 
centre  by  a  force  directly  proportional  to  its  distance  from 
that  point.     The  pressure  towards  the  centre  will,  there- 
fore, increase  as  the  magnitude  of  the  sphere  increases, 
and  may  ultimately  become  so  great  as  to  force  the  atoms 
near  enough  to  each  other  to  bring  them  within  the  last 
limits  of  cohesion,  in  which  case,  the  mass,  composed  of 
atoms  thus  urged  into  close  proximity,  becomes  perfectly  Producuonof 
elastic.      The  magnitude  of   this    elastic    mass  will  be  *  ^  "*^* 
greater  in  proportion  as  the   whole  sphere  is  greater. 
Every  body  falling  upon  the  sphere  will,  on  reaching 
its  position  at  the  surface,  send  the  motion  with  which  it 
arrived  towards  the  centre  to  agitate  the  atoms  of  the 
elastic  mass.     These  being  once  disturbed  will,  under  the  Eiifect  of  a  (uung 
forces  thus  called  into  play,  vibrate  indefinitely  about  **^^' 
their  positions  of  rest  by  virtue  of  their  inertia. 

It  is  only  necessary   therefore  to   suppose,  that  the  Nebular 
heavenly  bodies  have  been  formed  by  the  gravitation  of  ^yp**"*®"*^ 
the  particles  of  a  vast  nd)ula  towards  its  centre,  and  to 
adopt    the    hypothesis    which   modem   discoveries  have 
revived  and  forced  upon  us,  viz.,  that  heat  and  light  are  Light  and  beet, 
but  the  effects  of  vibratory  motion,  to  account  for  the  *       ^  ^^  °"' 
incandescent  and  self-luminous  character  of  the  sun.     The  incandeacenoe 
same  principle  furnishes  an  explanation  of  the  internal  ^  i"™"^^**  oi 


heat  of  our  earth  which,  together  with  all  the  heavenly 

bodies,  would  doubtless  appear  self-luminous  were  the 

acuteness  of  our  sense    of   sight    increased  beyond  its 

present  limit  in  the  same  proportion  that  the  sun  exceeds 

the  largest  of  these  bodies.     The  sun  far  transcends  all  Those  of  the  sun 

the  other  bodies  of  our  syatem  in  regard  to  heat  and  light,  ^'«'^^«»«~of 

"  °  o      J  his  greater  size. 

simply  because  of  his  vastly  greater  size. 
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Effects  of 
molecular  action. 


Measure  of 
cohesion. 


lliree  states  of 
aggregation. 


§  13. — The  molecular  forces  are  the  effective  causes 
which  hold  together  the  particles  of  bodies.  Through 
them,  the  molecules  approach  to  a  certain  distance  where 
they  gain  a  position  of  rest  with  respect  to  each  other. 
The  power  with  which  the  particles  adhere  in  these 
relative  positions,  is  called,  as  we  have  seen,  cohesion. 
This  force  is  measured  by  the  resistance  it  offers  to 
mechanical  separation  of  the  parts  of  bodies  from  each 
other. 

On  the  degree  of  this  force,  the  three  states  or  ag- 
gregate forms  called  solid,  liquid,  and  gaseous  depend. 
These  different  states  of  matter  result  from  certain  definite 
relations  under  which  the  molecular  attraction  and  repul- 
sion establish  their  equilibrium ;  there  are  three  cases,  viz. 
two  extremes  and  one  mean.  The  first  extreme  is  that  in 
which  attraction  predominates  among  the  atoms ;  this  pro- 
soiid,  gas,  uquid.  duccs  the  solid  State.  In  the  other  repulsion  prevails,  and 
the  gaseous  form  is  the  consequence.  The  mean  obtains 
when  neither  of  these  forces  is  in  excess,  and  then  matter 
presents  itself  under  the  liquid  form. 

Let  A  represent  the  attraction  and  R  the  repulsion, 
then  the  three  aggregate  forms  may  be  expressed  by  the 
following  formulae : 


Formnls. 


A>R    solid, 
A  <iR    gas, 
A  =  R    liquid. 


These  three  forms  or  conditions  of  matter  may,  for  the 
most  part,  be  readily  distinguished  by  certain  external 
External  peculiarities ;  there  are,  however,  especially  between  solids 

peciUiarit^Mof  ^^  ^^^  liquids,  SO  many  imperceptible  degrees  of  approxima- 
chonge.  tiou,  that  it  is  sometimes  difficult  to  decide  where  the  one 

form  ends  and  the  other  begins.  It  is  further  an  ascer- 
tained fact  that  many  bodies,  (perhaps  all,)  as  for  instance 
water,  are  capable  of  assuming  all  three  forms  of  aggrega- 
tion. 
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Thus,   supposing  that   the   relative  intensity  of  the  change  of 
molecular  forces  determines  these  three  forms  of  matter,  it  ™***~"*"'  "f ***** 

'       in  same  body. 

follows  from  what  has  been  said  above,  that  this  term 
may  vary  in  the  same  body. 

The  peculiar  properties  belonging  to  each  of  these 
states  will  be  explained  when  solid,  liquid,  and  aeriform 
bodies  come  severally  under  our  notice. 

§  14. — The  molecular  forces  may  so  act  upon  the  atoms  Action  of 
of  dissimilar  bodies  as  to  cause  a  new*  combination  or  '"**'^^"^*''  '^^'■^** 

between 

union  of  their  atoms.     This  may  also  produce  a  separation  diBsimiiar  bodie*. 

between  the  combined  atoms  or  molecules  in  such  manner 

as  to  entirely  change  the  individual  properties  of  the 

"bodies.     Such  efforts  of  the  molecular  forces  are  called 

cfiemical  action ;  and  the  disposition  to  exert  these  eflbrts,  chemicui  action. 

on  account  of  the  peculiar  state  of  aggregations  of  the 

ultimate  atoms  of  different  bodies,  chemical  affinity.  chemical  amniiy. 


§  15. — ^Beyond  the   last   limit  of  gravitation,   atoms  Attraction  of 

bodies  of  so 
magnitude. 


attract  each  other:  hence  all  the  atoms  of  one  body  attract  ^«>d'e«of«»»»*^^« 


those  of  another,  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through  sensible  distances,  intenaityofthia 
The  intensities  of  these  attractions  are  directly  proportional  ■*'™^*°"- 
to  the  number  of  attracting  atoms,  and  inversely  as  the 
squares  of  their  distances  apart. 

The  terra  universal  gravitation  is  applied  to  this  force  univeraai 
when  it  is  intended  to  express  the  action  of  the  heavenly  «™^**"o°- 
bodies  on  each  other ;  and  that  of  terrestrial  gravitation  or  Terrestrial 
simply  gravity^  where  we  wish  to  express  the  action  of  *^*^*y* 
the  earth  upon  the  bodies  forming  with  itself  one  whole. 
The  force  is  always  of  the  same  kind  however,  and  varies 
in  intensity  only  by  reason  of  a  difference  in  the  number  Eiroctoofthis 
of  atoms  and  their  distances.     Its  effect  is  always  to  gen-  ^^^^' 
erate  motion  when  the  bodies  are  free  to  move. 

Gravity^  then,  is  a  property  common  to  all  terrestrial  Gravity  common 
bodies,  since  they  constantly  exhibit  a  tendency  to  ap- ^  "^^^  ^"*"*'**  '" 

■^  "^  .     consequcncea, 

proach  the  earth  and  its  centre.     In  consequence  of  this 
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tendency,  all  bodies,  unless  supported,  Ml  to  the  surface 
of  the  earth,  and  if  prevented  by  any  other  bodies  from 
doing  so,  they  exert  a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terres- 
trial bodies,  and  the  cause  of  many  phenomena,  of  which 
a  ftdler  explanation  will  be  given  presently. 


Mechanics, 

Statics, 

Hydrostatics, 

Dynamics, 
Hydrodynamics. 


Mechanics  of 
solids, 

and  of  fluids. 


§  16. — That  branch  of  Natural  Philosophy  which  treats 
of  the  action  of  forces  on  bodies,  is  called  Mechanics. 

Mechanics  is  usually  considered  under  four  separate 
heads,  viz. :  Statics,  which  treats  of  the  mutual  destruction 
of  forces  when  applied  to  solid  bodies ;  Hydrostatics,  the 
same  when  applied  to  fluids ;  Dynamics,  which  investigates 
the  motions  of  solids ;  and  Hydrodynamics,  which  discusses 
the  motions  of  fluids. 

Statics  and  Dynamics  will  be  treated  together,  under 
the  general  head,  Mechanics  op  Solids,  as  will  also 
Hydrostatics  and  Hydrodynamics,  under  the  head,  Me- 
chanics OP  Fluids. 


PART  FIRST. 


MECHAI7ICS    OF    SOLIDS. 


•  »• 


I. 

SPACE,    TIME,    MOTION,    AND    FORCE. 

§  17. — Space  is  indefinite  extension,  without  limit,  and  spaoc 
contains  all  bodie& 

§  18. — T^Tne  is  any  limited  portion  of  duration.     We  Time; 
may  conceive  of  a  time  wliicli  is  longer  or  shorter  than 
a  given  time.    Time  has,  therefore,  magnitude,  as  well  as  haa  magnitude, 
lines,  areas,  &c. 

To  measure  a  given  time,  it  is  only  necessary  to  obtain  Time  meaaured. 
equal  times  which  succeed  each  other  without  intermission, 
to  call  one  of  these  equal  times  unity,  and  to  express,  by 
a  number,  how  often  this  unit  is  contained  in  the  given 
time.  When  we  give  to  this  number  the  particular  name 
of  the  unit,  as  hour,  minute^  second,  &c.,  we  have  a  com-  unitaoftime. 
plete  expression  for  time. 

The  Instruments  usually  employed  in  measuring  time  Time 
are  clocks,  chronometers,  and  comtnon  watches,  which  are  *'"'™°»«>** 
too  well  known  to  need  a  description  in  a  work  like 
this. 

The  smallest  division  of  time  indicated  by  these  time- 
pieces is  the  second,  of  which  there  are  60  in  a  minute, 
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Performance  of    3600  in  an  houv^  and  86400  in  a  day ;  and  chronometers, 
cjironometere.     ^^^-^j^  ^^^  nothing  moPG  than  a  species  of  watch,  have 

been  brought  to  such  perfeotion  as  not  to  vary  in  their 
rate  a  half  a  second  in  365  days,  or  31536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  be- 
tween any  two  events  or  instants,  may-  be  estimated 
with  as  much  precision  and  ease  as  the  number  of  yards, 
feet,  or  inches  between  the  extremities  of  any  given  dLs- 
tance. 
Time  repreflcntwi  Time  may  bc  rep- 
resented by  lines,  by 
laying  off  upon  a  ^<t  i  >= 
given  right  line  A  B, 
the    equal    distances 

from  0  to  1,  1  to  2,  2  to  3,  &c.,  each  one  of  these  equal 
distances  representing  the  unit  of  time. 


by  liuee. 


Fig.  8. 


3^ 


Rest; 

absolute  and 
relative. 


Example  of 
reiutivo  rest. 


Motion,  like  rest, 
is  relative. 


U  is  continuous. 


§  19. — A  body  is  in  a  state  of  absoliUe  rest  when  it 
continues  in  the  same  place  or  position  in  space.  There  is 
perhaps  no  body  absolutely  at  rest;  our  earth  being, 
without  cessation,  in  motion  about  the  sun,  nothing  con- 
nected with  it  can  be  at  rest.  In  what  follows,  rest  must, 
therefore,  be  considered  but  as  a  relative  term.  A  body 
is  said  to  be  at  rest,  when  it  preserves  the  same  position 
in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  pkoe 
in  a  boat,  is  said  to  be  at  rest  in  relation  to  the  boat, 
although  the  boat  itself  may  be  in  motion  in  relation 
to  the  banls;3  of  a  river  on  whose  surface  it  is  floating. 

'  §  20. — A  body  is  in  motion  when  it  occupies  succes- 
sively different  positions  in  space.  Motion,  like  rest,  is 
but  relative.  A  body  is  in  motion  when,  it  changes  its 
place  in  reference  to  those  which  we  may  regard  ai 
fixed. 

Motion  is  esse;itially  contimvotis  ;  that  is,  a  body  cannot 
pass  from  one  position  to  another  without  passing  through 
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a  series  of  intermediate  positions ;  the  motion  of  a  point 
describes,  therefore,  a  continuous  line. 

When  we  speak  of  th#  path  described  by  a  body,  FftUiofabody. 
we  are  to  understand  that  of  a  certain  point  connected 
with  the  body.     Thus,  the  path  of  a  ball,  is  that  of  its 
centre,  &a 


§  21. — ^The  motion  of  a  body  is  curvilinear  or  recti-  cunriunMr  ud 

rectUlne 
motion. 


linear,   according   as   the   path   described  is  a  curve  or  '^    "*" 


right  line.     When  the  motion  is   curvilinear,   we   may 
consider  it  as  taking  place   upon  a  polygon,  of  which  Direction  of « 
the  sides  are  very  small  and  sensibly  coincide  with  the      ^*"^  **' 
curve.     The  prolongation  of  any  one  of  these  sides  will 
be  a  tangent  to  the  curve,  and  will  indicate  the  directum 
of  the  body's  motion  while  upon  this  side. 

Conceive  the  time  employed  by  a  body  to  pass  from  uniform  motion, 
one  position  to  another,  to  be  divided  into  a  number 
of  very  small  and  equal  parts.     If  the  portions  of  the 
path  successively  described  in  these  equal  times  be  equal, 
the  motion  is  said  to  be  uniform.     If  otherwise,  the  mo- 
tion  is  said  to  be  varied.    It  is  accelerated  when  these  varied  mouon : 
elementary  paths  are  greater  and  greater ;  retarded,  when  Mceiemted  and 
less  and  less  in  the  order  of  time. 

§22. —  Velocity  is  the  rate  of  a  body's  motion.  Theveiodty; 
itipidity  or  slowne^  of  motion  is  indicated  by  the  greater 
or  less  length  of  the  path  described  by  the  body,  during 
each  of  the  small  and  equal  portions  of  timfe  into  which 
the  whole  time  is  divided.  This  length  is  taken  as  the 
measure  of  the  velocity  when  the  small  portion  of  time  is  iu  meaaura. 
made  to  denote  the  unit  of  time. 

The  velocity  is  constant  in  uniform  motion  :  it  is  vari-  conatant  and 
able  in  accelerated  and  retarded  motion.  Tariabie. 

§  23. — ^In  uniform  motion,  the  small  spaces  described  uniform  mouoa. 
in  equal  consecutive  portions  of  time  being  equal,  it  is 
obvious  that  the  space  described  in  any  given  time  will 
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Relation  of  space 
to  the  time. 


contain  as  many  equal  parts  of  space  as  there  are  equal 
parts  of  time.  Consequently,  in  uniform  motion,  equal 
spaces  will  be  described  in  equal  timeSj  whatever  be  the  rate 
of  motion,  and  the  spaces  will  be  proportional  to  the  times 
employed  in  describing  them. 

Denote  by  S  the  length  of  space  described  during 
the  time  T;  s  the  length  of  the  space  described  in  the 
small  portion  of  time  ^  then,  from  what  precedes,  we  have 

S  :    T  ::   s  :    i 


a  constant  ratio.   ' 


yr  —  7 (•*•)• 


Velocity 

measured  by  the 
apace  described 
in  any  unit  of 
time. 


Rule  for  finding 
Telocity. 


§  24. — Since  in  uniform  motion,  the  spaces  are  propor- 
tional to  the  times  employed  in  describing  them,  the 
velocity  may  be  measured  by  the  space  described  in  any 
time  whatever,  for  example  in  a  secorid,  minuie,  an  hour, 
&c.  Thus  we  say  the  velocity  is  2  feet  a  second,  or  120 
feet  a  minute,  or  7200  feet  an  hour,  or  ^j^  of  a  foot  in  ^ 
of  a  second,  &c ;  all  of  which  amounts  to  the  same  thing, 
since  the  ratio  of  the  space  to  the  time  is  not  changed. 

When  a  body  describes  uniformly  a  certain  space  in 
a  given  number  of  units  of  time,  as  the  second,  for  ex- 
ample, which  is  usually  taken  as  the  unit,  the  velocity  is 
found  by  dividing  the  whole  space  by  the  whole  time,  for 
if  we  make  t  =  one  second  in  equation  (1),  s  becomes  the 
velocity,  §  22,  and  denoting  this  by  Fwe  have 


T 


(2). 


Eiampto, 


Example :  The  space  described  in  1  minute  and  5 
seconds  or  65*  being  260  feet,  the  space  described  in  1', 
or  the  velocity,  is  given  thus : 
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T        65'         ^• 


Reciprocally,  if  the  velocity  be  multiplied  by  the  number 
of  units  of  time,  the  space  will  result. 

§  25. — ^It  frequently  happens  in  practice  that  the  ve-  Poriodioa 
locity  is  not  constant,  although  the  spaces  described  at  the  "**  ^°' 
end  of  certain  equal  intervals  are  equal.    Such  for  instance 
is  the  case  in  all  periodical  movements  of  which  the  dif- 
ferent changes  are  executed  in  the  same  interval  of  time, 
although  the  velocity  is  continually  varying  within  this 
interval.     The  motion  of  a  carriage  and  that  of  a  pedes-  instance— 
trian,  are  examples   of   this ;    the    spaces    described  in  ^^J^^n^ 
certain  intervals,  are  often  the  same,  while  the  motion  is 
sometimes  accelerated  and  sometimes  retarded. 


§26. — Conceive  a  table    consisting    of  two  vertical  Rrfationofspaet 
columns,  in  one  of  which  are  arranged  the  numbers  ex-  "prewntad 
pressive  of  the  intervals  of  time  elapsed  since  any  given  geomotncauy. 
instant,  and  in  the  other,  on  the  same  horizontal  lines, 
the  numbers  which  designate  the  spaces  described  by  any 
body  in  these  intervals.     Draw  an  indefinite  right  line  in  any  kind  or 
OB]  assume  any  linear  dimension,  as  an  inch,  to  repre- '°****^°* 
sent  the  unit  of  time,  and  let  the  same  length  represent 
the  unit  of  space ;  with  a  scale  of  equal  parts,  lay  oflF  a 
distance   Ot^  representing 


Fig.  4. 


an  interval  of  time  given 
by  the  table ;  upon  a  per- 
pendicular to  OjB  at  the 
point  ^4,  lay  off  a  distance 
Ue^  representing  the  dis- 
tance passed  over  by  the 
body  in  the  time  0  i^.  Do 
the  same  for  the  other 
times  and  corresponding 
spaces  of  the  table,  and  we  obtain  the  points  e,,  e^  %,  &c., 
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InuBiform 
moUoo. 


which,  being  united  two  and  two  by  right  lines,  will  give  a 
polygon.  This  polygon  will  not  differ  sensibly  from  a  curve 
when  the  intervals  of  time  are  small  and  differ  very  little 
from  each  other.  Oti,  Ot^  Ot^^  &c.,  are  the  abscisses, 
and  ^ei,  t^e,^  t^e^  &c.,  the  ordinaies  of  this  curve,  of 
which  the  origin  is  0.  It  is  obvious  that  by  means  of  the 
curve  we  may  obtain,  as  by  the  table,  the  space  de- 
scribed during  any  given  interval;  so  that  this  curve 
gives  the  relation  which  connects  the  spaces  with  the 
times,  whatever  be  the  nature  of  the  motion. 

In  uni/orrii  motion  the  spaces  increase  in  the  direct 
ratio  of  the  times,  and  the  ordinates  ^  e^,  ^3  €^  t^e^  &C., 
are  therefore  proportional  to 
the  abscisses  0^,  Ot^y  Ot^, 
&c. ;  hence  the  curve  becomes 
a  right  line.  Let  the  axis 
OB,  of  times,  be  divided  into 
any  number  of  equal  and 
very  small  parts;  through 
the  points  of  division  draw 
the  ordinates  or  spaces,  and 
through  the  extremities  of  the 
ordinates  draw  the  lines  Ci  6^, 

^  hi  ^  Wi  &c->  parallel  to  the  axis  of  times,  we  shall 
thus  form  a  series  of  small  right-angled  triangles  O^Ci, 
6162^  &c.,  similar  to  the  triangle  Ot^  e^  aad  because 
6^  6^  =  ^  t^,  we  have 


Kg.fi. 


y      * 
^^i    I   i   I   ! 


*. 


<4«4 


C/  &4     II     O^e^     \     *8  "iCf 


whence 


Kouuonof  BpaoM  but  l\  64  is  the  space  5,  described  in  the  small  time  ^  ^^  =  ^ 
to  tiM  t  met.       ^^^  ^^  ^^  ^jj^  space  S  described  in  the  time  0  ^4  =  JJ  and 

the  above  may  be  written 
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S 
T 


s 

T 


and  makmg  t  =  l,  s  becomes  the  measure  of  the  velocily 
V,  and  we  have       o 


r= 


8 


Velocity  equal  to 
the  ratio  of  tbe 
apace  to  the  time. 


the  same  as  before,  equation  (1). 

Or,   Ot^  may  be  taken  as  the  unit  of  time,  in  which 
case,  ^464  becomes  the  velocity  V,  and  we  have 


F=  1 
t 


Same  for  any 
apace  and  time. 


In  varied  motion,  the  spaces  not  being  proportional  to  varied  motioa. 
the  times,  the  line  Oe^,  e^g^  e^es,  &c.,  is  not  straight,  and 
the  small  spaces  e^  b^ 


e^  b^.  &c.,  described  in 

Rg. 

6. 

the  elementary  times 

/ 

• 

h^  k^i  &c.,  are  not 

/  j/^ 

equal.      The  velocity 

must,  therefore,   vary 
at  every  instant.    For 
the   case    represented 
by  the  figure,  the  mo- 

.#.....*.  

4 

• 
— In 

Acoelentod 
motion, 
repreaented 
geometrically 

tion     is     accelerated, 

o^i\      5,    i    . 

because     the     spaces 

0 

e^ij,  e^b^  &c.,  described  in  the  equal  elementary  times, 
continually  increase.     Now  let  it  be  supposed  that  at 
the  point  eg   the  motion  ceases  to  be  accelerated,   and  Motion  ceaaea  to 
that  it  becomes  uniform  with  the  velocity  which  the     ~**®^      * 
body  had  at  this  instant.     The  law  of  the  motion  after- 
ward will  be  represented  by  the  right  line  c^  m,  the  pro-  beoomea 
longation    of    e^  64,    and   since,   at    the    instant  we  are  ^  ^^"^ 
considering,  the  body  describes  a  space  equal  to  6464  in 
the  elementary  time   ^  64  =  4  ^4,    it   will,   in  virtue  q^ 
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tff  eMore  of  the 
relocity  at  any 
Instant; 


Rg.  6. 


its  uniform  motion,  describe  in  a  nnit  of  time  a  spaoe 
equal  to  mw,  obtained 
by  laying  off  from  the 
point  %,  on  e^b^  pro- 
duced, a  distance  e^n 
equal  to  the  unit  of 
time.  But  the  space 
described  in  a  unit  of 
time,  at  a  constant 
rate,  is  the  measure 
of  the  velocity  corre- 
sponding to  the  point 

6^,  or  at  the  end  of  the  time  0^.    From  the  figure  we 
obtain 


e^b^  :   e^b^  : :   mn  :  e^n] 


or  making 


6464  =  5,      e^b^  =  t,      mn==y]      e^n=l, 


we  have 


8   :   t  ::    V  :    1; 


i.\vul  to  the  ratio 
of  the  element  of 
the  space,  to  the 
element  of  the 
time. 


whence 


t 


Tangent  line ; 
Fill  gire  the 
Telocity. 


K  we  suppose  the  element  of  time  t^t^  sufficiently 
small,  the  line  Cg  e^  will  coincide  with  the  curve  to  which 
^8  m  will  become  a  tangent  at  the  point  e^.  This  tangent 
being  constructed  geometrically,  will  give,  in  the  manner 
above  indicated,  the  velocity  corresponding  to  the  point 
of  the  curve  to  which  it  is  drawn,  or  the  velocity  at  the 
end  of  the  time  0 1^. 
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Fig.  7. 


Periodical  motion,  such  as  has 
been  defined  in  §  25,  will  be  rep- 
resented by  a  waved  line  EEE^ 
&c,  whose  undulations  are  regu- 
larly disposed  about  the  right 
line  Ci,  e^  e^  &c.,  which  repre- 
sents the  law  of  uniform  motion. 

It  may  be  important  to  re- 
mark that  the  curves  which  have 
just  been  described,  and  which 
connect  the  lengths  of  the  spaces 

and  the  times,  in  any  kind  of  motion,  must  not  be  con- 
founded with  the  actual  path  described  by  the  body. 
In  this  last,  the  tangent  simply  gives  the  direction  of  the 
motion ;  and  to  obtain  the  velocity,  the  elementary  por- 
tion of  the  curve,  or  of  the  tangent  line,  must  be  divided 
by  the  time  during  which  this  element  is  described. 

'       %  27. — Matter  in  its  unorganized  state,  is  inaniTnate  or 
inert.     It  cannot  give  itself  motion,  nor  can  it  change 
of  itself  the  motion 
which  it  may  have 
received.      A    body 

at  rest  will  forever         ^ * ^ 

remain  so  unless  dis- 
turbed by  something 

extraneous  to  itself;  or  if  it  be  in  motion  in  any  direction, 
as  from  a  to  i,  it  will  continue,  after  arriving  at  J,  to  move 
towards  c  in  the  prolongation  of  a  J;  for  having  arrived  at 
5,  there  is  no  reason  why  it  should  deviate  to  one  side 
more  than  another.  Moreover,  if  the  body  have  a  certain 
velocity  at  i,  it  will  retain  this  velocity  unaltered,  since 
no  reason  can  be  assigned  why  it  should  be  increased 
rather  than  diminished  in  the  absence  of  all  extraneous 
causes. 

If  a  billiard-ball,   thrown    upon  the  table,   seem  to 
diminish  its  rate  of  motion  till  it  stops,  it  is  because  its 


Geometrical 
representation  of 
periodical 
motion. 


Distinction 
between  the  line 
giving  the  law  of 
the  motion,  and 
the  path 
deacribed  by  the 
bodj. 


Fig.  8. 


Inanimate  bodiee 
cannot  change 
their  atate  of  real 
or  of  motion. 


Apparent 
exception 
explained. 


88  NATURAL    PHILOSOPHY. 


motion  is  resisted  by  the  cloth  and  the  atmosphere.  K  a 
body  thrown  vertically  downward  seem  to  increase  its 
velocity,  it  is  because  its  weight  is  incessantly  urging  it 
onward.  'If  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  change,  it 
is  because  the  weight  of  the  stone  urges  it  incessantly 
towards  the  surface  of  the  earth.  Experience  proves  that 
in  proportion  a^  the  obstacles  to  a  body's  motion  are  re- 
moved, will  the  motion  itself  remain  unchanged. 

It  results,   from 
what  has  been  said,  * 
that  when  a  body  is  ^' 

put  in  motion  and 
abandoned  to  itself^ 
Consequences  of  its  inertia  wiU  cause  ^ 

inertia. 

it    to    move    m    a     . 
straight    line     and 

preserve  its  rate  of  motion  unchanged.  If,  from  any  extra- 
neous cause  the  body  is  made  to  describe  a  curve  AB,  and 
this  cause  be  removed  at  the  point  J5,  the  inertia  will 
cause  the  body  to  move  along  the  tangent  £0,  and  to 
preserve  the  velocity  which  it  had  at  B, 

Forces;  weight         §  28. — A  foTce  has  bccu   defined  to  be  that  which 
and  heat.  changes  or  tends  to  change  the  state  of  a  body  in  respect 

to  rest  or  motion.  Weight  and  Heat  are  forces.  A  body 
laid  upon  a  table,  oir  suspended  from  a  fixed  point  by 
means  of  a  thread,  would  move  under  the  action  of  its 
weight,  if  the  resistance  of  the  table,  or  that  of  the  fixed 
point  did  not  continually  destroy  the  effort  of  the  weight, 
uiostration.  fljA  body  exposed  to  any  source  of  heat,  expands,  its 
particles  recede  from  each  other,  and  thus  the  state  of  the 
body  is  changed. 

Forces  produce  §  29. — Forccs  pToducc  various  cffects  according  to  cir- 
cumstances. They  sometimes  leave  a  body  at  rest,  by  de- 
stroying one  another,  through  its  intervention  ;  sometimes 
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a  cannon. 


they  change  its  form  or  break  it;  sometimes  they  impress 
upon  it  motion,  they  accelerate  or  retard  that  which  it  has, 
or  change  its  direction;  sometimes  these  effects  are  produ- 
ced gradually,  sometimes  abruptly,  but  however  produced 
they  require  some  definite  tinier  and  are  effected  by  con-  These  effects 
tinuous  degrees.    If  a  body  is  sometimes  seen  to  change  ^^^^  ^^^ 
suddenly  its  state,  either  in  respect  to  the  direction  or  the 
rate  of  its  motion,  it  is  because  the  force  is  so  great  as  to 
produce  its  effect  in  a  time  so  short  as  to  make  its  dura- 
tion imperceptible  to  our  senses,  yet  some  definite  portion 
of  time  is  necessary  for  the  change.     A  ball  fired  from  a  a  i>au  fired  ih>m 
gun,  will  break  through  a  pane  of  glass,  a  piece  of  board, 
ol*  a  sheet  of  paper  when  freely  sus- 
pended,   with   a   rapidity   so    great 
that  the  parts  torn  away  have  not 
time  to  pro{)agate  their  motion  to  the  T 

rest.    A  cannon  freely  suspended  at  j 

the  end  of  a  vertical  cord  will  throw         r- "r 

its  ball  to  the  same  point  as  though 

it  were  on  its  carriage,  which  proves 

that  the  piece  does  not  move  sensibly  till  the  ball  leaves  Effects  obvioi«, 

its  mouth,  though  afterward  it  recoils  to  a  considerable  ^^"®  "*®  ""*** 

'  °  are  not. 

distance.  In  these  several  cases  the  effects  are  obvious, 
while  the  times  in  which  they  are  accomplished  are  so 
short  as  to  elude  the  senses:  and  yet  these  times  have 
had  some  definite  duration,  since  the  changes,  correspond- 
ing to  these  effects,  have  passed  in  succession  through 
their  different  degrees  from  the  beginning  to  the  ending.    ' 

Forces  which  give  motion  to  bodies  are  called  7?io^tva  Motive  forces: 
forces;    they   are   accelerating  Yfhen  they   accelerate  thej^^""°^"*** 
motion  at  each  instant,  and  retarding  when  they  retard  it. 

§  30. — We  may  form  from  our  own  experience  a  clear  idea  or  the  action 
idea  of  the  mode  in  which  forces  act;  when  we  push  or  o'fo«»a obtained 

'  -^  fW>m  experienat. 

pull  a  body,  be  it  free  or  fixed,  we  experience  a  sensation 
denominated  pressure^  traction^  or  in  general,  effort.  This 
effort  is  analogous  to  that  which  we  exert  in  raising  a 
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Foreet  are  real 
preMurea; 


unit  of  force. 


Equal  foroea. 


Fig.  11. 


Forces  measured 
by  weights. 


Jr^ 


Double,  triple, 
Ibc,  force. 


Umitofforcea 
pound  weight. 


weight,  and  thus  forces  are  to  us  real  pressures.  Pressure 
may  be  strong  or  it  may  be  feeble;  it  therefore  has  Tnagiiu 
tucle,  and  may  be  expressed  in  numbers  by  assuming  a 
certain  pressure  as  wmVy,  which  may  easily  be  done  if  "we 
can  find  pressures  that  are  equal  to  each  other. 

Two  forces  are  equal  when,  substituted,  one  for  the 
other,  in  the  same  circumstances,  they  produce  the  same 
effect,  or  when,  being  directly  opposed,  they  destroy  each 
other. 

Conceive  a  body  TF,  suspended  from  the 
extremity  of  a  thread;  the  thread  will  as- 
sume a  vertical  direction,  and  an  effort  will 
be  necessary  to  support  it;  if  two  forces, 
applied  successively  to  the  thread  and  in  the 
same  manner,  maintain  the  body  at  rest,  these 
forces  are  equal  to  each  other  and  to  the  ' 
weight  of  the  body.  A  double,  triple,  &c., 
force,  will  support  two,  three,  &c.,  bodies, 
similar  to  the  first,  suspended  one  above 
another  on  the  same  thread ;  taking  one  of 
these  forces,  that,  for  instance,  which  sup- 
ports ^,yth  of  a  cubic  foot  of  distilled  water 
at  the  temperature  of  60°  Fahrenheit,  and 
of  which  the  weight  is  called  a  pound,  for 
unity,  any  force  will  be  expressed  by  a 
number  which  indicates  how  many  pounds  it  will  sup* 
port. 


:b()w 


Jig.  12. 


Forces  compared 
by  the  balance. 


§  31. — ^Weights  are  measured  and  compared  by  means 
of  an  instrument  called  a  balance^  and  of  which  we  shall 
speak  hereafter.  By  the  definition  given  above  of  equal 
forces,  it  will  be  easy  to  find  the  weights  of  bodies  what 
ever  be  the  merits  or  defects  of  such  an  instrument.  We 
have  but  to  require  that  these  bodies  substituted  for  a 
certain  number  of  standard  units  of  weight,  shall  produce, 
under  the  same  circumstances,  the  same  effect  upon  the 
balance.     Under  this  point  of  view,  many  devices  may  be 
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Fig.  18. 


employed  to  measure  the  weights  of  bodies  and  oonse* 
quently  the  magnitudes  of  forces. 

Springs,  among  others,  in 
supposing  they  preserve  unim- 
paired for  a  long  time  their 
elasticity,  may  be,  and  indeed 
are,  used  in  practice,  for  this 
purpose.  Of  such  is  the  spring 
balance,  a  sketch  of  which  is 
given  in  the  figure.  In  using 
this  instrument,  it  is  necessary 
to  determine  previously  the 
accuracy  of  its  divisions  by 
means  of  standard  weights, 
and  to  change  the  values  of  its 
graduations  if  the  elasticity  of 

the  spring  shall  be  found  to  have  undergone  a  change 
since  its  construction. 


Use  of  spring 
balance  to 
measure  forces. 


Verification  of  the 
elasticity. 


§  32. — ^It  is  known  from  observation  that  the  action  variation  in  force 
of  the  force  of  gravity  diminishes  as  the  bodies  upon  ^^^J|If^^^ 
which  it  is  exerted  are  elevated  above  the  surface  of  Jimito. 
the  earth.     The  same  body,  therefore,  which  will  cause  by 
its  weight  a  spring  to  bend  through  a  certain  angle  at  the 
surface  of  the  sea,  will  cause  it  to  bend  through  a  less 
angle  when  weighed  at  the  top  of  a  mountain,  and  thus 
the  absolute  weight  of  the  body,  or  magnitude  of  the  force 
which  sustains  it,  is  diminished.     But  this  diminution  for 
the  height  of  three  miles  does  not  exceed  yj^y  of  the  total 
weight.     Experience  also  shows  that  the  weight  of  a  body 
diminishes  as  it  approaches  the  equator,  but  for  an  extent 
of  territory  equal  to  that  of  the  state  of  New  York  this 
variation  is  scarcely  appreciable. 

The  directions  of  two  plumb-lines  being  normal  to  the 
surface  of  the  earth,  cannot  be  perfectly  parallel,  since  Acts  in  pamiiei 
they  converge  to  a  point  near  its  centre  'and  which   is  jhrTriurf"*"*" 
therefore   distant  about  4000   miles  from   the   place  of  ordinar>  bodies. 
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observation.    These  lines  when  separated  by  a  distance 

of  600  yards  on  the  surface  of  the  earth,  will  form  with 

each  other  an  angle  not  to  exceed  6",  which  is  inappreci- 

Foroeofgrayity    able  to    oommon  instruments.     It  hence  follows,   that, 

T^lT^  ""^  within  ordinary  limite,  the  force  of  gravity  may  be  regarded 

directioiu.  05  constaut,  and  acting  in  paraUd  directions. 


n. 


ACTION    OP    FORCES,    EQUILIBRIUM,    WORK. 

Action  of  exterior  §  33. — When  a  forcc  acts  against  a  point  in  the  surface 
^*  of  a  body,  it  exerts  a  pressure  which  crowds  together  the 
neighboring  particles ;  the  body  yields,  is  compressed  and 
its  surface  indented ;  the  crowded  particles  make  an  effort, 
by  their  molecular  forces,  to  regain  their  primitive  places, 
and  thus  transmit  this  crowding  action  even  to  the  re- 

whenaomeofthe  motcst  particlcs  of  the  body.    If  these  latter  particles  are 

**"*        fixed  or  prevented  by  obstacles  from  moving,  the  result 

will  be  a  compression  and  change  of  figure  throughout  the 

When  none  of  the  body.    If,  ou  the  Contrary,  these  extreme  particles  are 

particles  are  fixed.  /»         .1  ^n      j  j  x*  "n    i.  •      ^    j 

free  they  will  advance,  and  motion  will  be  communicated  , 

by  degrees  to  all  the  parts  of  the  body.     This  internal 

motion,  the  result  of  a  series  of  compressions,  proves  that 

a  certain  time  is  necessary  for  a  force  to  produce  its  entire 

Definite  Telocity   effect,  and  the  absurdity  of  supposing  that  a  finite  velocity 

derated  ^^7  ^  generated  instantaneously.     The  same  kind  of 

ioetantaneooBiy.   actiou  wiU  take  placc  whcu  the  force  is  employed  to 

destroy  the  velocity  which  a  body  has  already  acquired ; 

it  will  first  destroy  the  velocity  of  the  molecules  at  and 

nearest  to  the  point  of  action,  and  then,  by  degrees,  that 

of  those  which  are  more  remote  in  the  order  of  distance. 

Reaction  eqnai  |  3^ — ^g  ^^  molccular  Springs  canuot  be  compressed 

toocuon.  without  reacting  in  a  contrary  direction,  and  with  the 
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same  eflfort,  the  agent  which  presses  a  body  will  experience 
an  equal  pressure.  This  is  usually  expressed  by  saying, 
that  reajcidon  is  equal  and  contrary  to  action.  In  pressing 
the  finger  against  a  body,  in  pulling  it  with  a  thread,  or 
pushing  it  with  a  bar,  we  are  pressed,  drawn,  or  pushed  in 
a  contrary  direction,  and  with  the  same  efifort.     Two 

Fig.  14. 


IlluitntloB. 


weighing  springs  attached  to  the  extremities  of  a  thread  or 
bar,  will  indicate  the  same  degree  of  tension,  and  in  con- 
trary directions  when  made  to  act  upon  each  other  through 
the  intervention  of  the  thread  or  bar. 

§  35. — ^In  every  case,  the  action  of  a  force  is  trans-  Point  of 
mitted  through  a  body  to  the  ultimate  point  of  resistance,  "^^^^""^nt^*'* 
by  a  series  of  equal  and  contrary  actions  and  reactions  "ne  of  direcuon. 
which    destroy    each    other,   and   which    the    molecular 
springs  of  all  bodies  exert  at  every  point  of  the  right  line, 
limited  by  their  boundaries,  along  which  the  force  acts. 
It  is  in  virtue  of  this  property  of  bodies,  that  the  action  of 
a  force  may  be  supposed  to  be  exerted  at  any  point  in  its 
line  of  direction. 


§  38. — ^Bodies  being  more  or  less  extensible  and  com-  Bodies  used  to 

transmit  the 
action  of  foroeii 


pressible,  a  thread  or  bar,  interposed  between  the  power  *"^"°*"  *^* 


and  resistance,  will  be  stretched  or  compressed  to  a  certain 
degree,  depending  upon  the  energy  with  which  these 
forces  act ;  but  as  long  as  the  power  and  resistance  remain 
the  same,  the  thread  or  bar,  having  attained  its  new 
length,  will  cease  to  change.     On  this  account,  bodies, 
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regarded  118  rigid  which  OTC  usuolly  employed  to  transmit  the  action    of 

and  iiiextenaible ;  no  *    ^    j.  x.v.  -l  jj 

forces  from  one  pomt  to  another,  may  be  regarded  as 
perfectly  inextensible  or  rigid,  especially  as  such  bodies 
are  chosen  and  applied  so  as  not  to  yield  under  this 
action. 


Inertia  moasared 
by  means  of 
fiiToes; 


action  or  Inertia 
on  a  thread ; 


condciet  of  a 
spring  wlien 
under  tlie  action 
of  inertia ; 


reaistance  tc  til 
changes  of 
motion ; 


Fig.  15. 


§  37. — ^We  have  juSt  seen  that  when  a  force  acts  upon 
a  body  to  give  it  motion  or  to  destroy  that  which  it  has, 
the  body  will  react  or  oppose  a  resistance  equal  to    the 
force.     This  resistance  measures  the  inertia  of  the  matter 
of  the  body.     It  is  obvious  that  for  the  same  body,  this 
resistance  increases  with  the  degree  of  velocity  imparted 
or  destroyed;  we  shall  presently  find  that  it  is  propor- 
tional to  this  velocity,  and  that  it  also  increases  in  the 
direct   ratio  of   the  quantity  of 
matter  in  the  body.     If  a  body, 
free    to   move'   be  drawn    by  a 
thread,   the   thread    will    stretch 
and  even  break  if  the  action  be 
too    violent,   and    this    will    the 
more  probably  happen  in  propor- 
tion as  the  body  is  more  massive. 
If  a  body  be  suspended  by  means 
of  a  vertical  cord,  and  a  weighing 
spring  be  interposed  in  the  line 
of  traction,   the  graduated   scale 
of  the  spring  will    indicate  the 
weight  of   the    body   wh^n    the 
latter  is  at  rest;  but  if  we  sud- 
denly elevate  the  upper  end  of 

the  thread,  the  spring  will  immediately  bend  more  in 
consequence  of  the  resistance  opposed  by  the  inertia  of 
the  body.  The  motion  once  acquired  by  the  body  and 
become  uniform,  the  spring  will  resume  and  preserve 
the  degree  of  flexure  or  tension  which  it  had  when  the 
body  was  at  rest.  If,  now,  the  body  being  in  motion,  the 
velocity  of  the  upper  end  of  the  thread  be  diminished,  the 


MECHANICS    OF    SOLIDa  45 


spring  will  unbend  and  the  scale  will  indicate  a  pressure 
less  than  the  weight  of  the  body.     The  oscillations  of  the  wKdUationaof* 
spring  may  therefore  serve  to  measure  the  variations  in  'ndteftrthe 
the  motions  of  a  body,  and  the  energy  of  its  force  of  change  i« 
inertia,  which  acts  against  or  with  a  power  exerted  in  the 
direction  of  the  motion,  according  as  the  velocity  is  in- 
creased or  diminished. 


§  38. — The  effect  of  every  force  depends,  1st,  upon  its  Effect  or  a  force; 
foint  of  application;  that  is,  the  point  to  which  it  is  ^*"J^y^   ^^^ 
directly  applied:   2d,  upon  the  position  of  the  line  along  of  direcuon, and 
which  it  acts  or  the  straight  line  which  its  point  of  appli-  "*     ^' 
cation  would  describe  if  perfectly  free:   3d,   upon   the 
direction  in  which  it  tends  to  solicit  its  point  of  application 
along  this  line,  whether  backward  or  forward :  4th,  upon 
its  absolute  intensity^  measurable  in  pounds  or  any  other 
unit  of  weight. 

§  39. — ^Let  A  be  the  point  of  application  of  a  force 
which  acts  upon  the  line  AB;   from  A^  lay  off  upon  Graphical 
the    direction     in  ^ZT^ 

which  the  force 
acts,  a  distance 
AP,  containing  as 
many  linear  units, 
say  inches,  as  there  a^-'''"' 

are  pounds  in  the  ■ 

intensity  of  the 
force;     the     force 

will  be  fully  represented.  Commonly  the  direction  of 
the  actioo  is  indicated  by  an  arrow,  and  the  intensity 
of  the  force  by  some  letter  as  P,  for  the  sake  of  brevity. 
Thus,  we  say  a  force  P  or  J.P,  a  force  ^  or  J.  ^,  as  we 
say  a  force  of  5  pounds,  a  force  of  8  pounds.  In  this  way  by  length  of  line 
the  investigations  in  mechanics  are  reduced  to  those  of  **'  ^^  v^^^^- 
geometrical  figures. 
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Equiltbrhim  of 
furce«; 


Btalieal  and 
dynamical. 


Illustration- 
two  men. 


No  case  of 
absolute  rest 


Earth^s  motion. 


Repose  not 
necessary  to 
equilibrium. 


§  40. — ^When  the  forces  applied  to  any  body  balance,  or 
mutually  destroy  each  other,  so  as  to  leave  the  body  in  the 
same  state  as  before  their  application,  these  forces  are  said 
to  be  in  eqidlibrio.  The  equilibrium  may  be  statical  or 
dymimicciL  In  the  first  case,  the  forces  finding  the  body  at 
rest,  will  leave  it  so ;  in  the  second  case,  the  forces  being 
applied  to  the  body  in  motion,  will  in  no  respect  alter  the 
motion.  Two  men  pulling  with  equal  strength  at  the  op- 
posite ends  of  a  cord,  will  be  a  case  of  statical' equilibrium 
if  the  men  be  at  rest,  and  a  case  of  dynamical  equilibrium 
if  they  be  in  motion. 

In  reality  there  is  no  case  of  absolute  statical  equi- 
librium, since  the  earth's  motion  involves  that  of  every 
body  connected  with  it,  in  the  same  way  that  a  boat 
moving  over  the  surface  of  the  water  carries  every  thing 
on  board  along  with  it.  The  idea  of  repose  is  not  neces- 
sary to  that  of  an  equilibrium  of  forces,  which  only 
requires  the  mutual  destruction  of  all  the  forces  that 
act  at  the  same  instant  upon  a  body. 


Forces  In 
equilibrio ; 


^  §  41. — When  a  body,  subjected  to  the  action  of  several 
extraneous  forces,  preserves  its  motion  perfectly  uniform, 
notwithstanding  these  forces,  these  lattei;  will,  from  the 
definition  above,  be  in  equilibrio.  If  the  velocity  however 
not  In  equilibrio  augment  or  diminish,  the  extraneous  forces  will  not  be  in 
equilibrio ;  but  if  we  take  into  account  the  force  of  inertia 
of  the  different  particles  of  the  body,  and  introduce  among 
the  extraneous  forces  one  equal  to  it  and  capable  of  pre- 
venting the  modification  of  the  motion,  there  will  again  be 
an  equilibrium  among  all  the  extraneous  forces.  A  horse 
which  draws  a  carriage  along  a  road,  destroys  at  each 
instant  all  resistances  which  are  opposed  to  his  action ;  if 
the  motion  is  perfectly  uniform,  these  resistances  arise 
only  from  the  ground,  the  different  frictions,  &c.  If  the 
velocity  increases  at  each  instant  in  consequence  of  an 
increased  effort  of  the  horse,  the  inertia  of  the  carriage 
will  come  into  action  and  add  to  the  other  resistances 


"When  the  motion 
changes. 

Effect  of  inertia 
on  equilibrium 
of  forces. 


niuitration— 
horse  and 
carriage. 
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above  named^  and  the  effort  of  the  horse  during  this 
increase  of  velocity,  will  be  in  equilibrio  with  all  these 
forces;  i^  on  the  contrary,  the  velocity  diminish,  the 
inertia  of  the  carriage,  which  tends  to  preserve  its  motion 
uniform,  will  add  its  action  to. that  of  the  horse  to  over- 
come all  the  resistances,  or  to  maintain  the  equilibrium. 

Thus  inertia  stands  always  ready  to  maintain  an  equi-  inerua  aiwayi 
librium  among  forces  of  whatever  nature :  and  hence  the  '*"**^ '°  ^^^^^ 

^  '  an  equnibri.im 

distinction  between  the   equilibrium  of  bodies  and  of  among  forces. 

forces.     Forces  are  ever  in  equilibrio,  while  bodies  are  not 

necessarily  so.     If,  for  example,  a  material  point  be  acted 

upon  by  a  force,  it  will  move  in  the  direction  of  this  force.  Reaction  e  nai 

while   the   force    itself   is   maintained   in   equilibrio  by  and  coninuy  to 

the  inertia  developed  during  the  yielding  of  the  point. 

Action  and  reaction  are  equal  and  contrary. 


Fig.  17. 


§  42. — ^When  an  equilibrium  exists  among  several 
forces,  as  0,  P,  Q^  &c.,  one  of  them,  as  0,  may  be  con- 
sidered  as  preventing  the  effect  of  all  the  others.  If,  then, 
we  conceive  a  force 
i2,  equal  and  directly 
opposed  to  0,  at  the 
same  point  of  ?ippli- 
cation  C,  this  force 
will  destroy  of  it- 
self the  force  0,  and 
wiU  therefore  pro- 
duce the  same  effect 
upon  the  body  as 
the  forces  P,  Q^  &c., 
taken  together.  This 
force  R  is  called  the 

resultant  of  the  forces,  P,   Q^  &c.,  and  these  latter  the 
components  of  the  force  R, 

Reciprocally,  if  to  the  resultant  R  of  several  forces  P, 
Q,  &c.,  an  equal  force  0,  be  immediately  opposed,  there 
will  be  an  equilibrium  between  this  force  and  the  several 


Resultant  of 
forces, 

componentaofft 
force. 
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Resultant  and 

components 

defined. 


forces  P,  §,  &c. :  hence,  the  resultant  is  a  single  force 
which  will  produce  the  same  effect  as  two  or  more  forces  ; 
the  components  are  two  or  more  forces  which  will  produce 
the  same  eflEect  as  a  single  force. 


Resultant  of 
sereral  forces 
acting  along  the 
SHine  line. 


§  43. — ^When  several  forces  act  along  the  same  straight 
line  and  in  the  same  direction,  their  joint  effect  will  ob- 
viously be  the  same  as  that  of  a  single  force  equal  to 
their  sum,  which  single  force  will  be  their  resultant.  If 
some  of  the  forces  act  in  one  direction,  and  others  in  an 
opposite  direction,  the  resultant  will  be  a  single  force  equal 
to  the  excess  of  the  sum  of  those  which  act  in  one  direction 
over  the  sum  of  those  which  act  in  the  contrary  direction ; 
and  it  will  act  in  the  direction  of  those  forces  which  give 
the  greater  sunt,  for  when  two  unequal  forces  are  dijectly 
opposed,  the  smaller  will  destroy  in  the  larger  a  portion 
equal  to  itself  Three  men  ptUing  in  the  same  direction 
a  cord,  with  efforts  10,  17,  and  25  pounds,  and  two  others 
pulling  in  the  opposite  direction  with  efforts  12  and  19 
pounds,  the  effect  to  move  the  cord  will  be  the  same  as 
though  it  were  solicited  by  a  single  force  52  —  31  =  21 
pounds,  acting  in  the  direction  of  the  first  men.    . 


Mechanical  work 
of  forces. 


Resistance 
overcome  and 
reproduced. 


§  44. — The  most  simple  case  of  equilibrium,  is  that  in 
which  two  equal  and  opposing  forces  destroy  each  other, 
and  it  is  this  to  which  the  employment  of  force  in  the 
mechanic  arts  is  always  reduced.  To  work^  is  to  destroy 
or  overcome,  in  the  service  of  the  arta,  resistances,  such 
as  the  force  of  adhesion  of  the  molecules  of  bodies,  the 
strength  of  springs,  the  weight  of  bodies,  their  inertia, 
&c.,  &c.  To  polish  a  body  by  friction,  to  divide  it  into 
parts,  to  elevate  weights,  to  draw  a  carriage  along  a  road, 
to  bend  a  spring,  to  throw  stones,  balls,  &c.,  &c.,  is  to 
work,  to  continually  overcome  resistances  incessantly- 
recurring. 

Mechanical  work  not  only  supposes  a  resistance  over- 
come, but  a  resistance  reproduced  along  the  path  described 
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hy  the  point  at  which  the  resistance  is  exerted,  and  in 
the  direction  of  this  path.     To  take  away  from  a  body 
a  portion  of  its  matter  with  a  tool,  for  example,  we  must 
not  only  overcome  the  resistance  opposed  by  the  matter 
removed,  but  also  cause  the  point  of  action  of  the  tool  to 
advance  in  the  direction  of  the  line  along  which  the  resist- 
ance incessantly  recurs.     The  further  the  tool  advances, 
the  greater  wUl  be  the  length  of  the  removed  portion; 
on  the  other  hand,  the  broader  and  thicker  this  portion, 
the  greater  the  resistance,  and  consequently,  the  greater 
the  eflFort  to  overcome  it.     The  work  performed,  therefore,  Work  idommm 
at  each  instant^  increases  tvith  the  intensili/  of  the  effort  and  "^^  L^^^ 
the  length  of  the  path  described  by  its  point  of  application  in  described  by  Uie 
the  direction  of  the  effort  appUc^ioo, 

§  45. — ^Ijet  us  suppose  a  constant  resistance  and,  there-  Meaturaorthe 
fore,  a  constant  effort  which  is  equal  and  directly  opposed  J|^[^n^^**** 
to  it,  that  is,  they  are  the  same  at  each  instant ;  it  is  oonetant. 
obvious,  from  what  precedes,  that  the  work  produced  will 
be  proportioned  to  the  length  of  the  path  described  by 
the  point  of  application  of  the  effort — double,  if  the  path 
is  double,  triple,  if  the  path  is  triple,  &c. ;  so  that,  if  we 
take  for  unity  the  work  which  consists  in  overcoming  a 
resistance  over  a  length  of  1  foot,  the  total  work  will  be 
measured  by  the  number  of  feet  passed  over.  But  if  for 
another  work,  the  constant  resistance  is  double,  triple, 
&c.  of  what  it  was  in  the  first  case,  for  an  equal  length 
of  path,  the  work  will  be  double,  triple,  &c.  of  what  it 
was  before.  K,  for  example,  the  resistance  were  1  pound 
in  the  first  case,  and  2,  3,  4,  &c.  pounds  in  the  second,  the 
work  for  each  foot  of  path  would  be  2,  3,  4,  &c.  times  that 
of  1  pound.  In  assuming,  then,  the  work  which  consists 
in  overcoming  a  resistance  of  1  pound,  through  a  distance 
of  1  foot,  for  the  unit  of  work,  we  shall  have  for  the 
measure  of  the  work,  of  which  the  object  is  to  overcome 
a  constant  resistance,  the  number  of  pounds  which  measures  Rule. 
this  resistance  repeated  as  many  times  as  there  are  feet  in  the 
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niustration. 


path  described  by  the  point  of  application  of   the 
ance. 

For  example,  suppose  a  motive  force  employed  to 
draw  a  body  on  a  horizontal  plane;  the  work  will  be, 
to  overcome  the  resistance  of  the  constant  friction  exerted 
between  the  body  and  plane.  Let  this  friction  be  37.5 
pounds,  and  the  path  described  64  feet,  the  total  work 
will  be 

37.5  X  64  =  2400  pounds, 

or  equal  to  2400  pounds  over  1  foot,  or  1  pound  over  a 
distance  of  2400  feet. 

In  general,  then,  denoting  by  Q,  the  quantity  of  work 
performed ;  by  P  the  cSonstant  resistance,  or  its  equal,  the 
effort  necessary  to  overcome  it ;  and  by  S,  the  space  de- 
scribed by  the  point  of  action,  we  shall  have 


EqoaUon  of  the 
quantity  of  work. 


Geometrical 
representation  of 
the  qoantlty  of 
work. 


Woric  when  the 
restatance  ia 
Tarlable. 


Q^P.S. 


(8), 


Fig.  18. 


^t   B 


To  represent  this  geometri- 
cally, assume  any  linear  unit, 
as  the  inch,  to  represent  1 
pound,  and  the  same  to  repre- 
sent the  unit  of  linear  length ; 
lay  off  from  0  on  the  indefi- 
nite right  line  0  B^  the  dis- 
tance 0  e,,  equal  to  the  length 
of  path  described  by  the  point 

of  action,  and  at  e^,  the  perpendicular  e^  rj,  containing  as 
many  inches  as  the  constant  effort  contains  pounds ;  then 
will  the  number  of  square  inches  in  the  rectangle  Oci  Ti  r, 
express  the  quantity  of  work. 

^%  46. — ^If  the  resistance,  or  the  equal  effort  which  de- 
stroys it,  instead  of  being  the  same  at  each  instant,  varies 
incessantly,  as  is  most  frequently  the  case,  the  quantity 
of  work  will  not  be  given  by  the  simple  rule  above ;  but, 
as  the  effort,  however  variable,  may,  during  the  descrip- 
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Fig.  19. 


tion  of  a  very  small  portion  of  the^  path,  be  regarded  as 
constant,  the  corresponding  portion  of  work  will  still  be  Elementary 
measured  by  this  constant  effort  into  this  small  portion  ^""***^  **'''***• 
of  the  path. 

The  total  work,  being  composed  of  all  its  elements,  xotai  quimtuy  ©r 
will  be  measured  by  the  sum  of  all  these  elementary  '^^^' 
products. 

Draw  the  curve  r,  rj,  r2,  rg,  &c.,  of  which  the  abscisses 
Oe,  Oej,  Oe^  Oe^,  &c.,  shall  represent  the  spaces  described 
by  the  point  of 
action  of  the  resist- 
ance up  to  certain 
given  successive  in- 
stants of  time,  and 
of  which  the  ordi- 
nates  er,  Cirj,  e^r^, 
c^rg,  &c.,  shall  rep- 
resent the  corre- 
sponding resistan- 
ces. Let  eeij  eie^ 
tf^Cj,  &c.,  be  the 
equal     and     very 

small  spaces  described  in  successive  portions  of  time.  The 
elementary  portions  of  work  during  these  intervals  of 
time,  having  for  their  measures  the  products  of  the  small 
spaces  by  the  corresponding  resistances,  regarded  as  con- 
stant for  each  one,  that  is,  by  the  products 

eejXcr,       ^^Xe^r-^,       fia^sXe^ra, 

these  elementary  portions  of  work  are  represented  respec- 
tively by  the  elementary  areas 

ersiCij         ^^is^e^  ^i^a^a^     Ac, 


Represented  by 
geometry. 


and  the  total  work  will  be  represented  by  the  sum  of  all 
these  rectangles.    But  if  we  multiply  suitably  the  points 
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Repreaentod  by 
BO  area. 


Rule  for  finding 
the  area. 


of  divifiion  e^e^e^  &c.,  by  diminishing  the  distances  ee^^ 
eie^  6^6^  &c.,  it  is  obvious  that  the  sum  of  the  rectangles 
will  not  sensibly  differ  from  the  area  included  by  the 
curve  TTi  r^.^.r^,  the  whole  path  e^  described  by  the 
point  of  action,  and  the  two  ordinates  er  and  e-jr^  drayra 
through  its  extremities. 

Hence  we  see,  that  when  we  know  from  experience,  the 
law  which  connects  the  variable  resistance  with  the  length 
of  path  described  by  its  point  of  action,  to  compute  the 
amount  of  work  performed,  is  but  to  construct  by  points, 
or  otherwise,  the  curve  of  this  law,  and  to  calculate  the 
area  included  by  the  curve,  the  total  length  of  path 
described  and  the  extreme  ordinates.  When  the  unit  of 
length  employed  to  construct  the  ordinates  is  the  same  as 
that  by  which  the  length  of  path  is  measured,  it  is  plain 
that  the  unit  of  area  will  represent  the  work  performed 
by  a  unit  of  effort,  as  a  pound,  through  a  unit  of  length,  say 
a  foot. 

To  find  this  area,  divide  the  path  described  into  an 
even  number  of  equal  parts,  and  erect  ordinates  at  the 
points  of  division, 
and  at  the  extremi- 
ties ;  number  the 
ordinates  in  the  or- 
der of  the  natural 
numbers;  add  to- 
gether the  extreme 
ordinates,  increase 
this  sum  by  four 
times  that  of  the  even 

ordinates  and  twice  that  of  the  uneven  ordinates,  and  multiply 
by  one  third  of  the  distance  between  any  two  consecutive 
ordinates. 

Demonstration:  To  compute  the  area  comprised  by  a 
curve,  any  two  of  its  ordinates  and  the  axis  of  abscisses, 
by  plane  geometry,  it  is  usual  to  divide  it  into  elemen- 
tary areas,  by  drawing  ordinates,  as  in  the  last  figure, 


Fig.  20. 


J 
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and  to  regard  each  of  the  elementary  figures,  e,  ejrt  rj, 
<^  ^  ^t '*»  ^-t  as  trapezoids;  and  it  is  obvious  that  the  DamoiiMntioB d 
error  of  this  suppositioQ  will  be  less, 
in  proportion  as  the  number  of  trape- 
zoids between  given  limits  is  greater.    ^  ^-  *'■ 
Take  the  first  two  trapezoids  of  the 
preceding  figure,  and  divide  the  dis- 
tance Ci  eg  into  three  equal  parts,  and 
at  the  points  of  division,  erect  the  or- 
dinates  mn,  n^ni;  the  area  computed 
from   the  three  trapezoids  Sj  m  n  r„ 
m  mj «!  n,  mj  ^  r,  n),  will  be  more  ac- 
curate than  if  computed  from  the  two  «i  ^  fg  r^,  e^e^  r,  r^. 
The  area  by  the  three  trapezoids  is 

But  by  construction, 

dim  =  mm,  =  m,.%  =  \^e,  =  |fl,<i, 

and  the  above  may  be  written, 

l«i'^(ei'"i  +  2mn  -|-  2niini  +  ^r,), 
but  in  the  trapezoid  m  Ttij  ri,  n, 

2t«7i  -t-  2m,ni  =  4<ir^  very  nearly ; 
whence  the  area  becomes 

the  area  of  the  next  two  trapezoids  in  order,  of  the  pre- 
ceding figure,  will  be 
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and  similar  expressions  for  each  succeeding  pair  of  trape- 
zoids. Taking  the  sum  of  these,  and  we  have  the  whole 
area  bounded  by  the  curve,  its  extreme  ordinates,  and  tte 
axis  of  abscisses ;  or 

Algebraic  ^ 

dxpresBioQ  of  the  Q  =  i  eie^lciVi  +  ^iC^T^  +  2e^r^  +  4c4r4  +  2e^ri  +  ic^r^  +  €^r^\ 

nile. 

whence  the  rule. 

§  47. — ^When  the  value  of  the  memanical  work  of  a 

/variable  resistance  for  any  distance  passed  over  by  the 

Heanresistanob;  point  of  action,  is  fouud  by  the  method  just  explained,  if 

/     this  value  be  divided  by  the  distance,  the  quotient  liirill 

equal  to  the  ekire  be  a  mean  resistance,  or  the  constant  effort  which,  exerted 

T'entire'^^ti^  through  the  entire  path,  will  produce  the  same  quantity 

^  of  work ;  for  we  have  seen  that  for  a  constant  resistance, 

the  quantity  of  work  is  measured  by  the  product  arising 

from  multiplying  this  resistance  into  the  path  described 

by  its  point  of  action. 

Examples  of  §  48. — ^Whcu  a  motivc  force  is  employed  to  bend    a 

wwk^  spring,  it  will  develop,    at  each  instant,  an  effort  which 

is  greater  in  proportion  as  its  point  of  action  describes, 
that  of  a  force  in  the  direction  of  the  effort,  a  greater  path;  an  effort 
bonding  a  apring,  ^jj^^jj  ^^  htkve  secu  may  be  measured  for  each  position 

of  the  spring  or  point  of  action.  The  curve  which  gives 
the  law  of  these  efforts  may  be  constructed  by  the  method 
just  given,  and  the  area  determined  by  the  rule  in  §  46 
will  give  the  total  mechanical  work  performed  by  the 
force. 

We  have  already  taken  as  an  example  the  work  pro- 
duced by  a  constant  force  in  drawing  a  body  over  a  horizon- 
tal plane,  and  above  we  have  taken  the  work  which  arises 
from  the  action  of  a  variable  force  in  bending  a  spring ; 
of  the  draft  of  a   the  rcasotung  applied  to  these  is  applicable  to  all  kinds 
^ftbe' effort  of     ^^  work  employed  in  the  arts.     Does  a  horse  pull  upon 
a  man.  the  shaft  of  a  mortar  mill ;  a  man  draw  water  from  a  well ; 
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an  artificer  saw,  plane,  file,  polish;  a  turner  &sIiion  his  or  the 
materials  in  the  lathe;  the  quantity  of  work  performed  ""*'|*^^^°"**^' 
is  measured  by  the  product  of  the  effort,  which  is  always  obuunwi  by  the 
equal  and  contrary  to  the  resistance  opposed    by  the  ""*  "*  *" 
matter  to  the  tool,  into  the  path  described  by  the  point 
of  action,  if  the  resistance  is  constant,  or  by  the  sum  of 
the  partial  products  which  measure  the  elementary  por- 
tions of  work,  if  the  resistance  is  variable. 

§  49. — ^In  seeking  to  appreciate  different  kinds  of  work,  Dutincuon  to  be 
we  must  be  careful  not  to  confound  that  which  is  really  <>*>»'^«<**»»^o'*^ 
expended  by  the  motive  force,  with  that  which  is  actually 
effective  in  accomplishing  an  object.  It  is  to  this  last  that 
are  to  be  applied  the  foregoing  considerations  and  measure- 
ments. We  shall  presently  examine  the  mode  of  action 
of  motive  forces,  the  circumstances  which  modify  the  result 
of  this  action,  and  the  waste  which  may  attend  it. 

§  50. — To  show  the  complication  incident  to  certain  compiicauon 
kinds  of  mechanical  work,  take,  for  example,  the  work  JJ^JtoTn  ki^e  of 
of  a  filer :  it  is  necessary  1st,  to  press  upon  the  file  to  work, 
make  it  take  hold ;  2d,  to  support  continually  its  weight ; 
3d,  to  push  it  along  the  surface  of  the  body  ;  4th,  to  move 
it  with  a  certain  velocity  back  and  forth,  and  therefore  to 
overcome  the  inertia  of  the  file  as  well  as  that  of  the 
matter  removed.     The  quantity  of  work  is  the  result  of 
these  different  circumstances;  but  this  complication  may 
be  made  to  disappear  by  separating  from  the  result  of  the 
work,  every  thing  not  indispensable  to  it,  in  considering 
only  what  takes  place  where  the  metal  is  removed  by  the 
file:   there,  we  only  perceive  a  resistance  which  is  op- 
posed to  an  equal  and  contrary  effort  in  the  direction 
of  the  path  described  by  the  points  of  action  of  the  file, 
and  of  which  the  quantity  of  work  is  measured  in  the  The  work  reduced 
manner  already  described.      The  work  of  the  operator  ^J^^^"""^ " 
may  be  reduced  to  this,  by  supposing  the  file  placed  upon 
a  level  surface,   loaded  with  a  given  weight,   and  the 
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operator  or  motive  power  only  employed  in  drawing  it 
uniformly  in  the  direction  of  its  length. 


What  nAM  de 
understood  by 
mechanical  work 
•f  a  force ; 


work  of  tbe 
reeialance. 


§  51. — ^In  general,  then,  we  must  henceforth  understand 
by  mechanical  work,  that  which  results  from  the  simple 
action  of  a  force  upon  a  resistance  which  is  immediately 
opposed  to  it,  and  which  is  continually  destroyed  in 
causing  the  point  of  action  to  describe  a  path  on  the 
line  of  direction  of  this  resistance.  The  force  must  be 
considered  as  a  simple  agent,  producing  an  eflFort  or 
pressure  measurable  in  pounds,  and  acting  in  a  single 
direction,  as  described  in  §  38;  and  we  must  be  careful 
not  to  confound,  as  is  frequently  done,  the  terms  ivork 
and  force^  with  those  by  which  we  vaguely  designate 
all  the  effects,  more  or  less  complicated,  arising  from  the 
action  of  animate  or  inanimate  agents  upon  resistances: 
thus  we  should  not  speak  of  the  force  of  a  horse,  Of  a  man, 
of  a  machine,  without  indicating  the  point  of  action  of  this 
force,  its  intensity,  and  its  direction ;  we  should  not  speak 
of  the  mechanical  work  of  a  force,  without  specifying  the 
same  things  of  the  resistance  which  it  overcomes  at  each 
instant,  in  each  particular  case  of  its  application. 


Invariable 
•tandard  by 
which  to  estimate 
the  quantity  of 
work ; 


utility  of  this 
standard. 


§  52. — ^The  most  simple  work,  that  which  conveys  at 
once  an  idea  of  its  measure,  is  the  elevation  of  a  weight 
through  a  vertical  height,  if  we  omit  the  consideration 
of  inertia.  The  work  in  this  case  obviously  increases  as 
the  weight  and  vertical  height  increase,  and  is  measured 
by  the  product  of  the  two,  agreeably  to  what  is  said  in 
§  45  and  §  46;  here  the  unit  of  work,  is  the  unit  of 
weight  raised  through  a  unit  of  height. 

The  utility  of  this  measure  is  its  great  simplicity,  and 
the  ease  it  affords  of  estimating  the  pressure  or  eflFort  in 
pounds,  and  the  path  described  by  the  point  of  action  in 
feet.  We  might,  to  be  sure,  take  any  other  standard  unit, 
as,  for  instance,  the  quantity  of  work  necessary  to  grind 
1,  2,  or  3  pounds  of  corn,  which  is  the  old  standard  of 
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millers  and  the  proprietors  of  mills.    But  a  given  weight 
of  corn  will  present  different  degrees  of  resistance,  accord-  standani  of 
ing   to   its   quality  and    the  kind  of   tool  or  machine"**"*"* 
employed  to  grind  it ;   so  that  not  only  is  it  impossible 
for  people  generally  to  understand  what  the  millers  mean 
by  their  standard,   but   for  the  millers    to  understand 
each    other.      It  is  hence    indispensable  to   have  some  objecuou  to  it. 
standard  which  does  not  admit  of  variation,  and  of  being 
interpreted   differently  by   different    people;    of  such  a 
nature  is  the  standard  which  results  from  the  considera- 
tion of  the  effort,  and  the  path  described  by  its  point  of 
action  in  the  direction  of  the  effort. 

It  will  remain  to  be  found  how  many  pounds  of  corn  Means  or 
this  unit  of  work  is  capable  of  grinding,  how  many  square  ^^^^j"* 
yards  of  boards  it  will  saw,  &c. :  all  this  must  come  from  itandanik 
careful   observation   and  experiment      It  is,  above  all, 
essential  that  there  shall   be  nothing  arbitrary  in  the 
mode  of  estimating  the  quantity  of  mechanical  work. 

§  53. — ^Different  authors  have  given  different  names 
to  mechanical  work,  which  should  be  carefully  distin- 
guished from  the  object  accomplished,  this  latter  being 
but  its  effect. 

Smeaton  calls  it  mechanical  power ;  Carnot,  moment  Different  name* 
of  activity;  MoNGE  and  Hachette,  dynamic  effect;  Cou- ^^^^^^ 
LOMB,  Navier,  and  others,  quantity  of  action ;  and  this  work ; 
last  expression  is  now  generally  adopted.     It  will  here- 
after be  employed,  and  will  always  signify  the  quantity 
of  work — mechanical  work. 

Sometimes  the  mechanical  work  has  been  called  quan-  Bometimes  called 
Hty  ofmjotion^  and  sometimes  living  force^  both  of  which  are  mlmonuKi  living 
but  simple  effects  of  mechanical  work  upon  a  body  free  force, 
to  move.    We  shall  explain,  in  the  proper  place,  the  mean- 
ing to  be  attached  to  these  terms. 

All  work  is  judged  of  by  the  quantity  of  each  par-  work  judged  of 
ticular  species  of  result,  or  useful  effect,  which  it  produces ;  ^l^^  ^^^ 
but  we  have  seen  that  this  quantiy  of  result  is  propor- 
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tional  to  the  quantity  of  mechanical  work  necessary  to  its 
production,  and  hence  mechanical  work  or  quantUy  of 
action  is  what  pays  in  forces. 


To  express  the  §  54. — ^Whcn  a  motivc  force  acts  with  a  constant  effort^ 

ta  numberT-^'  and  its  point  of  action  moves  uniformly  during  any  con- 
siderable portion  of  time,  it  will  be  sufficient  to  expre^ 
the  work  done  in  a  unit  of  time,  as  a  day,  an  hour,  a 
minute,  or  second.  This  will  avoid  the  use  of  multiplicity 
of  figures  in  comparing  the  effects  of  different  forces  with 
each  other,  while  it  will  enable  us  easily  to  obtain  the 
value  of  the  whole  work,  by  simply  multiplying  the  work 

woikinunit        in  the  unit  of  time,  by  the  number  of  units  of  time  during 
of  lime;  note  the  ^j^j^^  ^^^  g^^.^  ^^  ^^^^  ^^  ^^^^  Working.    The  duration 

duration  of  the  ^ 

•Bbrt.  of  the  work  must,  therefore,  be  noted.     Thus,  we  say  the 

mechanical  work  of  a  particular  horse  is  120  poands 
raised  through  a  vertical  height  of  3  feet  in  one  second, 
or  120  pounds  raised  through  180  feet  in  one  minute, 
this  work  being  continued  during  8  entire  hours  each 
day; 
The  path  Ordinarily,  we  take  for  the  length  of  path,  that  which  ia 

described  In  a      described  in  ouc  second,  this  latter  being  taken  as  the  unit 

■ooond  is  usually  '  ^ 

taken;  of  time.    But  this  distance,  according  to  the  definition  of 

uniform  motion,  is  the  measure  of  the  velocity  of  the  point 
of  action,  which  we  have  supposed  constant ;  by  this  co- 
incidence, the  mechanical  work  happens  to  be  measured 
by  the  product  of  a  constant  effort  into  the  velocity  of  its 
point  of  action :  which  has  misled  many  persons  in  caua- 
the  consequences  iug  thcm,  as  wc  shaU  scc  further  on,  to  confound  the 
^^^^  quantity  of  work  or  of  action  with  the  quantity  of  motion^ 

although  their  measures  are  in  fact  very  different. 
All  uniu  In  the  same  way  that  the  unit  of  time  is  arbitrary,  so 

arbitrary;  ^^  ^^^  ^^^  uuits  of  effort  or  Weight  and  distance,  and 

consequently  the  unit  of  work,  which  is  always  equal  to 
unit  of  effort,  one  the  uuit  of  cffort  or  Weight,  exerted  through  the  unit  of 
SZlL^Tn^^  distance.  We  shall  take  for  the  unit  of  effort  1  pound, 
foot;  and  for  the  unit  of  distance  1  foot,  so  that  the  unit  of 
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work  will  be,  as  before,  tJie  effort  one  pound  exerted  through  unit  of  work,  the 

^    j>  •  ±  i*  I'    .  product  of  theoe ; 

a,  distance  of  one  foot. 

Suppose,  for  example,  that  the  effort  75  pounds  is 
exerted  through  the  distance  4  feet,  then  will 

4  X  75  =  300  units  of  work, 

of  which  each  one  is  equivalent  to  an  effort  of  one  pound  and  has  no 
exerted  through  a  distance  of  one  foot.     This  is  ordinarily  '®^*'*°**®  ^  ^^^ 
expressed  thus, 

800>^/-; 

and  is  read,  800  pounds  raised  through  1  foot.  And  this 
bas  no  reference  to  the  time  in  which  the  work  is  per- 
formed. 

§55. — Mechanicians  long  felt  the  necessity  of  some  niBbrent  units  of 
well  defined  unit  by  which  to  express  the  work  performed,  ^^ga^^^^' 
or  capable  of  being  performed,  by  a  motive  force,  in  a  considered, 
given  time,   and  several  were  proposed;   but  these  ill 
according  among  themselves,  there  seemed  as  little  likeli- 
hood of  a  general  agreement  in  this  respect  as  in  regard 
to  the  unit  of  velocity,  which  depends  upon  the  units 
assumed  for  time  and  space. 

After  the  introduction  of  the  steam-engine,  the  liorse-  Hone-power 
power  was  proposed,  and  is  now  generally  adopted  as  the  "^^p*®**' 
measuring  unit.     By  Iwrse-power  is  meant,  the  quantity  of 
work,  measurable  in  pounds  and  feet,  which  a  horse  is 
capable  of  performing  in  a  given  time ;   but  this  would 
obviously  be  indefinite,'  since  horses  differ  in  strength  and 
endurance,  were  it  not  that  some  fixed  value  has  been 
agreed  upon,  according  to  the  principle  explained  in  §  51, 
as  the  -standard  of  horse-power.     This  value  is  the  mean 
of  the  results  of  a  great  many  trials  with  different  horses, 
and  is  set  down  at  550  pounds  raised  through  a  vertical  550  ibs. 
height  of  1  foot  in  1  second,  or  33,000  pounds  raised  J**^"*;;^^.'"**'^ 
through  1  foot  in  1  minute,  or  1,980,000  pounds  raised 
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ExAmplc. 


through  1  foot  in  1  hour ;  all  of  which  amount  to  the  same 
thing. 

When,  then,  we  are  told  that  a  machine  or  engine  is 
of  30-horse  power,  or  has  a  power  eqiial  to  30,  for  in- 
stance, we  are  to  understand  that  it  will  do  work  which 
is  equivalent  to  raising  550  X  30  =  16,500  pounds  through 
one  foot  in  1  second,  or  33,000  X  30  =  990,000  pounds 
through  one  "oot  in  1  minute,  &c. 


Error  of 
considering  the 
graiit4«t  eflTort 
alone; 


this  eHbrt  maj 
be  replaced  by  a 
flxed  obstacle ; 


entir  of 
eonaidering  the 
path  alon  > 


§  56. — We  can  now  appreciate  the  error  we  should 
commit,  if,  in  estimating  the  productive  power  of  a  motive 
force  or  machine,  we  confine  ourselves  to  the  greatest 
absolute  effort  it  is  capable  of  exerting,  without  regard  to 
the  space  described  by  its  point  of  action;  i^  for  ex- 
ample, in  estimating  the  productive  eflfort  of  a  man,  we 
only  consider  the  greatest  burden  he  is  capable  of  sup- 
porting at  rest  under  the  action  of  its  weight ;  or,  of  a 
horse,  we  consider  alone  the  greatest  effort,  as  indicated 
by  a  spring  balance,  he  can  exert  while  pulling  against  a 
fixed  obstacle. 

We  can  conclude  nothing  from  these  in  respect  to  the 
quantity  of  action ;  we  must  also  have  the  path  described 
in  a  continuous  manner.  Simply  to  support  a  weight  or 
exert  an  eflfort,  is  not  to  work  usefully ;  and  this  is  rendered 
clear  from  the  consideration  that  we  may  in  all  such  cases 
replace  the  motor  by  an  inert  body,  as  a  prop,  a  post, 
&c. ;  the  action  and  reaction  being  equal  and  contrary, 
unaccompanied  by  any  motion,  there  is  no  balance  of 
work  either  in  favor  of  the  eflfort  or  resistance. 

It  would  be  equally  impossible*  to  infer  any  work  or 
quantity  of  action  from  the  path  described  by  the  point  of 
action,  without  taking  into  account  the  effort  exerted  at 
each  instant.  It  is  obvious  that  a  man  or  horse,  running 
at  full  speed,  without  exerting  any  effort  except  that 
which  he  is  capable  of  impressing  upon  himself,  is  pro- 
ducing no  useful  effect;  he  overcomes  no  resistance  ex- 
ternal to  himself,  which  it  can  be  an  object  to  destroy. 
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fixed  obsCaclM ; 


In  A  w<wd,  th\*.  productive  eflfect  of  every  motive  force  is  Producure 
measured,  at  eaoh  instant,  by  the  product  of  the  eflfort  ^^^  ^y  j,j^ 
into  the  path  described  in  the  direction  of  the  effort;  so  P"xiuctofthe 
that,  if  either  the  effort  or  path  be. zero,  the  quantity  of  pj,,,  ° 
action  will  also  be  zero. 

§  57. — It  must  bo  remarked,  however,  that,  since  all  Always  aome 
bodies  are  more  or  less  extensible  and  compressible,  a  ^^'  *^*'"  °" 
'  motive  force  cannot  act  against  what  are  usually  called 
fixed  obstacles,  without  producing  a  certain  quantity  of 
action  or  mechanical  work,  such  as  we  have  defined  it : 
for  the  point  to  which  the  force  is  applied  will  yield  to  a 
greater  or  less  extent,  and  the  body  will  be  flattened  or 
elongated ;  the  molecular  springs  will  oppose  a  resistance ; 
there  will  be  a  small  path  described  in  the  direction  of  the 
force.  At  first  the  efforts  of  the  equal  and  contrary  re- 
sistances are  nothing ;  afterward  they  augment  by  degrees 
till  the  effort  of  the  power  attains  its  maximum,  and  the 
body  its  greatest  change  of  shape ;  after  this  the  action  is 
reduced  to  maintaining  the  body  or  obstacle  at  its  state 
of  tension  and  repose,  without  producing  henceforth  any 
mechanical  action. 


Fig.  22. 


§  58. — Construct,  in 
the  manner  before  de- 
scribed, the  curve  Orj 
''a .  • .  T^  of  which  the 
abscisses  Oci,  tit^  &c., 
represent  the  spaces  de- 
scribed by  the  point  of 
action  in  each  successive 
instant  of  time  in  the  . 
direction  of  the  force,  and 
the  ordinates,  the  cor- 
responding pressures  or 

resistances  opposed  by  the  body  in  a  contrary  direction. 
The  quantity  of  work  destroyed  while  the  point  of  action 
is  describing  any  one  of  the  small  paths,  as  e,^  is  the 


Its  ▼aloe 

repretented 

fsooMtoteallir* 
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area  of  the  trapezoid  62^^3^8»  ^^^  ^^®  total  quantity  of 
action  destroyed  by  the  molecular  action  of  the  body 
during  its  entire  change  of  figure,  is  the  area  comprised 
by  the  curve,  its  greatest  ordinate  e^  rg,  which  denotes  the 
maximum  resistance,  and  the  axis  of  abscisses.  If,  then, 
it  should  happen  that  the  body  or  obstacle  is  either  com- 
pressed or  extended  by  any  appreciable  quantity  as  Oe^ 
which  is  the  path  described  by  the  point  of  action,  and 
the  greatest  resistance  e^r^  should  be  considerable,  this 
quantity  of  work  must  be  taken  into  account  in  certain 
circumstances  which  will  be  explained. 

§  59. — ^Bat  in  general  the  bodies  employed  to  receive 
This  work  may  in  and  transmit  the  action  of  forces,  are  selected  with  special 
incMii  cases  be      reference  to  their  capacity  to  resist  all  change  of  figure ; 

so  that  when  well  chosen  and  judiciously  disposed  in  com- 
binations, the  work  referred  to  in  the  preceding  article, 
becomes  so  small  a  fraction  of  that  developed  by  the  force 
when  it  produces  motion,  or  when  the  space  described  by 
the  point  of  action  is  considerable  in  comparison  with 
that  which  measures  the  linear  change  of  figure,  that  it 
may,  and  indeed  is  in  practice,  neglected.  It  is  under 
this  point  of  view  only  that  the  work  developed  by  a 
force,  applied  to  a  fixed  obstacle  can  be  said  to  be 
nothing. 

This  work  may  also  be  neglected  when  the  force  which 

develops  it,  acts  in  a  direction  perpendicular  to  the  path 

which  the  body  is,  by  its  connection  with  others,  com- 

especially  when    pcllcd  to  dcscribc.      The  forcc  in  this  case  will   only 

action  and  the      comprcss  or  stretch  the  bodv  uselessly,  without  addino^  to 

motion  are  at  ^  "  "^ '  ^ 

right  angles  to  or  Subtracting  from  the  work  in  the  direction  of  the 
each  other.  motiou.  A  man  who  pushes  against  the  side  of  a  carriage 
in  a  direction  perpendicular  to  the  path  along  which  it 
.  is  moving,  neither  aids  nor  hinders  the  horses :  and 
although  he  actually  develops  a  quantity  of  work  by  the 
compression  of  the  carriage,  it  must  be  totally  neglected 
in  making  an  estimate  of  the  useful  effect. 
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§  60. — ^These    considerations  are  important,   as    they  Monre  forees 
prove,  in  general,  that  forces  may  work  without  produ-  ^^1*^^,°' wefbi 
cing  any  usefnl  eflfect.     If  the  different  pieces,  for  example,  eife«; 
which  compose  a  machine,  and  which  serve  to  transmit 
motion  and  work,  in  acting  upon  each  other,  become  com- 
pressed or  stretched,  it  is  obvious  that,  even  though  the 
point  of  action  moves  in  the  direction  of  the  force,  this 
latter  must  first  expend  a  certain  quantity  of  work   in 
changing  the  figure  of  the  pieces  before  the  motion  can 
become  regular  or  uniform   throughout.     And  it  may 
happen  that  this  first  work  of  the  power  will  be  totally 
lost,  if  the  pieces,  on  ceasing  to  be  compressed  or  stretched,  ihe  pieces 
retain  their  altered  shape :  that  is  to  say,  if  they  be  not  ^^I[","  b©L! 
elastic,  or,  more  generally,  if  the  molecular  springs  do  not  perfecuy  elastic 
contribute  to  augment  the  work  when  the  effort  of  the 
force  is  relaxed,  as  they  did  ,to   diminish  it  when  the 
action  began. 

§  61. — ^We  also  see  that  if  the  action  of  the  force  or  Loss  greater  m 
motor,  or  the  resistance  occasioned  by  the  work,  undergo  p"'p°'*'**"  ■■  ^* 

'  J  f  o     force  changes. 

frequent  alterations,  in  becoming  sometimes  feeble  and 
sometimes  stronger;  in  a  word,  if  the  pieces  are  often 
compressed  and  distended,  the  loss  of  work  thence  arising 
may  bear  a  considerable  ratio  to  the  total  work  of  the 
power,  which  could  not  take  place  if  the  action  of  the 
latter  were  constantly  the  same  from  the  beginning  to  the 
end  of  the  work. 


§  62. — The  shock  of   bodies   develops   considerable  stm  greatenn 

the  case 
shocks. 


pressure,  and  produces  sensible  changes  of  figure ;   the  '***  ^^^  ^^ 


quantity  of  action  destroyed  or  generated  will,  therefore, 
always  be  appreciable.    On  this  accoimt  it  becomes  in- 
dispensable, in  the  application  of  mechanics,  to  pay  the 
strictest  attention  to  the  influence  of  concussions  which    . 
may  occur  during  the  performance  of  mechanical  work. 

§  68. — And  hence  we  perceive  the  advantage  arising  AdvaDtagoi  or 
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stiff  uid  elMtie 
mateiialt 


from  thie  use  of  very  stiff  and  very  elastic  mateiials  in  the 
construction  of  those  pieces  which  are  employed  to  receive 
and  transmit  the  action  of  forces,  and  to  regulate  the  mo- 
tions they  produce. 


Elastic  bodies 
restore, in 
expanding^  the 
woric  absorbed 
in  being 
compreeaed. 


Loss  of  work 
when  the  bodies 
ire  not  perfectly 
ela«iit» 


Examples  of 
elastic  bodies ; 


§  64. — To  obtain  a  clear  idea  how  the  molecular 
springs  of  a  body  may  develop  or  restore  a  certain 
quantity  of  mechanical  work,  we  have  but  to  consider 
what  takes  place  at  the  instant  when  a  body  begins  to 
resume,  progressively,  its  primitive  figure  after  it  has  been 
changed,  and  to  recall  what  was  said  of  the  measure  of  the 
quantity  of  work  of  a  force,  employed  to  bend  a  spring, 
to  compress  or  distend  a  body.  Indeed,  we  have  only  to 
estimate,  in  pounds,  the  different  pressures  corresponding 
to  each  state  of  the  body,  from  that  of  greatest  compression 
or  distention  to  that  of  restitution,  or  to  some  intermediate 
state  which  the  body  will  retain  of  itself.  K  the  body 
resume,  at  last,  precisely  the  form  which  it  had  before  the 
change;  if,  also,  the  pressures  which  correspond  to  the 
same  degree  of  tension — to  the  same  shape  and  size  of  the 
body,  are  the  same,  if,  in  a  word,  the  body  be  perfectly 
elastic,  the  quantity  of  work  produced  during  the  process 
of  restitution  against  a  resistance  opposed  to  it,  will  be 
equal  to  that  required  to  compress  or  distend  it,  since  the 
curve,  which  gives  the  law  of  the  pressures  and  spaces, 
will  be  the  same  in  the  two  cases. 

I^  on  the  contrary,  the  body  be  not  perfectly  elastic, 
it  will  not  return  to  its  former  figure ;  the  pressures  will 
be  less  during  the  process  of  restitution,  there  will  be  a 
loss  of  space  described  by  the  point  of  action,  and,  con- 
sequently, less  work  performed  than  in  the  first  change 
of  figure,  there  will  be  a  certain  quantity  of  action  lost. 

There  are  scarcely  any  perfectly  elastic  bodies  except 
the  gases  and  vapors,  and  these  must  be  confined  in  a 
close  vessel  or  reservoir  and  acted  upon  by  a  piston. 
Such  contrivances,  together  with  springs  made  of  the  most 
elastic   solids,   serve  to  store  up   mechanical   work  for 
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future  use ;  forces  are  employed  to  compress  or  bend  them,  their 
in  which  state  they  are  retained  by  mechanical  contri- 
vances till  the  work  thus  expended  is  required  for  other 
purposes;  the  restraint  is  then  removed  and  the  work 
transferred  to  some  other  body,  which,  in  its  turn,  com- 
municates it  to  something  else,  and  so  on  to  the  ultimate 
object  to  be  attained.  The  balistas,  catapultas,  and  bows  Example*- 
of  the  ancients,  throwing  arrows,  stones,  and  other  missiles  ^!^^  ^^^ 
are  examples  of  this;  the  air-gun,  in  which  the  motive 
j>ower  is  but  a  reservoir  of  compressed  air,  is  well  known ; 
and  every  body  is  familiar  with  the  steam-engine,  in 
which,  by  the  application  of  heat,  water  is  expanded  into 
vapor  whose  molecular  spring  or  elasticity  is  capable  of 
performing  any  amount  of  work,  by  the  simple  alterna- 
tions of  heating  and  cooling.  No  one  is  ignorant  of  •team  end 
the  terrible  effects  of  steam  and  gunpowder,  when  over-  «^i»^<*«'- 
heated,  and  yet,  when  properly  managed,  these  agents 
admit  of  being  pent  up  in  inert  bodies  or  vessels,  and 
made  to  do  the  work  not  only  of  the  lower  animals,  such 
as  horses,  oxen,  &c.,  but  almost  of  intelligent  beings.  It 
is  by  means  of  this  principle  of  elasticity,  that  clocks 
and  watches,  are  kept  in  motion  for  days  and  entire 
months. 


§  65. — ^Weight  also  aflfords  the  means  of  storing  up  weight 


eea 


mechanical  work,   and  of  renderinor  it  available   when  ™""'°'***''^ 

"  mechanical 

wanted.  When  a  motive  force  has  elevated  a  body  work, 
through  a  certain  height,  in  expending  upon  it  a  quantity 
of  work,  measured  by  the  product  of  its  weight  into  the 
height,  this  body,  employed  afterward  to  overcome  a 
resistance  cither  directly  or  by  means  of  a  machine,  may 
restore,  in  its  descent,  precisely  the  same  quantity  of 
work  which  had  been  before  expended  upon  it.  It  is  in 
this  way  that  motion  is  communicated  to  clocks,  spits, 
&c.,  &c. 

By  the  action  of  heat,  water  assumes  at  the  surface  of  Elevation  or 
the  ocean  the  form  of  vapor,  ascends  to  elevated  regions  ****'  ^  ** 
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in  the  atmosphere,  whence  it  is  precipitated  in  the  form 

of  rain,  is  collected  into  natural  reservoirs,  and  becomes, 

by  its  weight,  a  source  of  motion  to  mills,  machinery,  &c. 

This  reproduction  does  not  obtain,  however,  when  the 

Work  employed  work  is  employed  to  divide,  to  break,  to  polish,  to  rub,  to 

repr^uced*^ '  "°*  destroy,  in  a  word,  the  natural  affinity  of  bodies.     The 

quantity  of  work  thus  expended  is,  in  a  mechanical  point 

of  view,  totally  annihilated ;  it  cannot  be  restored  by  the 

body  after  it  has  undergone  this  change  of  state. 

Portability  of  Springs,  like    animals,  and  combustibles  which  give 

springs,  animaiB,  j^^^^^^  j^^^^^  ^^ns  peculiarity,  viz. :   they  are  very  portable, 

combuBtibies,  and  may  be  even  used  as  a  motive  power  for  vehicles. 
Thus  carriages  have  been  put  in  motion  by  springs  at- 
tached, as  boats  are  put  in  motion  by  animals  on  board, 
and  by  the  vapor  of  heated  water.  But  springs  are 
never  perfect,  and  being  subjected  to  the  action  of  foreign 
resistances,  never  restore  the  whole  of  the  mechanical 
Noarishment  work  which  they  have  received.  Finally,  animals,  and 
andftiei  ^^^^  evcn,   the  primitive  source  of  all  the  mechanical 

represoBtativea  '  ^ 

ofmedumicai  work  employed  in  the  arts,  require  a  certain  expense  in 
nourishment  and  fuel  which,  according  to  the  beautiful 
theory  of  Leibig,  are  the  same  in  principle.  This  nourish- 
ment and  fuel  become,  therefore,  the  representatives  of  a 
certain  amount  of  mechanical  work,  so  that  it  is  really 
impossible  to  create  a  motive  force,  without  having  pre- 
viously incurred  an  equivalent  expenditure. 

Inertia  a  sonree  §  66. — Thus  far  wc  havc  Only  examined  the  work  of 
of  medhantou'^  forccs  whcn  employed  to  overcome  the  weight  of  bodies, 
V9'*  the  resistance  inherent  to   their  state  of  aggregation  or 

force  of  affinity,  their  elasticity,  &c.  It  remains  to  speak 
of  the  resistance  which  all  bodies  oppose  to  a  change  of 
their  state  in  respect  to  motion  or  rest,  by  reason  of  their 
inertia,  of  which  no  estimate  has  been  made  in  what  has 
gone  before,  and  from  which  it  is  impossible  to  separate 
the  other  species  of  resistance  in  all  questions  *  affecting 
quantity  of  work.     It  has  already  been  remarked  that  the 
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artificer  must  overcome  the  inertia  of  the  matter  of 
which  his  tool  is  made;  the  draft-horse,  that  of  the 
carnage,  and  of  the  load  it  bears,  &c.  But  indepen- 
dently of  this,  it  is  very  important  to  be  able  to  e3timate 
the  quantity  of  work  which  a  body  will  absorb  in  ac- 
quiring a  certain  degree  of  velocity,  for  this  is  often  the 
only  useful  object  in  view,  as  in  the  case  of  throwing 
projectiles  by  the  elastic  force  of  gases  or  solids,  which 
gives  rise  to  the  art  of  halisHcs,  employed  in  war.  Be- 
sides, it  very  often  happens  that  instead  of  applying  a 
force  directly  to  the  object  in  view,  we  cause  it  to  act 
upon  a  fi:ee  body,  and  subsequently,  by  the  aid  of  its 
inertia,  concentrate  the  quantity  of  action  absorbed  by  it 
to  do  the  work  at  a  blow,  as  in  the  example  of  the  pile-  Exampu 
ram,  common  hammer,  &c. :  the  inertia  of  bodies  is  thus  p"®"™™  *"* 

'  '  '  common 

made,  like  weight,  elasticity,  &c.,  to  restore  the  quantity  of  hammer. 
work  which  has  been  expended  in  subduing  it ;  and  we 
now  proceed  to  the  consideration  of  the  action  of  forces 
employed  to  overcome  inertia  and  to  produce  motion. 


A 


m. 


VARIED    MOTION. 


§  67. — ^We  will  begin  with  the  most  simple  case  of  varied  mouoa; 
varied  motion,  viz :  that  in  which  a  body  is  pressed  by  a  ^o^^'^^'^"*' 
constant  force,  that  is  to  say,  one  which  does  not  change 
the  intensity  of  its  action,  and  which  is  equal  and  contrary 
to  the  resistance  opposed  by  the  inertia  in  the  line  of 
direction  of  the  motion. 

It  is  clear  that,  the  pressure  being  the  same  at  each 
instant,  the  small  increments  or  decrements  of  velocity 
will,  for  the  same  body,  also  be  the  same ;  and  thus  the 
velocity  will  increase  or  decrease  with  the  time ;  in  other 
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uniformly  varied,  clapscd  since  the  comraenceinent  of  motion.      This  is 

accelerated,  and     _   n    j  •/•        7  •  j  ^*       •__  i  "l  •   i.    t_ 

retarded.  Called  unijoTmLy  varied  motion  m  general ;  which  becomes 

uniformly  accelerated  or  uniformly  retarded,  according  as 
the  force  increases  or  diminishes  the  velocity  of  the 
body. 


Fig.  28. 


uiuformiy  §  68. — ^Fipst,  take  the  case  of  uniformly  accelerated 

motion,  and  recall  to  mind  that  the  velocity  acquired  at  any 
instant  is,  §  26,  measured  by  the  space  described  by  the 
body  in  the  unit  of  time  succeeding  this  instant,  if,  the 
force  having  ceased  its  action,  the  body  continue  to  move 
uniformly  in  virtue  of  its  inertia ;  this  velocity  we  have 
seen  how  to  calculate  by  means  of  the  law  which  connects 
the  time  with  the  spaces. 
Let  0  be  the  point 
of  starting.  Draw  the 
line  0  Vj  Va . . .  Vg,  of  which 
the  abscisses  0^,  Ot^ 
&c.,  represent  the  times 
elapsed  from  the  origin 

graphical  Or  beginning  of  the  mo- 

repreaentatlonof  ^j  ^^^    ^f    ^^-^1^    ^^^ 

tills  motion.  ' 

ordinates  t^  Vi^  ^  % . . .  ^  % 
represent  the  velocities 
acquired  at  the  end  of 
the  times  Ot^^  0  ^, . . .  0  ^. 

Since  in  uniformly  varied  motion,  the  velocities  ^  Vi, 
/gVa, . . .  ^Vg  are  proportional  to  the  times  Ot^^  Ot^...  Ot^ 
the  line  0  Vi  Vg  Vg . . .  Vg,  is  a  right  line,  which  passes 
through  the  point  0  from  which  the  body  takes  its  depar- 
ture; for  at  this  point,  the  velocity  and  time  are  zero 
together,  at  the  instant  of  starting.  The  distances  0^, 
k^  khf  &C-)  being  equal,  if  through  the  points  Uj,  v^ 
Vg, . . .  Vg,  lines  be  drawn  parallel  to  the  axis  OB  of  times, 
there  will  be  formed  a  series  of  right-angled  triangles, 
0  ti  t'l,  Vi  b.j  v^, ...  r^  b^  t'^,  all  equal  to  each  other.  The  sides 
^1  ^'j>  ^'2^21  ^'j  ^3»  •  •  •  ^d  ^07  ^^^''  rep rjs Jilt  the  suecjssive  incre- 
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ments  of  velocity,  wliich  are  equal  and  constant,  by  the 
definition  of  uniformly  varied  motion,  since  the  corre- 
sponding intervals  of  time  0  ^,  Vi  ftj,  Va  ^a  •  •  •  •  ^s  ^&  ^^ 
e^ual. 

The  successive  intervals  of  time  0^,  ^^  ^^  &c.,  being  Path  repreaented 
supposed  very  small,  we  may  regard  the  body  as  moving  JctangL  of 
uniformly  during  any   one  of  them  as  t^t^  or  its  equal  velocity  into 
v^b^j  and  with  the  velocity  t^v^  acquired  at  its  commence- 
ment.     But   by   virtue   of    uniform    motion,    the    path 
described  by  the  body  contains  as  many  linear  units  as 
the  rectangle  of  the  time  into  the  velocity  contains  super- 
ficial units,  and,  in  this  sense,  the*  distance  passed  over  by 
the  body  in  the  time  ^^4,  will  have  for  its  measure  the 
product  of  this  elementary  portion  of  time  by  the  velocity 
/3V8,   or  the  area  of  the  rectangle  t^t^b^v^:    for  another 
interval  t^  ^,  the  path  described  will  have  for  the  measure 
of  its  length,  the  area  t^  t^  b^  ^4,  and  so  on ;  so  that  the  total 
length  of  path  described  by  the  body  during  the  time  0 1^ 
will   be  the   sum   of   all  the  partial   rectangles  ^^Ja^i, 

tjtsbgV^f ^ ^ ^6 ^5 '»    which  sum  will  not  difler  sensibly 

from  the  area  of  the  triangle  O/gVg,  when  the  points  of 
division  ^  ^  • . .  %,  are  greatly  multiplied. 

From  this  fact,  viz. :  that  the  length  of  the  path 
described  by  a  body  in  uniformly  varied  motion,  is 
represented  by  the  area  of  a  triangle  whose  base  is  the 
time  during  which  the  motion  takes  place,  and  altitude  the 
velocity  acquired  at  the  end  of  this  time,  we  easily  deduce 
several  important  consequences,  called  the  laws  of  uni- 
formlv  varied  motion. 

Since  the  area  of  the  triangle  Ot^v^,  has  for  its  measure,  Law*  of 
the  half  of  its  base  into  its  altitude,   and  as  the  base ""'"°"'  "^ 

'  moUoa. 

into  the  altitude,  or  the  entire  rectangle,  represents  the 
length  of  path  described  in  the  time  0^,  with  a  con- 
stant velocity  t^v^  acquired  at  the  end  of  this  time,  it 
follows, 

Ist.  In  uniformly  accelerated  motion^   Hie  path  described  nnt]xw. 
(U  tJie  end  of  any  time,  is  half  Hiat  which  tlie  body  would 
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booond  law 


Third  law. 


Formulas  to 
compute  the 
circumstanoes 
of  this  motion. 


describe  in  the  same  time,  if  it  ivere  to  move  uniformly  loiih 
the  velocity  acquired  during  this  tim£. 

Since  the  paths  described  during  any  two  times,  as 
0^,  0^5,  are  represented  by  the  triangles  Ot^v^  Ot^v^ 
respectively,  and  since  these  triangles  are  similar  and  their 
areas  are  to  each  other  as  the  squares  of  their  homologous 
sides,  it  also  follows, 

2d.  In  uniformly  accelerated  motion,  tlie  paths  described 
at  the  end  of  any  two  times^  are  to  each  oilier  as  the  squares 
of  these  times. 

3d.  That  tfiese  paths  are  to  each  otJier^  as  the  squares 
of  Hie  velocities  acquired  at  the  end  of  the  corresponding 
times. 

When  in  uniformly  accelerated  motion,  the  velocity 
/5V5,  acquired  at  the  end  of  a  given  time  0^,  say  one 
second,  taken  as  the  unit  of  time,  is  given,  the  law  of  the 
motion  or  the  right  line  Ovq,  which  represents  it,  is  com- 
pletely determined,  and  we  may  compute  the  velocity  and 
space  which  correspond  to  any  other  time. 

Denote  by  e^  and  v^,  the  length  of  path  and  velocity 
which  correspond  to  the  first  second,  and  by  S  and  F,  the 
path  and  velocity  corresponding  to  any  other  time,  as  T; 
we  have  by  the  first  law, 


Space  in  nnlt  of 
time; 


«1  =  i^i  X  1*  =  ivi 


(4), 


r«ilatloD  of  space, 
Umev  and 
velocity ; 


s=irT 


and  by  the  second  law, 


(5); 


ci  :  *S'  : :    1*  X  1*  :    T  X  T  : :  !•  :   2™; 


Space  in  any 
time. 


whence, 


S  =  e^x  T^ 


(6); 
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and  replacing  Cj  by  its  value,  Eq.  (4), 


S  =  ivi  T'. 


Space  lo  aay 
(7).  time; 


From  the  third  law, 


or 


ivi   :   Si:   v^  :    7"; 


whence 


F»  =  2v,S 


(8). 


Velocity  due  to 
any  space. 


By  the  definition  of  uniformly  varied  motion,  we  have, 


vi   :    V  ::   1'  :    T] 


whence 


F  =  Vi  7! 


(9). 


Velocity  doe  to 
any  time. 


Fig.  24. 


7" 

In  what  precedes,  we  have  supposed  the  body  to  start  The  body  has 
from  rest,  so  thatthe  riffht  line,  which  gives  the  law  of  the  •"'^y  "» 

'  0  7©  acquired  veloclly: 

motion,  passes  through  the  point  of  departure  0.  But 
if  the  body  have  already 
a  velocity  0  Vq,  acquired 
previously,  this  right  line 
will  pass  through  Vq,  the 
extremity  of  the  ordinate 
which  represents  the  ve- 
locity of  the  body  at  the  in- 
stant from  which  the  time  is 
reckoned.  The  velocity  Ovq, 
is  called  the  initial  velocity. 

By  drawing  Vq  t'^  parallel 
to  0^  we  see  that  the 
velocity  ^^3,  which  corre- 
sponds to  the  time  0^  is 
composed  of  two  parts,  viz. 
t^t^  and  f^v^;  the  first  is 
ecjual  to  the  initial  velocity  Ovq,  and  the  second  to  the 


initial  Telocity. 
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Formulas  to 
compute  the 
circumstances  of 
the  motion ; 


velocity  which  the  body  would  acquire  in  the  time  v^  f^ 
equal  to  0^,  under  the  action  of  the  constant  force,  had  it 
moved  from  the  point  Vq  with  no  initial  velocity,  as  in  the 
preceding  case ;  for  the  line  Vq  v^  gives,  in  reference  to  the 
line  Vq^'s,  the  law  of  acceleration.  Knowing,  then,  the 
velocity  which  the  force  is  capable  of  impressing  upon  the 
body  in  a  unit  of  time  when  moved  from  a  state  of  rest, 
it  is  (easy  to  construct  the  line  VqV^^  in  relation  to  VQf^  or 
its  parallel  0^,  and  to  deduce  from  it  all  the  circumst^mces 
of  the  motion. 

Let  it  be  required,  for  example,  to  find  the  length  of 
path  described  by  the  body  in  the  time  Ot^.  This  path 
will  contain  as  many  linear  units  as  the  trapftzoidal  area 
0  <4  v^  Vq  contains  superficial  units.  We  perceive  at  once, 
that  this  length  will  be  composed  of  two  parts,  viz. :  that 
described  uniformly  in  virtue  of  the  initial  velocity  0  r^, 
and  represented  by  the  rectangle  Ot^tf^Vo,  and  that  de- 
scribed in  virtue  of  the  constant  force  and  represented  by 
the  triangle  VQt\v^.  But,  denoting  by  a  the  initial  ve- 
locity, and  by  Tthe  time,  we  have  for  the  measure  of  the 
rectangle 

aT, 

and  for  the  measure  of  the  triangle,  Eq.  (7), 


and  if  we  denote  by  S  the  total  length  of  path  actoall j 
described  by  the  body,  we  have 


Tilue  of  the 
•pace; 


S  =^  aT  +  ^ViT^   . 


(10): 


and  because  the  actual  velocity  at  the  end  of  any  time,  is 
the  initial  velocity  increased  by  that  due  to  the  action  of 
the  constant  force  during  this  time,  we  have,  Eq.  (9), 


ralue  of  the 
▼elocity. 


V  =  a  +  ViT 


(11). 
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Fig.  25. 


i'l     t^ 


t\   n 


graphical 
representation. 


§  69. — ^If  we  now  suppose  the  constant  force,  instead  uniformly 
of  increasing  the  initial  velocity  of  the  body,  to  diminish  '®'*^®<*  "»®*»"n  ^ 
it,  the  motion  becomes  uniformly  retarded^  and  the  line 
t'o  i''4  gives  the  law  of  the  motion.  , 

By  drawing  t'o  tf^  parallel  to 
0/^,  we  see  that  the  velocity 
^3^3,  which  corresponds  to  the 
time  O/g,  is  nothing  else  than 
the  initial  velocity  Ov^  dimin- 
ished by  the  velocity  t\  Vg, 
which  the  body  would  acquire 
under  the  action  of  the  con- 
stant force  at  the  end  of  the 
time  Ot^  had  it  moved  from 
rest.  The  length  of  path  de- 
scribed is  now  represented  by 

the  trapezoidal  area  0 1^  v^  Vq  ;  and  is  equal  to  that  which 
would  be  uniformly  described  in  the  same  time,  with  the  initial 
velocity  0  v^  diminished  by  that  which  ivould  be  described  in 
tJie  sam^  time,  if  moved  from  rest  under  the  action  of  the 
constant  force,  by  a  motion  uniformly  accelerated;  that  is  to 
say,  the  length  of  patli  is  represented  by  the  rectangle  Ot^t^v^  • 
diminished  by  the  triangle  v^v^t^.  ' 

The  equations  (10)  and  (11),  which  appertain  to  uni- Formulas  to 
formly  accelerated  motion,  become,  therefore,  applicable  ^roiunsta^«»  oi 
to  uniformly  retarded  motion,  by  simply  changing  the  thi»  motion, 
sign  of  the  velocity  generated  by  the  constant  force,  and 
that  of  the  area  of  the  triangle,  which  represents  the  path 
due  to  the  action  of  this  force ;  hence, 


S  ^  aT  -  ivi!n 


.      (12),       Value  of  spwe; 


r  =  a  -  v^T 


(18).       ofyelodty. 


Let  us  suppose  that,   among  other  things,  we  desire 
the  time  required  for  the  force  to  destroy  all  the  initial 
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velocity ;  we  have  only  to  make  F=  0,  and  equation  (13) 
becomes 

a  —  vi  r  =  0, 

whence 

Time  required  to 

n 

destroy  all  a  T  r=,    (\^  * 

body's  velocity.  Vi '^      '' 

from  which  we  conclude  that  the  time  required  for  a  con- 
stant force  to  destroy  all  the  velocity  a  body  may  have,  is 
equal  to  the  quotient  arising  from  dividing  the  value  of 
this  velocity,  by  the  velocity  which  the  force  can  generate 
in  the  body  in  one  unit  of  time. 

To  find  the  length  of  path  described  by  the  body 
during  the  extinction  of  its  velocity,  substitute  the  value 
of  the  time  above  found  in  equation  (12),  and  we  have 

Tbe  path  ^8 

described  during  S   =    5 — (1^)  1 

the  destruction  of  ^  ^1 

its  Telocity ; 

that  is  to  say,  the  space  through  which  a  body  will  move 
'  during  the  entire  destruction  of  its  velocity  by  the  action 
of  a  constant  force,  is  equal  to  the  square  of  the  velocity 
destroyed,  divided  by  twice  the  velocity  which  this  force 
can  generate  in  the  body  during  a  unit  of  time. 

It  is  important  to  remark,  that  if  the  force  continue  to 
after  the  velocity  act  after  having  destroyed  all  the  velocity,  the  body  will 
bodrwiu Vtur^;  ^etum  aloug  the  path  already  described,  and  pass  iis 
succession  and  in  reverse  order,  as  to  time,  through  itfi 
previous  positions,  at  each  of  which  it  will  have  the  same 
velocity  it  had  there  before ;  for  while  the  body  is  losing 
its  velocity,  it  may  be  regarded  as  beginning  its  motion 
at  any  point  of  its  path  with  its  remaining  velocity  or 
that  yet  ix)  be  destroyed,  which,  in  such  case,  is  denoted  by 
a,  and  when  all  its  velocity  is  destroyed,  it  returns  from  a 
state  of  rest  or  begins  to  move  backward  with  no  initial 
velocity;  so  that  equations  (4)  to  (9)  become  applicable  to 
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this  latter  motion,  while  equations  (14)  and  (15)  are  to  the 
former.     But  from  equation  (8)  we  have 

and  substituting  for  S  its  value  given  by  equation  (15) 
we  get 


and  have  at  Its 


_  /2  V.  a?  P"^*^"" 

y    z=.    \/ =    CL  '  pofllliona  the 

2  Vi  tame  velocity  as 

before. 

that  is  to  say,  the  velocity  V,  which  the  body  has  ac- 
quired in  moving  backward  through  a  space  aS',  is  equal  to 
the  velocity  a,  with  which  it  began  to  describe  the  same 
space  in  its  forward  motion. 

§  70. — One  of  the  most  important  examples  of  uni-  MoUon  of 
formly  accelerated  motion,  is  that  presented  by  the  verti-      ^      ~ ' 
cal  fall  of  heavy  bodies ;  but,  before  discussing  it,  we  will 
make  known  some  of  the  circumstances  which  accompany 
and  modify  this  motion  at  the  surface  of  the  earth. 

We  have  already  seen,  §  32,  that  the  force  of  gravity 
may  be  considered  as  constant  within  ordinary  limits. 
But  at  the  surface  of  our  globe,  all  bodies  are  plunged  into  cau«ea  which 
the  atmosphere,  and  this  atmosphere  is  itself  a  material  ^^^j^^***** 
body,  which,  by  its  inertia  and  impenetrability,  opposes 
with  greater  or  less  energy  all  kinds  of  motion  of  bodies ; 
this  opposition  is  named  atmospheric  resistance.     Experi- 
ment shows  us  that  this  resistance  increases  as  the  velocity 
of  the  body  and  the  extent  of  its  surface  increase ;  thus, 
in  striking  the  air  with  a  light  flat  board,  the  resistance 
which  we  experience  is  greater  in  proportion  as  the  mo-  influence  of 
tion  is  more  rapid,  while  it  is  scarcely  sensible  when  the  e^t  of»urflM»- 
motion  is  very  slow;  and  again,  the  resistance  will  be  less 
ifj  instead  of  striking  the  air  with  the  broad  surface,  we 
present  to  it  the  edge  of  the  board. 
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influence  of  air 
on  the  fall  of 
bodies; 

bodies  which 
weigh  Riost  and 
have  least 
BurfacCf  fall  most 
rapidly ; 


Fig.  26. 


in  vacuo  all 
bodies  fall 
equally  fast ; 


gravity  acta  on 
the  interior  and 
exterior  particles 
of  a  body  alike ; 


distinctloB 
between  the 
weight  of  a  body 
and  .the  force  of 
gravity. 


It  is  plain,  therefore,  that  the  presence  of  the  air  mii5t 
modify  the  laws  of  the  vertical  fall  of  bodies  subjected  i«> 
the  action  of  their  weight.     In  permitting  bodies  to  fail 
through  the  air,  from  the  same  height,  it  is 
observed  that  those  which  weigh  most  under 
the  same  volume,  or  those  which  present  the 
least  surface  in  the  direction  of  the  motion, 
arrive  soonest  at  the  bottom ;  thus,  a  ball  of 
lead  will  fall  sooner  than  a  ball  of  equal 
volume   of  common  wood,    and  a  ball  of 
common  wood  sooner  than  one  of  cork,  &c. 
But  if  made  to  fall  in  v«acuo,  or  in  a  long 
hollow  cylinder  from  which  the  air  has  been 
removed,  experiment  shows   that  all  bodies 
fall  equally  fast,  and  therefore  will  reach  the 
bottom  at  the  same   instant  if  they  start 
together.      This    is   called    the  guinea  and 
featlier   experiment^    from    the    fact    that   a 
guinea  and  feather  will   fall  under  the  action  of  their 
respective  weights  in  vacuo,  with  the  same  velocity  and, 
therefore,  will  reach  the  bottom  in  the  same  time. 

From  this  it  follows,  that  the  force  of  gravity  acts  I'ndtJi' 
criminately  upon  every  particle  of  maMer,  and  impresses  upon 
each,  at  every  instant,  the  sam£  degree  of  velocity  in  vacuo, 
a  fact  which  it  is  important  to  remember. 

We  may  easily  assure  ourselves  that  the  force  of 
gravity  acta  on  the  interior  as  well  as  on  the  exterior 
particles  of  all  bodies,  by  observing  that  the  same  body 
weighs  just  as  much  by  the  weighing  spring  whether 
placed  in  the  open  air,  or  in  a  close  chamber;  which 
proves  that  the  force  of  gravity  acts  through  this  chamber 
envelope  without  undergoing  any  change. 

The  weight  of  a  body,  is  the  resultant  of  all  the  actions 
of  the  force  of  gravity  upon  its  elementary  particles ;  we 
must  be  careful,  therefore,  not  to  confound  the  weight  with 
the  force  of  gravity  itself,  which  is,  in  fact,  only  the  ele- 
mentary force  impressed  upon  each  particle. 
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§  71. — Finally,  it  is  important  to  remember  that  the 
denser  bodies,  such   as  gold,   lead,   iron,  &c.,  dre  those  gom,  lead,  «cc. 

1-1  1  11  1  n  '11^11  AUI  most  rapidly 

wliieh,  under  equal  volumes,  or  equal  surfaces,  will  lall  j^^^^^^j^. 
mo.st  rapidly  in  the  air,  because  the  resistance  of  the 
latter  is  weaker  when  considered  in  reference  to  the 
weight ;  and  this  resistance  may  become  relatively  so 
small  that  we  may  neglect  it,  pailicularly  when  the  fall  of 
the  bod}'^  is  not  very  rapid. 

Galileo,  an  Italian  philosopher,  was  the  first  to  investi-  the  motion  of 
gate,  experimentally,  the  laws  which  govern  the  motion  of  ^^^^^^  ** 
bodies  falling  under  the  action  of  their  own  weight,  in  occeieratod. 
vacuo ;  and  he  found  the  motion  to  be  uniformly  accelerated. 
The  force  of  gravity  is,  therefore,  within  the  limits  of  ex- 
periment, a  constant  accelerating  force,  acting  with  an  equal 
intensity  at  each  instant  whatever  be  the   velocity   ac- 
([uired.     Atwood,  an   English   philosopher,  in  resuming 
the  experiments  of  Galileo,,  with  greatly  improved  means, 
obtained  the  same  results. 

Laws  of  the 

§  72- — Hence,  when  a  body  falls  from  rest  through  a  motionoffftUiog 

A.   '     -I     *    1  ^    •  bodies : 

certam  height,  in  vacuo,  ' 

1st.  The  velocities  acquired  are   proportional  to  the  first  law ; 
times  elapsed  since  the  beginning  of  the  motion. 

2d.  The  total  spaces  passed  over,  or  the  heights  of  the  second  law; 
full,  are  proportional  to  the  squares  of  the  times  elapsed. 

3d.  These  heights  are  proportional  to  the  squares  of  thiMiaw; 
the  velocities  acquired  at  the  end  of  each. 

4th.  The  velocity  acquired  at  the  end  of  the  first  unit  fourth  law. 
of  time,  is  measured  by  double  the  height  of  fall  passed 
over  during  this  time. 

Although  the  force  of  gravity,  may,  without  sensible  Force  of  gravity 
error,  be  regarded  as  constant  at  the  same  locality,  it  yet  J^^^j!***  ^^ 
varies,  as  we  have  seen,  from  place  to  place,  in  going 
southward  or  northward,  and  cannot,  therefore,  generate 
as  much  velocity  in  one  latitude  as  another.  From 
careful  experiments,  made  with  a  pendulum  at  different 
places,  it  is  found  that  the  length  of  path  described  by  a 
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•ptceabody 
will  describe 
under  its  action 
in  first  second ; 


velocity  it  can 
generate  in  one 
second ; 


formulas  which 
relate  to  the  fall 
of  bodies  in 
Tacuo; 


application  'o 
examples 


body  in  the  first  second  of  its  fall  from  rest  in  vacuo,  will 
be  given  by  the  following  formula,  viz : 

feet. 

ei  =  16.0904  -  0.04105  cos.  2  +  .     .     (16), 

in  which  t^  is  the  space,  and  4^  the  latitude  of  the  place. 

In  works  on  mechanics,  the  velocity  which  the  force  of 
gravity  can  generate  in  a  second  of  time  at  the  surfac^:^  of 
the  earth,  is  usually  denoted  by  g  ;  and  as  this  velocity  is 
equal  to  twice  ej,  Eq.  (4),  as  given  by  the  above  equation, 
we  have, 

feet. 

g  =  32.1808  -  0.0821  cos.  2  +  .    .     (17) ; 

« 

hence  all  the  circumstances  of  the  motion  of  falling  boilies 
at  any  place,  will  be  given  b}"  equations  (4)  to  (15)  after 
substituting  therein  g  for  v^. 

Let  H  represent  the  height,  in  feet,  through  which  the 
body  has  fallen  in  a  given  time  denoted  by  T^  and  V  the 
velocity  acquired  at  the  bottom  of  this  height ;  then,  from 
equations  (5),  (7),  (8),  and  (9),  we  have 

H  ^  \VT (18), 

H  ^\gT^ (19), 

V^  =^2gn (20), 

V  ^gT (21), 

in  which,  for  all  ordinary  cases  we  may  take 

g  =  32.1808  feet  .    .    .    (22). 

Suppose  we  are  required  to  find  the  velocity  acquired 
and  the  path  described  at  the  end  of  7  seconds;  from 
equation  (21),  we  have 

V  =  32.1808  X  7  =  225.2656  feet, 
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from  equation  (19), 


H  =  ^^1^  X  {7f  =  788.4296  feet; 


that  is  to  say,  at  the  end  of  7  seconds,  the  body  will 
have  a  velocity  which  would  carry  it  over  a  distance  of  resuiu; 
225.2656  feet  during  the  8th  second,  were  its  velocity  at 
the  end  of  the  seventh  second  to  become  constant,  and  the 
space  described  during  the  seven  seconds  of  fall,  will  be 
788.4296  feet. 

It  must  be  remembered  that,  in  the  atmosphere,  the  influence  of  the 
body  will  not  fall  with  the  same  velocity,  on  account  of  •'"^"p***'"-'*' 
the  resistance  of  this  medium ;  but  from  what  has  already  in  the  case  of 
been   remarked,  this  resistance  will  not  have  much  in-  "*^'****'  ^V.^* 

'  surface  of  tho 

fluence  if  the  falling  body  be  very  dense,  as  iron,  lead,  body  and  height 
&c. ;   or  if  the  surface  of  the  body  be  small ;    or  if  the   °  '™*  ' 
height  of  fall  be  not  great,  say  sixty  or  seventy  feet.     We 
might,  therefore,  measure  approximately,  the  height  of  application  to 
towers,  depth  of  wells,  (fcc,  &c.,  by  noting  the  time,  as  o" t^,*^ere^d^ 
indicated  by  a  watch  beating  tenths  or  fifths  of  seconds,  depth  of  weus. 
required  by  a  body  to  fall  through  the  height. 

If  we  have  given  the  height  through  which  a  body  has 
feillen,  it  is  easy  to  find  the  velocity  acquired ;  for  from 
equation  (20),  we  have 


V=   >^2gK 

Suppose  a  body  to  fall  through  a  height  of  80  feet,  then 
wiU 

r  =   y/2x  32.1808  X  80  =  71.75  feet. 
This  proposition  is  of  frequent  occurrence  in  practical 

niechanicS.  velocity  due  to  a 

The  quantity   F  is  called,   the  velocity  due  to  a  given  fj^^t^liTto  a 
^ght  H ;  and  H,  the  height  due  to  a  given  velocity  V.  gweu  velocity. 


80 


NATURAL    PHILOSOPHY. 


A  body  thrown 
vertically 
upward ; 


§  73. — When  a  body,  as  the  ball  from  a  gun,  for 
example,  is  thrown  vertically  upward,  its  weiglit  acts  a: 
each  instant  with  the  same  intensity  to  diminish  by  equal 
degrees  its  primitive  velocity ;  the  motion  will  be  rttn- 
formhj  retarded  ;  the  velocity  will  be  totally  destroyed 
when  the  body  attains  a  certain  height,  from  which  it  will 
descend,  in  takins:  successivelv  the  different  decrees  of 
velocity  which  it  had  at  the  same  places  in  its  ascent,  all 
of  which  is  obvious  from  what  was  said  in  §  69.  Thus,  ;it 
the  distance  of  1,  o,  7,  &c.  feet  from  the  place  of  starting, 
the  body  will  have  exactly  the  same  velocity  in  ascending 
and  descending;  it  will  only  have  the  direction  of  its 
motion  changed.  When  it  returns  to  its  point  of  depar- 
ture, its  Velocity  will  be  the  same  as  it  was  at  starting. 

Denote  by  77,  the  greatest  height  the  body  will  attain ; 
and  yj  the  primitive  or  initial  velocity ;  then  will,  equa- 
tions (20)  and  (21), 


l^eat«at  height 
to  which  it  will 
HBcend; 


^  =   2^ (28), 


time  required  to 
reach  its  greatest 
height. 


T  = 


(24). 


Example; 


That  is  to  say,  the  greatest  height  to  which  a  body  will 
ascend,  when  thrown  vertically  upward,  is  equal  to  the 
square  of  its  initial  velocity,  divided  by  twice  the  force  of 
gravity;  and  the  time  of  ascent  will  be  equal  to  the  initial 
velocity,  divided  by  the  force  of  gravity 

Let  the  body,  for  example,   leave  the  earth  with  a 
velocity  of  150  feet  a  second,  then  will 


^  =  21^  W«08  =  ^'^'-^^  ^-*' 


T  = 


_150 

82,1808 


---      =  4.658  seconds. 
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This  is  on  tlie  supposition  that  the  air  opposes  no  resist-  eirbct  of 

atmoflpli 
resistanoe. 


ance.    The  body  will  not  ascend  so  high  in  the  air ;  and,  **"**p^®'*® 


moreover,  will  &11  with  less  velocity  than  in  vacuo. 

§  74. — ^We  may  now  appreciate  the  quantity  of  work  Qoantityofwork 
or  of  action  which  the  weight  of  a  body  will  expend,  in  ^^^'Jj**** 
impressing  upon  itself  a  certain  velocity,  or  in  overcoming  impreMopon* 
its  inertia.    Denote  by  W,  the  weight  of  the  body,  express-  J^j*/?^** 
ed  in  pounds,  or,  in  other  words,  the  absolute  effort  which 
gravity  exerts  upon  the  body,  and  which  is  equal  and 
contrary  to  that  necessary  to  support  it  in  a  given  posi- 
tion; this  will  measure  the  constant  effort  exerted  upon 
the  body  during  its  descent  through  the  height  H,    The 
quantity  of  work  consumed  during  this  fall  will,  §  46,  be  quantity  or  work 

denoted  by  oonimmed  during 

W  X  B, 

and  this  quantity  of  work  will  have  generated  in  the  body 
the  velocity  V,  computed  by  the  equation 

F"  ==  2gH; 

from  which  we  have 


ff  = 


F» 

2?' 


and  mxdtiplying  both  members  by  W, 


W 
TTJT  =  i  —  X  F»     .    .    (26). 


§  76. — ^Thus,  the  quantity  of  work  developed  by  the  work  required  to 

impretsa 
velocity ; 


weight  of  a  body  to  impress  a  certain  degree  of  velocity  ^"P'®*^***^"' 


upon  itsel:^  is  equal  to  half  the  product  obtained  by  multi- 
plying the  square  of  this  velocity,  by  the  weight  of  the 
body,  divided  by  the  velocity  ^,  which  the  force  of 
gravity  is  capable  of  impressing  upon  all  bodies  during 

6 
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the  first  second  of  their  iall.    This  product, 


W 


.V, 


liTiiig  force ; 
equal  to  double 
the  quantity  of 
aotloB  neceesary 
^  produce  it ; 


half  the  living 
force  lost  or 
gained,  equal  to 
the  work  that 
overcomes  the 
Inertia. 


is  what  mechanicians  call  the  living  forte  of  the  body 
.  whose  weight  is  W.  We  see,  therefore,  that  ^e  quantity 
of  action  expended  by  the  weight  of  a  body,  is  half  ike  living 
force  impressed;  or  that  the  living  force  impressed^  is  double 
the  quantity  of  action  expended  by  the  weight. 

It  is  to  be  remarked,  that  when  a  body  is  thrown  ver- 
tically upward  with  a  certain  velocity,  the  quantity  of 
action  of  the  weight,  which  is  always  measured  by  the 
product  of  the  weight  into  the  height  to  which  this  body 
has  risen,  is  employed,  on  the  contrary,  to  destroy  this 
velocity,  so  that  in  the  two  cases  of  ascent  and  descent, 
the  half  of  the  living  force  lost  or  gained,  measures  the 
quantity  of  action  or  of  work  necessary  to  overcome  the 
inertia  of  the  body,  whether  the  object  of  this  action  be  to 
impress  upon  the  body  a  certain  velocity,  or  to  destroy 
that  which  it  already  has. 

This  principle  is,  as  we  shall  soon  see,  general,  what- 
ever be  the  motive  force  employed  to  communicate 
motion  to  a  body,  and  whatever  be  the  direction  of  the 
motion.  But  it  is  necessary  first  to  remark  upon  certain 
terms  employed  in  mechanics. 


meaning  of  uving       §  76. — As  the  cxprcssiou  of  living  foTce^  employed  to 
'^"*'  designate  the  product, 


W 


Y2 


not  a  force,  but 
the  result  of  a 
form's  action ; 


may  lead  to  error,  it  is  proper  to  remark  here,  that  it 
must  not  be  regarded  as  the  name  of  any  force,  any  more 
than  the  name  given  to  the  product 

W.H, 

or  the  quantity  of  action^  designates  a  force ,  it  is  simply 
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the  result  of  the  activity  of  a  motive  force,  expressible  in 

pounds,  which  has  been  employed  to  overcome  the  inertia 

of  a  body,  to  impress  upon  it  a  certain  motion — ^a  certain    y.  ».z. 

velocity.     Under  this  point  of  view,  the  living  force  is  but        ^^     ,|,    ii  j,   ^^ 

a  dynamic  effect  of  a  force,  or  rather  double  this  effect,  since  adynamic  eireet. 

W 


A  body  in  motion,  or  a  certain   dynamic  effect,   may  Abodyinmotioa 
indeed  become,  in  its  turn,  a  source  of  work ;    as,  for  "***,^** "  *^"*®  ^^ 

7  7  7.        7  work; 

example,  a  body  thrown  vertically  upward  is  elevated 

in  virtue  of  its  velocity  to  a  certain  height,  as  though  it 

were  taken  there  by  the  incessant  action  of  an  animated 

motor.     But  this  is,  in  all  respects,  analogous  to  what 

takes  place  when  a  force  has  developed  a  certain  quantity 

of  work  to  bend  or  compress  a  spring ;  the  inertia  of  the 

matter  has  been  brought  into  play  in  the  same  manner 

that  the  molecular  springs  have  in  this  latter  case.     This 

inertia,  §  66,  when  it  has  been  thus  conquered,  becomes 

capable  of  restoring  the  quantity  of  work  expended  upon  but  cannot  be  a 

it,  as  well  as  a  compressed  spring ;  in  a  word,  inertia,  like  J^ ^elevated 

a  spring,   serves  to  store  up  a  quantity  of  action,    to  »>o<iy.  or  bent 

transform  it  into  living  force,  so  that  living  force  is  a  true  "^  °*' 

disposable  quantity  of  action.     The  same  may  be  said  of 

a  body  elevated  to  a  certain  height;   this  body  solicited 

by  its  weight  is  the  source  of  a  quantity  of  action,  of 

which  we  may  subsequently  dispose  to  produce  a  certain 

amount  of  mechanical  work.     But  as  we  cannot  say  that 

this  body,  elevated  to  a  certain  height,  is  a  force^  that  a 

compressed  spring  is  a  force^  neither  can  we  say  that  a 

body  in  motion,  or  that 

W 
— .  7« 

9 

IS  a  force.    It  is  the  same  of  T/ian,  animals  in  general,  oranimoii, 
of  cahricj  of  water-courses^  of  wind,  &c.,  &c. ;  these  are  but  ^  ^   ^  ^ 
agents  of  work,  or  motors — ^not  simple  forces. 
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Otitject  of 
mechanics  as 
applied  to  the 
arts. 


It  is  the  object  of  mechanics,  in  its  application  to  the 
arts  of  life,  to  study  the  diflferent  transformations  or 
metamorphoses  which  the  work  of  motors  imdergoes  by 
means  of  machines  and  implements,  to  compare  diflferent 
quantities  of  work  with  each  other,  and  to  estimate  their 
value  in  money,  or  in  work  of  this  or  that  kind. 
"  In  short,  when  we  speak  of  living  force^  communicated 
to,  or  acquired  by  a  body,  it  is  only  necessary  to  remem- 
ber, that  it  relates  to  a  real  motion  of  the  body,  and  is  equal 
to  the  product  of  the  square  of  its  vdocily  into  its  weight, 
divided  by  the  force  of  gravity. 


The  mass  of  a 
body; 


force  of  grarlty 
proportional  to 
the  velocity  it 
may  impress  In 
one  second. 


§  77. — Since  the  force  of  gravity  acts  indiscriminately 
upon  all  the  particles  of  a  body,  and  impresses  upon 
them  at  each  instant,  the  same  degree  of  velocity  at  the 
same  place,  the  weight  of  a  body,  which  is  the  result  of 
these  partial  actions,  may  give  xib  an  idea  of  the  relative 
quantity  of  matter  it  contains,  or  of  its  mass^  for  it  is  plain 
that  the  mass  must  be  proportional  to  the  weight ;  often, 
indeed,  the  weight  is  taken  for  the  mass.  But  as  the 
intensity  of  the  force  of  gravity  varies  from  one  locality  to 
another,  and  as  the  quantity  of  matter  in  the  same  body 
or  the  mass  remains  absolutely  the  same,  it  is  obvious  that 
this  latter  would  be  but  ill  defined  by  its  weight.  Ex- 
perience shows  that  the  velocity  impressed  by  the  force  of 
gravity,  in  one  second  of  time,  is  directly  proportional  to 
the  intensity  of  this  force,  and  that  therefore  the  ratio 

W 


must  remain  the  same  for  all  places,  since  the  weight  is 
also  directly  proportional  to  the  force  of  gravity.  Thus  if 
W  and  TT',  be  the  weights  of  the  same  body  at  different 
places,  and  g  and  g'  the  intensities  of  the  force  of  gravity 
at  those  places,  respectively,  then  will 


W 
9 


9' 
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This  invariable  ratio  — ,  is  taken,  in  mechanics,  as  the 

measure  of  the  mass  of  a  body.  Denote  the  mass  by  M, 
then  wiQ 

if=  —,  or  Tr=  J/>     .      .      .    (26),        mwaofabodj; 

in  which  TF  expresses  the  efifort  or  pressure  exerted  by 
the  weight  of  the  body,  and  g  the  velocity  which  this 
weight  can  impress  upon  the  body  in  a  second  of  time. 

Density  is  a  term  used  to  denote  the  degree  of  prox- 
imity among  the  particles  of  a  body.  Its  measure  is  the 
number  of  particles  in  a  unit  of  volume ;  and  denoting 
the  volume  or  bulk  by  B,  and  density  by  D,  we  shall 
have 

M^BB, 

which,  in  equation  (26),  gives 

W=D.B.g (26y.      "•-""of^ht 

^  ^      ^  weight 

§  78. — ^By  substituting  the  value  of  the  weight,  as  given 
by  equation  (2o),  in  the  expression  for  the  living  force,  we 
find 

^  LiTing  force  in 

V*    =     MV^\  ftermiortheiiMM 

9  and  Telocity ; 

that  is  to  say,  the  living  force  of  a  body  in  motion,  is 
equal  to  the  product  of  its  mass  into  the  square  of  its  vdocity. 

Finally,  mechanicians  have  agreed  to  call  the  product  of 
the  mass  of  a  body,  as  above  defined,  into  its  velocity,  or 
MY^the  quantity  ofTnotion  of  the  body;  and  this  it  must  be  quantity  of 
remarked  is  very  diflferent  from  the  quantity  of  action  or  °^"°'*' 
of  work.     To  imderstand  what  is  meant  by   this    new 
expression,  denote  the  quantity  of  motion  by  Q^  then  will 

Q  ^  ^r  =  Mr    .    .    .    (27); 
8 
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Its  meaning ; 


it  is  a  pressure, 
like  weight ; 


living  force 
equal  to  the 
quantity  of 
motion  into  the 
velocity. 


Use  of  the 
denominations 
mass  and 
quantity  of 
motion. 


or,  which  is  the  same  thing, 

Q    \     TT   ::     V   i    g. 

But  WJ  is  the  weight  of  the  body,  and  g^  the  velocity 
which  this  weight  can  generate  in  this  body,  in  one  second 
of  time;  hence  Q  must  designate  either  a  weight  or  an 
equivalent  effort,  which  can  generate  in  the  body,  the 
velocity  FJ  in  one  second. 

We  see  also  that  the  living  force, 

MV\    or  MVV  =  QF; 

is  the  product  of  this  effort,  by  the  velocity  FJ  or  by 
the  path  described  uniformly  by  the  body  in  a  unit  of 
time  in  virtue  of  its  acquired  velocity. 

These  observations  show  the  distinction  between  the 
quantity  of  motion  of  any  body  and  its  living  force^  and  the 
identity  between  this  latter  and  double  the  quantity  of 


auction. 


§  79. — It  is  principally  to  abridge  and  simplify  the 
computations  and  reasonings,  that  the  denominations  mass 
and  quantity  of  motion,  are  employed  in  mechanics ;  and 
they  might  easily  be  dispensed  with.  But  as  authors 
generally  have  used  them,  it  becomes  important  to  under- 
stand their  precise  significations. 


A  force  is 
proportional  to 
the  velocity  it 
can  generate  in  a 
given  time,  only 
when  constant. 


When  the  force 
Is  variable,  It  is 
propMtional  to 
the  small  degree 
of  velocity 
imparted  at  a 
given  instant. 


§  80. — We  have  just  seen  that  the  force  of  gravity  will 
impress  upon  a  body,  during  one  second  of  time,  velocities 
which  are  constantly  proportional  to  its  intensity,  or  to 
the  absolute  weight  of  the  body  in  each  locality.  But 
this  property  arises  only  from  the  feet,  that  the  weight 
remains  constant  during  the  fall,  so  that  the  total  velocity 
at  the  end  of  the  fall,  is  proportional  to  the  equal  degrees 
of  velocity  impressed  at  each  instant.  When  the  motive 
force,  instead  of  being  constant,  varies  at  each  instant,  it  is 
obvious  that  its  intensity  can  no  longer  be  measured  by 
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the  velocity  whicli  it  impresses  upon  the  same  body 
during  a  unit  of  time,  and  that  its  measure  must  depend 
upon  the  smail  degree  of  velocity  which  it  communicates 
at  a  given  instant 

By  observing  what  takes  place  at  the  surface  of  the  force* 
earth,  and  in  our  planetary  system,  it  is  found  that  the  SITCTejl. 
motive  forces  or  pressures  are^  infict,  proportional  to  the  small  of  velocity  they 
degrees  of  velocity  which  they  impress  upon  the  same  body  in  ^  ^i^ 
equai  indeflnitdy  smaU  portions  of  tiwje.     This  fact  serves  P^^ion  of  time, 
as  the  basis  of  all  dynamic  investigations,  and  must  be 
regarded  as  a  general  law  of  nature. 

\ 

r 

§  81. — ^Accordingly,  let  F  be  the  measure,  in  pounds,  Mewareoftho 
of  a  force  of  pressure;    let  v  be  the  small  degree  of  J^eruaby'toe**'^ 
velocity  which  it    can    impress   upon    a    body  at  any  TOiocity 
instant  or  epoch,  during  an  indefinitely  small  interval  l^^ini::!.*" ' 
of  time,   denoted  by  t;    alio,   let   W  be  the  pressure 
exerted  by  the  weight  of  the  body  at  any  given  place, 
and  v'  the  small  degree  of  velocity  which  this  weight  can 
impress  upon  the  body  during  the  same  short  interval  t 
We  shall  have,  from  the  principles  already  established, 
since  i?'  may  be  regarded  as  constant  within  the  limited 
time  ^ 

F      \      W      \X      V      \      Xf ;  CoDsequencesof 

Ihe  above  law ; 


whence 


F  =   ^.v. 


But  from  the  first  law  of  filling  bodies 

xf    \    g    \\    t    \    V^ ; 

whence 

V   =  g%; 
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fortha 
iBtensiiyofaiijr 
nottTefiHve; 


herefoie 


9  t  t 


■     (28> 


inertia  exerted, 
proportiooal  to 
the  product  of 
mass  into  the 
velocity 
imparted; 


That  is,  the  intensity  of  any  motive  force^'is  measured  by  the 
product  of  the  mass  into  the  velocity  it  can  generate  ^vhile 
acting  with  a  co7istant  intensity,  divided  by  the  duration  of  the 
action.  Thus,  when  we  know  the  small  velocity  v,  im- 
pressed in  the  short  interval  of  time  t^  by  the  force  P^  we 
may  compute  the  value  of  this  force,  which  is  equal  and 
contrary  to  the  resistance  opposed  to  motion  by  the  inertia 
of  the  body.  This  resistance  has  been  called  by  some  the 
force  of  inertia,  and  by  others  dynamic  force.  The  relation 
given  by  Eq.  (28),  shows  us  that  the  force  of  inertia,  whidi 
is  equal  and  contrary  to  F,  is  directly  proportional  to  the 
Tnass,  and  to  the  vdocity  v  which  this  mass  receives  during 
the  elementary  time  t 

Let  F^  be  the  measure  of  a  second  force,  which  acts 
upon  the  mass  iT,  impressing  upon  it  in  the  same  time  /, 
the  small  velocity  v',  then  will 


which,  with  Eq.  (28),  gives 


relation  ofanj 
tw6  motiTO  forces. 


F 


Mv 


M'v\ 


That  is  to  say,  any  two  motive  forces  are  to  eacJi  other,  as  the 
quantities  of  motion  they  can  impress  in  the  same  elementary 
portion  of  time. 

§  82.— From  Eq.  (28),  we  find 


Velocity 

impressed  in  any 
short  time 


V    = 


Fj 
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from  which  we  perceive  that  the  degree  of  velocity  which  proportional  to 
a  motive  force  impresses  upon  a  body,  during  a  short  |^*  J^^dwidld 
elementary  portion  of  time,  varies  with  the  intensity  of  by  the  maw. 
the  force  directly,  and  with  the  mass,  or  weight,  inversely. 

§  83. — ^If  now  we  suppose,  at  any  instant,  the  force  MeMureof  inerua 
suddenly  to  cease  to  vary,  and  to  continue  to  act  upon  the  *°^  ^^  '***  ^^^ 

J  "^ '  ■»  and  contrary 

body  with  the  intensity  which  it  possessed  at  that  instant,  mouve  force ; 
the  velocity  will  increase  or  diminish,  proportionally  to 
the  time,  §  67,  and  the  intensity  of  the  force  may  be 
measured  by  the  definite  quantity  of  motion  which  it 
can  impress  upon  the  body  during  the  first  succeeding 
second. 

Designate  by  Y^  the  velocity  generated  in  the  body 
during  the  first  second  succeeding  the  instant  in  which 
die  force  becomes  constant,  then  will 


T^    :    v    : :    1"*^  :    t; 


whence 


F   -   - 


which,  in  Eq.  (28),  gives 

F  =   FiJf   .    .    .    .\    (29); 

and,  in  general,  ^  motive  force,  equxil  and  contrary  to  the  equal  to  the 
force  of  inertia,  is  measured,  at  each  instant,  by  the  quantity  mJJ^on^thJi.tter 
of  motion  it  can  impress  during  one  second,  if,  instead  of  vary-  can  improas  in  a 
ing,  it  retain  unaltered  the  intensity  it  had  at  that  instant  constant.   ' 

When  the  mass  becomes  the  unit  of  mass,  Eq.  (29) 
becomes 

F  =   Vx (80); 

the  force  in  this  case  is  called  the  accelerating  force,  or,  Acceieraung 
niore  properly,  the  acceleration  or  retardation  due  to  the  force,  **"*' 
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mMwurad  by  um  and  IS  (duxt/ifs  measured  by  the  velocity  it  is  capable  cf  m- 

^nraMedona  W^^f^  o»  «  '^'^^  of  moss  in  a  Unit  of  time,  acting  taith  a 

unit  of  iDMB  In  ccmstant  intensityL 
™at  f  um, ;  ^^  ^^  ^  ^29),  which  gives, 


Fx  = 


F 


(30)', 


to  equal  to  the 
motive  force 
dlTided  by  the 


it  appears  that  the  acceleration  or  retardation  due  to  the 
force,  is,  in  every  case,  nothing  more  than  that  portion 
of  the  entire  motive  force  which  results  from  dividing  the 
latter  bj  the  number  of  units  in  the  mass  acted  on. 


Geometrical 
iUuBtntion ; 


¥ig^  27. 


§  84. — ^Traoe,  according  to  the  method  described  for 
uniformly  varied  motion,  §  68,  the  curve  Vq  Vi  v^  v^  &c^ 
which  represents 
the  law  of  the 
times  and  veloci- 
ties ;  let  ^  Vs  and 
^4^4  represent  the 
velocities  which 
correspond  to  the 
end  of  the  times 

O/j    ^^^    0^41    ^^ 

at  the  beginning 
and  end  of  the 
very  small  por- 
tion of  time 

hk^  t 


Draw  through  V3  the  line  Vg  64,  parallel  to  the  axis  OB 
of  times,  and  produce  it  till  Vj  m  =  1  second ;  this  line 
will  meet  the  ordinate  ^4^4,  and  J4V4  will  be  the  small 
portion  of  velocity  =  v,  impressed  by  the  force,  during 
the  small  portion  of  time  I.  Now  if,  at  the  instant  cor- 
responding to  the  end  of  the  time  0  /g,  the  force  become 
constant,  it  will  subsequently  impress  upon  the  body  equal 
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increments  of  velocity  during  the  equal  intervals  of  time  ^ 
and.  the  curve  v^v^v^  will  become  the  straight  line  Vgn, 
tangent  to  the  curve  at  the  point  v^  Drawing  through 
•m  a  line  parallel  to  t^v^,  the  portion  mn  will  represent 
the  velocity  Vi  impressed  in  one  second,  and  the  two 
similar  triangles,  v^  b^  v^  and  v^  m  w,  will  give 


V8*4      •      h^4. 


Vzm 


mn; 


or 


V 


F,; 


whence 


Vx  = 


V 


t ' 


the  value  or  the 
▼eloclly 

Impressed  in  one 
second; 


as  before  found. 

Thus,  when  we  know  the  law  which  connects   the 
velocity  with  the  time,  or  the  curve  which  represents  this 
law,  we  may,  at  any  instant,  by  drawing  a  tangent  to 
the  curve,  determine  the  velocity   Fi,  and  consequently  found  by  the 
compute  the  value  of  the  intensity  of  the  force  from  the  '■°8*'****"*5 
equation, 


F  =  if  Fi  = 


W 


.  F,; 


the  meaaore  of 
the  motive  force. 


or,  which  is  the  same  thing,  the  value  of  the  equal  and 
contrary  resistance,  opposed  by  the  inertia  of  the  body,  at 
each  instant  during  the  action  of  the  force. 


§  85. — ^Reciprocally,  if  we  know  the  value  of  the  in- 
tensity of  the  force  F  at  each  instant,  we  deduce  from  it  vaiueofthe 
the  corresponding  value  of 


accelerating  force, 
equal  to  motive 
force  divided  by 


r^  = 


M 
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IncHnaUon  of 
langpent  to  the 
curve. 


or  of  the  inclination  of  the  tangent  v^n,  or  that  of  the 
element  of  the  curve  of  velocities  to  the  axis  0-B  of  times. 
The  tangent  of  this  inclination  is  given  by 


77171 


=  V, 


and  if  the  initial  velocity  Ovq  be  given,  nothing  is  easier 
Curve  coMtracied  f}^Q^^  ^  coustruct  the  cuTvc,  of  which  the  ordinates  shall  be 

by  means  of  this 

tangent.  the  succcssive  vclocities  acquired  under  the  action  of  the 

force ;  since,  by  means  of  the  inclinations  of  the  tangents 
or  elements  of  the  curve  corresponding  to  each  abseil  of 
time,  those  elements  may  be  drawn  one  after  the  other, 
thus  forming  a  polygon,  which  will  differ  less  and  less 
from  the  curve,  in  proportion  as  the  number  of  values  of 
the  force  between  given  limits  is  greater. 


Work  necenary 
to  impress  a  give' 
velocity ; 


Pig.  2& 


§  86. — By  tjie  aid  of  what  precedes,  we  may  readily 

r 

compute  the  quantity  of  work  which  must  be  expended 
against  a  body,  whose  weight  is  PFJ  by  a  force  F,  equal 
and  contrary  to  the  force 
of  inertia,  to  impress  upon 
it  a  certain  velocity  FJ 
or,  more  generally,  to 
augment  or  diminish  its 
velocity  by  a  given  quan- 
tity. 

The  quantity  of  work 
expended  during  any 
small  interval  of  time  t, 
has,  for  its  measure,  the 
product  of  the  intensity 
of  the  force  F,  into  the 

elementary  portion  of  the  path  described  by  the  body 
during  this  time.  This  small  path  is  given  by  the  area 
of  the  small  rectangle  v^  t^  t^  64,  whose  base  is  the  element 
t^t^^t^  and  whose  altitude  is  ^  Vs  =  FJ  §  67  and  §  68 ; 
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that  is  to  say,  by  the  product  Vt    Hence  the  elementary 
quantity  of  work  is 

F  Vt, 

for  each  instant  of  time,  or  for  each  small  increment  \v^ 
of  velocity.     But  from  Eq.  (28)  we  have       ^ 


V 


F=  M-; 


Fig.  29. 


replacing  F  by  this  value,  in  the  preceding  expression, 
we  have,  for  the  elementary  quantity  of  work, 

MVv; 

And  it  is  the  sum  of  all  these  partial  quantities  of  work 

which  composes  the  total  quantity  of  work ;  this  sum  may 

be  found  thus : 

From  the  point  0,  as  an  origin,  lay  off  the  distances 

Owi,  WiW^  w^w^  &c.,  to  represent  the  different  incre- 
ments    of     velocity 

during  the    different 

successive  elementary 

portions    of    time    t, 

which    have    elapsed 

since  the  beginning  of 

motion  —  increments 

that  will  not  be  equal 

in  the  case  of  a  vari- 
able force;  then  will 
Ow^^  Ow^  Owfy  &c., 
represent  the  veloci- 
ties of  the  body  at  the 

corresponding  instants :  lay  off  these  same  lengths  upon 
the  ordinates  WiVi,  w^v^  w^v^y  &c.,  so  thai  we  shall 
have 


ekmentarj 
quantity  of  work ; 


gsometiicsl 
inetbod  of  flnding 
the  whole  work. 


WjVj  =z  Ou\j     W2V2  =  Ow^      t^gv,  =   Ow^  &c.; 
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The  area  of  a 
triangle 
repreeente  the 
sum  of  all  the 
products  f  V. 


Fig.  29. 


the  series  of  points  Vj,  Vj,  v^  Ac,  will  lie  on  a  right  line, 
inclined  to  the  axis  0  jB,  in  an  angle  of  45°.  Consider 
now  the  velocity  Vg  z^j  =  FJ 
for  instance,  of  which  the  in- 
crement W^W^  or  ^364  =  ^4^4, 
is  called  ^  The  product 
Vv,  will  here  be  represent- 
ed by  the  small  rectangle 
Vj  1^3  w^  64,  or  by  the  trape- 
zoid v^w^w^v^,  to  which  it 
becomes  sensibly  equal  when 
the  increment  of  velocity  or 
that  of  the  time  is  very 
small.     The  sum  sought,  of 

all  the  partial  products  Vv,  has  for  its  measure  the  sum  of 
all  the  corresponding  elementary  trapezoids,  or  the  area 
comprised  within  the  right  line  Ov^,  the  axis  Oit»7,  and  the 
ordinate  ic^  V7,  which  latter  represent  the  velocity  acquired 
from  the  beginning  to  the  end  of  the  time  for  which  we 
wish  to  estimate  the  work  done  by  the  force. 

§  87. — ^For  example,  if  the  body  sets  out  from  rest,  and 
we  desire  to  find  the  sum  of  the  products  of  Fv,  correspond- 
ing to  the  acquired  velocity  w^  v^  =  F',  this  sum  being  rep- 
resented by  the  area  of  the  triangle  0  w^  V4,  we  shall  have 

hence  the  quantity  of  work  corresponding  to  the  velocity 

F',  and  consumed  by  the  inertia  of  the  body  whose  mass 

equal  to  half  the  is  M,  w^iU  be  measured  by  \MV'^,  or  by  half  the  living 

TOmm^teated-    ^^^^®  commuuicatcd  from  the  beginning  of  the  motion,  §  76, 

This  principle  obtains,  therefore,  for  any  kind  of  motion, 
or  for  a  motive  force  different  from  the  force  of  gravity. 

For  another  velocity,  w^  v^  =  F",  the  consumption  of 
work  will  be  in  like  manner  measured  by  ^  if  F"*,  and 
consequently  for  the  interval  between  the  positions  in 
which  the  body  had  the  velocities  F'and  F",  the  quantity 


Work  oonanmed 
when  the  body^s 
motion  is 
accelerated ; 
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of  work  consumed  will  be  measured  by  the  difference,  or 

corresponding  to  the  trapezoid  w^ Wj v-j v^.  But  M V*  and  work  consumed 
3/ "F"*  are  the  Kving  forces  at  the  beginning  and  end  of  equ^Vhnjfthe 
the  interval  of  time  during  which  we  are  considering  the  diffo'^c®  of 

liviug  force  at 

work  of  the  motive  force ;  the  expression  above  is,  there-  beginning  und 
fore,  one  half  the  mcrenwfd  of  living  force,  or  half  the  living  •°'^- 
force  communicated  in  this  interval ;  so  that  the  principle 
applies  to  any  two  instants  of  tfie  body's  motion,  and  thus 
the  quQ/atiiy  of  vx>rk  expended  has,  in  every  case,  for  its 
measure,  Jialf  of  ike  living  force  communicated  in  the  interval 
between  these  two  instants. 

%  88. — Finally,  it  must  be  remarked,  that  the  preceding 
supposes  the  velocity  of  the  body  to  increase  ihcessantly ; 
if  it  were  otherwise,  the  force  would  be  opposed  to  the 
motion,  and  would  be  a  retarding  force.  But  the  reasoning 
remaining  the  same,  would  be  applicable  to  this  case,  and 
we  should  find  that  the  quantity  of  work  or  action  work  dereiuped 
developed  by  the  resistance  F^  (eq^ual  and  contrary  to  the  J|[  ^^ktI^?  ^ 
force  of  inertia  now  become  a  power,)  during  the  time 
necessary,  to  reduce  the  velocity  from  V  to  F",  would 
have  for  its  measure, 

l^MV'^  —  MV'^ 

or  half  the  living  force  destroyed  or  lost  equal  to  hair  the 

Thus,  the  diminution  of  the  living  force  of  a  body  livilgforoeat 
between  any  two  given  instants,  supposes  that  a  quantity  the  beginning  and 
of  work  or  of  action  equal  to  the  half  of  this  diminution, 
has  been  developed  by  the  inertia  of  this  body  against 
obstacles  or  resistances,  as  its  augmentation  supposes,  on 
the  part  of  a  power,  an  expenditure  of  work  equal  to  the 

half  of  this  augmentation.  inertia  serTes  to 

transform  work 

§89. — ^We  now  clearly  perceive  how  the  inertia  of  i^duJj^Jo]!^ 
a  body,  serves  to  transform  work  into  living  force,  and  into  action ; 


*  • 
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examples  In  the 
mechanic  art  > ; 


example  of  the 
grist-mill ; 


tbeair^n; 


living  force  into  work;  or,  to  use  the  expressions  em- 
ployed, §  76,  on  the  occasion  of  the  vertical  naotion  of 
heavy  bodies,  we  see  that  inertia  will  store  up  the  work 
of  moters  by  converting  it  into  living  force,  aud  give 
this  work  out  again  when  the  living  force  comes  to  be 
destroyed  against  resistances. 

The  mechanic  arts  oifer  a  multitude  of  instances  in 
which  these    successive    transformations   take   place,    in 
operating  by  means  of  machinery,  implements,  &c.,  &c. 
The  water  contained  in  the  reservoirs  of  grist-naillsy   for 
example,    represents    a    certain    quantity   of   disposable 
action,  or  work,  which  is  changed  into  living  force  when 
the  sluice  gates  are  opened ;  in  its  turn,  this  living  force 
acquired  by  the  water,  in  virtue  of  its  weight  and  descent 
from  the  reservoir,  is  changed  into  a  certain  quantity  of 
work;   this  is  commutficated  to  the  wheels  of  the  mill, 
and  these  latter  transmit  it  to  the  millstones  which  pul- 
verize the  com.     The  air  confined  in  the  reservoir  of  an 
air-gun,   represents  the   value  of  the  mechanical    work 
expended  by  a  certain  moter  in  compressing  it ;  on  open- 
ing the  valve,  the  air  acts  upon  the  ball,  impels  it  forward, 
and  converts  a  certain  quantity  of  work  into  living  force 
If  this  ball  be  thrown  against  a  spring,  or  an  elastic  body, 
the  latter  will  be  compressed  in  opposing  a  greater  or  leas 
resistance  to  the  inertia  of  the  former,  and  will  finally 
have  destroyed  all  its  ' 


motion  at  the  instant 

the  quantity  of  work, 

developed     by     the 

the  action  of  the   Spring,  bccomes  cqual 

to  half  the  living 
force  of  the  ball ;  the 
spring  being  retained 
by  any  means  in  its 
compressed  state,  the 


Fig.  80. 


baUagainata 
spring. 


living  force  will  be  stored  up  as  a  quantity  of  disposable 
work,  so  that  when   the  restraint  is  removed  from  the 
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spring,  the  biall  will  be  thrown  back  with  a  velocity  such, 
that  the  living  force  will  be  double  the  quantity  of  action  or 
of  work,  restored  by  the  spring  in  unbending  or  expanding. 

§  90. — ^If,  then,  the  spring  be  perfectly  elastic,  the  Perfecuy  eiasuc 
velocity  communicated  to  the  ball,  will  be  precisely  equal  ^jj^j'^^ 
to  that  impressed  upon  it  by  the  air-gun  in  a  contrary  io»t  during  an 
direction,    v  Thus,  in   the  example  before  us,  the  quan-  °*'***^ 
tity  of  work  has  been  alternately  changed   into  living 
jbrce^  and  living  force  into  quantity  of  luork,  without  any 
thing  having  been  lost  or  gained.     But  if  the  spring  be 
not  perfectly  elastic,  a  portion  of  the  living  force  im- 
pressed upon  the  ball  will  be  employed  in  dfctroying  the 
molecular  force  of  the  spring,  that  is  to  say,  in  producing 
a  permanent  change  in  the  arrangement  of  its  particles. 

• 

§  91. — Hence,  in  the  collision  of  bodies,  not  perfectly 
elastic,  there  will  always  be  a  loss  of  quantity  of  work, 
and  this,  from  what  has  already  been  said,  must  be  equal 
to  half  the  living  force  destroyed.     Few,  if  any,  solid  Living  force  ii 
bodies  are  perfectly  elastic,  and  as  the  vast  majority  are,  TOnSon^fi^M 
to  a  considerable  degree,   deficient  in  this  quality,   the  »<>'  perfectly 
quantity  of  work  uselessly  consumed  by  the  molecular  ^"'*'' 
forces  will,  in  general,  bear  an  appreciable  ratio  to  that 
developed  by  inertia  during  the  compression ;  and  it  there- 
fore follows,  that  if  this  last  force,  or  the  velocity  which 
occasions  the  collision,  be  considerable,  there  will  take 
place,  in  a  very  short  time,  a  great  loss  in  the  quantity  of 
action;    and  this  is  why  it  is  important,  as  before  re- 
marked, to  avoid  all  shocks  in  the  motion  of  machinery. 

§  92. — ^We  also  see,  from  what  precedes,  that  it  is  as  The  work 
impossible  for  the  force  of  a  spring  to  develop,  in  un-  J|^^^^ 
bending,  a  living  force  greater  than  that  consumed  in  uutt  consumed  in 
l)ending  it,  as  for  the  force   of  gravity,   §  65,   to  give  ^^r/ 
to  a  body  while  falli^ig,  a  living  force  exceeding  that 
destroyed  in  it,  through  the  same  height,  while  rising; 
indeed,  the  whole  of  the  velocity  will  not,  in  general 
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be  restored,  and  as  the  corresponding  living  force  lost 
in  the  shock,  has  really  been  employed  to  overeome  a 
certain  resistance,  and  therefore  to  produce  a  certain 
quantity  of  work,  it  is  true,  as  before  stated,  that  inertia 
does  actually  perform  an  amount  of  work  equivalent  to 
that  which  has  been  employed  in  putting  it  into  action ; 
only  it  happens,  that,  in  certain  cases,  a  portion  of  this 
work  is  diverted  from  the  object  we  desire  to  accom- 
plish, and  is  not,  on  that  account,  regarded  as  forming 
a  part  of  the  useful  effect,  as  was  explained  in  §  50 
with  regard  to  the  ordinary  force  of  pressure. 

What  takes  place       §  93. — TVVhavc  showu,  bv  examples,  how  the  quantity 

motion-  ^^  work  or  of  action  may  be  transformed  alternately  into 

living  force,  and  living  force  into  quantity  of  action,  by 

means  of  springs  and  machines  which  store  up  and  give 

them  out  successively.     These  transformations  take  place, 

in  general,  whenever  the  motion  of  a  body  solicited  by  a 

motive  force  varies,  by  insensible  degrees,  so  as  sometimes 

to  be  accelerated  and  sometimes  retarded.     This  occurs, 

for  example,  in  the  periodical  motion  spoken  of  in  §  25, 

and,  in  general,  in  all  cases  of  forward  and  backward 

movement,  usually  called  alternating,  and  in  which  the 

velocity  becomes  nothing  from  time  to  time.     The  motion 

of  the  pendulum  and  that  of  the  plumb-bob  are  evident 

when  the  examples  of  this  last  kind.     When  the  velocity  of  a  body 

tnc^md, Inertia  augments,  it  is  a  sign  that  some  portion  of  the  motors 

opposes  the        action  is  employed  to  overcome  the  body^s  inertia,  and  to 

increase  its  living  force  by  double  the  portion  thus  ex- 

when  the  peuded,  the  other  portion  being  absorbed  by  resistances; 

dknhiiLes,        ^7  ^^  ^^®  Contrary,  the  velocity  of  the  body  diminish, 

inertia  aids  the    notwithstanding  the  power  may  be  exerted  in  the  direc* 

tion  of  the  motion,  a  certain  portion  of  the  living  force 

acquired  will  be  expended  against  the  resistances,  and  wll 

augment  the  work  of  the  motor  by  a  quantity  equal  to 

half  the  living  force  thus  expended,  and  so  on,  according 

to  the  number  of  alternations. 
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§  94. — ^From  which  we  see,  that  when  the  velocity  or 
living  force  of  a  body  oscillates  between  certain  limits,  it  is 
a  proof  that  inertia  has  alternately  absorbed  and  given  out 
portions  of  the  moter's  work.  The  work  absorbed  by 
inertia^  will  be  the  sana^for  all  equal  velocities,  and  for  the 
interval  between  the  instants  of  equal  velocities  there  will 
be  nothing  lost  or  gained,  and  the  power  must  be  con- 
sidered as  having  been  entirely  employed  to  overcome 
resistances  other  than  inertia.  But,  if  in  any  interval  of 
time,  the  velocity,  after  having  undergone  alternations, 
does  not  attain  to  what  it  was  before,  the  half  of  the 
diflference  of  the  living  forces  which  correspond  to  the 
beginning  and  end  of  this  interval,  measures  the  quantity 
of  work  which  has  really  been  consumed  or  given  out  by 
the  inertia  of  the  body.  Consequently,  if  the  body  were 
to  set  out  from  rest,  the  quantity  of  work  consumed  by  its 
inertia  up  to  any  instant,  would  be  measured  by  half  the 
living  force  possessed  by  the  body  at  this  instant ;  if  the 
velocity  had  increased  incessantly,  the  inertia  of  the  body 
would*  have  opposed  the  motive  force  without  intermis- 
sion ;  if  the  velocity  had,  during  any  part  of  the  time, 
diminished,  the  inertia  would  have  aided  the  force. 


Within  the 
interrals  between 
instants  of  equal 
yelocitlos,  the 
meter  is  not 
employed  to 
oyercome  inertia ; 


work  absorbed  or 
g^ven  out  by 
inertia,  equal  to 
hair  the  liYing 
force  acquired  or 
destroyed. 


Fig.  81. 


§  95.— All  of  which 
may  be  made  manifest 
by  means  of  the  second 
figure  employed  in  §  86, 
in  observing  that  when 
the  velocity  of  the  body 
diminishes,  after  hav- 
ing augmented  during  a 
certain  time,  so  will  the  q 
abscisses  and  ordinates 
of  the  right  line  Ovj, 

which  represent  this  velocity ;  the  extreme  ordinates  ty,  Vy, 
after  receding  from  the  point  0,  while  the  velocity  is 
increasing,  wiU,  on^the  contrary,  approach  this  point  while 


GeomeMcal 
illustration ; 


lo^     W^     Bf 


t^"~S5 — ^^ 
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the  velocity  is  diminishing,  to  keep  the  triangular  area 
0  Wrj  Vjj  constantly  proportional  to  the  quantity  of  work 
absorbed  by  the  inertia,  or  to  its  equal,  one  half  the  living 
example  of  a  force.  A  Carriage  travelling  at  a  variable  rate,  sometimes 
^JJ^^"'^"  faster,  sometimes  slower,  offers  a%  example  of  this:  at 
first,  the  horses  exert  a  certain  quantity  of  action  to  move 
the  carriage  with  a  trot ;  then,  when  the  velocity  is  dimin- 
ished, by  an  increase  of  resistance,  or  by  feebler  action  on 
the  part  of  the  horses,  the  inertia  of  the  carriage  develops 
against  the  resistances  to  its  motion,  a  portion  of  the  work 
it  had  at  first  absorbed,  equal  to  half  the  diminution  of  its 
living  force:  and  this  alternation  will  continue  till  the 
carriage  is  brought  to  rest,  at  which  instant,  the  work 
restored  by  the  inertia  will  be  exactly  equal  to  the  quan- 
tity of  work  consumed,  so  that  nothing  will  be  lost.  In 
what  is  here  said,  it  is  understood,  however,  that  no  dimi- 
nution of  velocity  results  from  opposition  or  holding  back 
of  the  horses,  for  in  that  case,  the  moter  would  be  con- 
verted into  resistance. 

The  same  §  96. — ^Thc   samc    reflections   are    applicable  to   the 

to  welffhTaa  weu  "^^^g^*  ^^  ^  Carriage  in  ascending  and  descending  a  hill. 

a  to  inertia.  The  quantity  of  work  employed  in  overcoming  the  weight 
while  ascending  will  be  restored  during  the  descent,  pro- 
vided the  latter  be  not  so  steep  as  to  cause  the  horses  to 
hold  back,  by  which  a  quantity  of  work  would  be  con- 
sumed uselessly.  And  this  consideration  shows  ns  one 
of  the  many  advantages  which  results  firom  giving  gentle 
slopes  to  roads. 

When  a  force  It         §  97. — ^Whcu  a  motor  is  employed  to  raise  a  burden 
I  weight,  iMrtuT  ^^rough  a  vcrtical  height,  it  takes  the  body  from  a  state 
retaina  nothing  of  of  rcst,  and  hcucc  a  quantity  of  work  must  be  expended 
*  to  overcome  its  inertia.     Arrived  at  the  desired  height, 
the  effort  of  the  motor  is  relaxed  to  restore  the  body  to 
a  state  of  rest,  and  during  this  diminished  action,  a  por- 
tion of  the  living  force  acquired  is  employed  to  destroy 
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in  part  the  effect  of  the  body's  weight,  and  the  inertia 
will  finally  retain  nothing  of  what  it  had  absorbed. 
The  same  thing  may  be  said  of  the  operation  of  an  theaameistroe 

••/»  'j^T  •  0  •  j.j_i  n       jy     .     ^    of  the  tnertia  of 

artificer  m  nlmg,  sawmg,  &c.,  since  at  the  end  of  each  ^  artificer's  tool, 
oscillation  of  the  tool,  the  velocity  becomes  nothing 
through  insensible  variations.  This  could  not  be  the  case 
if  the  motion  were  suddenly  to  change,  or  if  concussions 
should  take  place  between  bodies  not  perfectly  elastic ;  a 
portion  of  the  living  force  would,  in  that  case,  be  de- 
stroyed, or,  which  is  the  same  thing,  diverted  from  its 
intended  purpose  in  producing  a  permanent  change  in 
the  arrangement  of  the  particles  of  the  colliding  bodies. 

§  98. — Finally,  in  order  to  give  a  fuller  idea  of  the  part  Examples  of  the 
performed  by  inertia  in  the  various  operations  of  the  ^"JnertTr'""* 
mechanic  arts,  and  to  demonstrate  how  it  may  serve  to 
explain  an  almost  infinite  variety  of  effects,  we  shall  add 
a  few  special  examples  to  those  already  mentioned. 

To  take  from  a  plane-stock  its  chisel,  the  carpenter  the  chiaei  of  a 
strikes  the  plane  a  blow  on  the  back ;  a  velocity  is  thus  ^    *' 
suddenly  impressed  upon  the  stock  which  the  chisel  and 
'  its  wedge  only  partake  of  in  part,  because  of  their  inertia 
and  imperfect  connection  with  the  body  of  the  plane,  and 
are,  therefore,  left  behind. 

A  bung  is  taken  from  a  cask  by  striking,  on  either  side  the  bong  of* 
of  it,  the  stave  in  which  it  is  inserted;   the  resistance       ' 
which  the  inertia  of  the  bung  opposes  to  the  sudden  mo- 
tion communicated  to  the  stave,  causes  the  separation. 

We  often  see  a  handle  adjusted  to  a  tool,  as  an  axe  or  handles  of  to<48; 
hammer,  by  striking  it  on  the  end  in  the  direction  of  its 
length ;  the  inertia  of  the  handle  and  that  of  the  tool  tend 
to  resist  the  sudden  motion  impressed  by  the  blow,  but 
the  former  yielding  more  than  the  latter,  by  reason  of  the 
slight  connection,  the  handle  becomes  inserted. 

As  an  illustration  of  the  agency  of  inertia,  in  trans- 
forming quantity  of  action  into  living  force,  take  the  com-  the  common 
men  sling,  from  which  a  stone  may  be  thrown  with  much    °*' 
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greater  velocity  than  from  the  naked  hand.  Here,  living 
force  is  accumulated  in  the  stone,  by  whirling  it  through 
many  accelerated  turns  about  the  hand  before  it  is  dis- 
Che  common  charged.  The  common  top  turns  and  runs  along  the 
^'  ground,  in  virtue  of  the  living  force  acquired  during  an 
accelerated  unwinding  of  the  string  from  the  coils  of 
which  it  is  thrown. 

§  99. — We  would  recommend  to  the  reader,  to  con- 
sider attentively  these  examples,  as  well  as  all  others   of 
like    nature  which   his  observation    and    memory   may 
Inertia  8omeUme«  furnish.     They  will  aid  his  conceptions  of  the  manner  in 
iw^w-         which  the  inertia  of  bodies,  like  their  weight  and  molecu- 
lar spring,  sometimes  acts  as  a  mere  passive  resistance, 
aometimeBareai  and  somctimcs  as  a  real  motive  force,  according  to  the 
circumstances. 

It  is,  however,  proper  to  remark,  that  the  last  example 
is  mainly  concerned  with  the  inertia  of  a  body  having  a 
motion  of  rotation,  while,  thus  far,  we  have  only  spoken 
of  the  living  force  of  a  body  possessing  a  motion  of  transla- 
tion, in  which  all  the  particles  have  the  same  velocity ; 
but  we  shall  soon  see,  that  the  principles  which  connect 
the  living  force  with  the  quantity  of  action,  are  universal 
and  applicable  to  all  kinds  of  motion. 


motive  force. 


IV. 


OP    FOBCES,    WHOSE    DIRECTIONS    MEET    IN   A 

POINT. 


Force*  wfaoee  §  100. — Thus  far  wc  havc  only  considered  the  effect  of 

directions  meet  'in  j  •        j^i  i    ^  i    /> 

iaapoiot;  ^  smglc  lorcc,  Qircctly  opposed  to  an  equal  force,  viz.: 
to  Tnolecular  spring  or  elasticity,  to  weight,  or  to  inertia.  It 
often  happens  that  several  forces  are  applied  to  a  body, 
in   different  directions,   to   overcome   certain   resistances 
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through  its  intervention.    When  a  body  is  thus  subjected 

to  the  action  of  several  forces,  {powers^  or  resistances,)  we  foroet  to 

say  these  forces  are  in  equilibrio,  when  one  of  them  *  ^^en  one 

destroys  or  prevents  the  effect  which  the  others  would  prevents  the 

produce,  if  the  first  did  not  exist.     The  body  itself  is  in  others; 

equilibrio,  if  the  different  forces  applied  to  it,  leave  it  at 

rest.     This  last  kind  of  equilibrium  can  never  be  abso-  no  absolute 

lute,  because  all  bodies  connected  with  the  earth  partake  3"m  ^"™  ^ 

of  its  continual  motion  through  space,  and  there  is,  in  fact, 

no  rest  for  them.     A  body  may,  however,  have  relative 

rest,  as  when  it  retains  the  same  place  in  reference  to 

surrounding  objects,  such  as  mountains,  houses,  &c.,  which 

we  are  in  the  habit  of  regarding  as  fixed.     Thus,  the  idea  statical  and 

of  equilibrium  is  not  alone  related  to  rest,  and  bv  no  **y°J^*^ 

^  '  •'  equilibrium. 

means  excludes  motion.  From  this  results  the  distinction 
of  stcUical  and  dynamical  equilibrium ;  the  former  relating 
to  the  repose  of  the  body,  and  the  latter  to  the  mutual 
destruction  of  the  forces  which  solicit  it.  Thus,  a  body 
may  be  in  motion  while  the  forces  acting  upon  it  are  in 
equilibrio,  or  it  may  be  at  rest  under  the  same  circum- 
stances. 

§  101. — It  has  already  been  stated,   §  48,  that  when  Rnuitant  of 
several  forces  act  along  the  same  right  hne  and  in  the"*^®'**^®"**' 
same  direction,  their  effect  will  be  equivalent  to  that  of 
a  single  force  equal  to  their  sum,  and  which  will  therefore 
be  their  resultant.     If  these  forces  act  in  opposite  direc-  when  acting 
tions,  and*  along  the  same  straight  line,  their  resultant  will  u^^j^*^"* 
be  equal  to  the  excess  of  the  sum  of  those  which  act  in  in  different 
one  direction,  over  the  sum  of  those  which  act  in  the***''*****"*' 
opposite  direction,  and  it  will  act  in  the  direction  of  the 
greater  of  these  sums.     This  is  the  case  in  which  several 
forces  are  exerted  in  the  direction  of  the  same  cord.     The 
tension  of  the  cord  will  be  the  same  throughout,  and  it  is 
not  possible  to  draw  its  two  ends  with  different  efforts. 
The  tension  of  a  cord  is  the  effort  hy  which  any  tivo  q/*  tension  or  a  cord: 
its  consecutive  portions  are  urged  to  separate  from  each  other ^ 
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the  effect  of 
unequal  forces 
acting  upon  a 
cord. 


and  this  being  the  same  throughout,  the  excess  of  the 
sum  of  the  forces  which  act  in  one  direction  over  that  of 
those  which  act  in  the  opposite  direction,  will  be  wholly 
employed  in  overcoming  the  cord's  inertia  and  giving  it 
motion. 


Fig.  82. 


is jf 


^  §  102. — ^When  a  body,  or  material  point,  moves  firom 
J.  to  ^,  so  as  to  describe  the  rectilineal  path  A  R,  each 
of  the  positions  A  and  B  may  be  projected  upon  the  right 
lines  0  if  and 

Panllelogram  of    0  N^      sitUatcd 

m  the  same 
plane  with  the 
line  A  B,  by 
drawing  paral- 
lels to  these 
lines  consider- 
ed as  axes,  the 
place  A  giving 
the  two  co-or- 
dinates A  A  and  A  A",  and  the  position  B  the  two 
co-ordinates  BB'  and  J?  J?".  The  positions  A  and  A",  on 
the  axes,  are  simultaneous  with  the  position  A;  and 
those  of  B\  B"j  with  the  position  B.  The  paths  A' S 
and  A'  B\  on  the  directions  OM  and  ON^  are,  therefore, 
described  by  the  projections  in  the  same  time  as  the  path 
A  B  by  the  moving  point.  The  first  are  called  compon  jni 
or  relative  paths  in  such  and  such  directions.  Prolong  the 
co-ordinates  of  the  points  A  and  B,  till  the  parallelograin 
AEBF  is  formed,  and  this  principle  will  appear,  viz.: 
Uie  rectilineal  path  described  by  a  pointy  may  always  he  re- 
solved into  two  relative  or  component  patJis,  in  any  two 
resolution  of  any  directions,  and  Viese  component  paths  will  he  the  sides  of  a 
com  onent  parallelogram,  constructed  upon  ike  path  described  hy  tJte 

paths;  point  OS  a  dia/jonal^  and  2^^rallel  to  the  assumed  directions. 

Reciprocally,  when  we  have  the  relative  paths  in  any  two 
directions,  the  true  path,  called  the  resultant,  will  be  that 


relative  or 

component 

paths; 
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diagonal  of  the  parallelogram  constructed  upon  the  rela-  compoiuion  or 
tive  paths  which  passes  through  their  point  of  meeting.       ^^  "*■*"'*'  ^^^ 

§  103. — ^It  has  been  shown,  that  the  velocity  of  a  body  Paraiieiogmm  of 
in  motion,  is  represented  by  the  length  of  path  described  ^®***^"*®»  J 
uniformly  in   any  very  small  portion  of  time,-  assumed 
as  the  unit  of  time,  and  that  it  is  only  in  the  case  of 
uniform  motion,  that  the  interval  of  time  during  which 
the  velocity  is  estimated,  may  be  taken  as  great  as  we 
please.     The  path  A  B,  in  the  last  figure,  being  described 
by  the   body  in  the  same   time   that  its  relative   patlis  true  and  relative 
A'  B'  and  A"  B"  are   described   by   its  projections  on  ''*^*^*"*^"» 
the  directions  0  if  and  0  N^  the  first  may  be  regarded  as 
the  point's  true  velocity,  and  the  two  last  as  its  relative 
velocities.     Hence  the  true  velocity  of  a  bodi/,  is  the  diagonal  true  velocity 
of  a  paraMelogram  constructed  upon  its  two  relative  velocities,  '°""f  '^"*   , . 

J         ^  o  J.  1  relative  velociuea 

estimated  in  any  given  directions  whatever,  and  the  revenw. 


§  104. — ^K  the  motion  be  curvilinear,  the  rectilineal  di-  Relative  paths  in 
agonal  ^  5  can  no  longer  represent,  in  general,  the  path  ZZZC 
described.    Nor,  if  the  motion  be  varied,  can  its  length 
measure  the  velocity,  when  the  time  of  description  is  con- 
siderable.   In  such  cases,  conceive  a  given  interval  of  time 
divided   into  a  great 


Hg.  88. 


number  of  small  and 
equal  portions,  and 
determine  the  relative 
paths  described  during 
each,  by  the  projec- 
tions of  the  moving 
point  on  the  axes. 
Each  pair  of  these 
relative  paths  will  de- 
termine a  parallelo- 
gram,   of  which   the 

diagonal  will  be  the  corresponding  elementary  path  de- 
scribed by  the  point  itself.     Any  one  of  these  diagonals, 
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constniction  of 
the  direction  of 
the  body*! 
motion. 


Bs  AB,  will  sensibly  coincide  with  an  element  of  the 
curve,  and  its  prolongation  A  T  will  be  tangent  to  the 
curvilinear  path.  This  tangent  will  determine  the  direc- 
tion of  the  body's  motion  at  the  instant,  and  may  be 
drawn  by  laying  off  from  the  projections  A'  and  A."  of 
the  body's  place,  the  distances  A'  T'  and  A"  T'\  equal 
respectively  to  double,  triple,  quadruple,  or  any  number 
of  times  the  body's  relative  velocities  at  the  time,  and 
drawing  T  iTand  T"  TJ  respectively,  parallel  to  the  direc- 
tions 0  T"  and  0  T 


Roberval*B 
method  of 
constructing  the 
tangent; 


results  from  the 
law  which 
determines  the 
path. 


Fig.  84 


§  105. — ^When  the  law  of  a  body's  motion  in  two  diree- 
tions  is  known,  it  is  always  possible  by  the  preceding 
method  to  draw  a  tangent  to  the  path  described.     Take, 
for  example,  the  ellipse : 
this  curve  is  generated 
by  fixing  at  two  points 
F  and   F\   called    the 
foci,    the     ends     of    a 
thread  FA  F\  equal  in 
length  to  a  given   line 
MM\  called  the  trans- 
verse axis,  and  moving 
the  point  of  a  pencil  A 
to  all  positions  in  which 
it  will  keep  the  thread 

stretched.  Since,  in  the  motion  of  the  describing  pK>int, 
the  sum  of  the  lengths  FA  and  AF'  Ss^  always  the  same, 
the  portion  FA  will  increase  just  as  much  as  the  portion 
A  F'  will  diminish,  and  therefore  the  point  A  tends  to 
describe  equal  relative  paths,  or  will  have  equal  relative 
velocities,  in  the  two  directions  A  B  and  A  F\  Hence, 
taking  upon  FA  produced,  and  upon  A  F\  the  equal 
portions  A  B  and  AB\  and  completing  the  paraUelogram 
A  BCB\  the  diagonal  A  (7,  passing  through  the  position 
of  the  point,  will  be  a  fcmgent  line  to  the  path  described. 
This  method,  whicli  is  due  to  Exiberval,  is  very  useful  in 
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all  cases  where  we  know  the  kw  by  which  the  curve  is 
(lescribed. 

g  106. — We  have  seen  that  any  single  motion  may  be 

resolved  into  two  others,  and  the   reverse.     Tliis  arises 
from  the  simple  fact,  that  a  body  may,  in  n-ality,  be  ani- 
mated by  two  or  more  simultaneous  velot-itios.     To  illus- 
trate, let  it  be  supposed  that  while  a  boat  is  crossing  a 
river,  a  man  walks  from  one  side  of  the  boat  to  the  other, 
a  ad   that,    starting    from 
the   point  A,  for  exam- 
ple, he   arrives   at  B  at  Fig.  86. 
the    moment     the    boat 
reaches   a   position   such 
that    the    point  A   shall 
be  at  A',  and  the  point 
B  &t  B'.      It    is    plain, 
that    the     man,    though 
only  conscious    of    hav- 
ing   walked    across    the 

boat  from  A  to  B,  will,  in  fact,  have  been  carried  from 
A  U)  B'  in  reference  to  the  surface  of  the  river.  He 
will  have  moved,  at  the  same  time,  with  the  velocity 
which  he  impressed  upon  himself,  and  that  impressed 
upon  him  by  the  boat  This  being  understood,  it  is 
easy  to  see  that  the  result  would  be  the  same,  if  the  boat  eam 
first  move  from  A  to  A',  and  afterward  the  man  walk  |^^J 
across  it  from  A'  to  B';  or  if  the  boat  were  stationary, 
while  the  man  is  crossing  it  from  A  to  B,  and  then 
were  to  move  from  B  to  B',  But  this  is  not  all;  the 
earth  turns  about  its  axis,  while  the  boat  floats  along 
the  surface  of  the  water,  and  the  man  walks  across  the 
deck  of  the  boat ;  add  now  the  motion  of  the  earth  about 
the  sun  through  space,  and  we  shall  find  the  man  ani- 
mated by  four  simultaneous  velocities,  of  which  it  is  easy 
to  see  that  we  shall  find  the  resultant,  in  compounding, 
by  the  rule  given  in  §  lO'd,  first,  any  tsvo,  then  the  rcsul- 
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resultant  of 
several 
tiiniaItane<)UB 
velocitlea ; 


lulo 


illustration. 


Independence  of 
the  action  of 
wimullaneouB 
forces; 


tant  of  these  two  with  the  third,  and  the  resultant  of  tir 
three  with  the  fourth.  In  fact,  when  a  body  lias  sever^ 
simultaneous  motions,  the  effect  is 
the  same  as  if  the  body  had  re- 
ceived, one  after  the  other,  all  the 
motions  which  it  possesses  at  the 
same  time.  Hence,  this  rule, 
viz, :  The  resultant  of  several  simul- 
taneous velocities  is  found  by  con- 
structing a  polygoUy  of  which  the 
sides  are  equal  and  parallel  to  the 
component  velocities^  and  hy  join- 
ing ^  witli  a  right  line,  the  point  of 
departure  with  the  extremity  of  the 

last  side.  This  right  line  wiU  represent  the  resultant  requir^L 
Thus,  let  the  point  0  have  the  simultaneous  velocitie:? 
OV,OV\0  F",  0  F'" ;  from  the  extremity  F  of  0  T, 
draw  Vm  parallel,  and  equal  to  OV';  from  ra  draw  m  m* 
parallel,  and  equal  to  0  V" ;  from  m'  draw  m'  m"  parallel 
and  equal  to  0  V"\  and  join  0  with  m";  the  line  O  m"  will 
be  the  resultant  velocity. 

r 

§  107. — The  action  of  a  force  upon  a  body,  whether  at 
rest  or  in  motion,  is  always  the  same,  and  impresses  upon 
it  the  same  degree  of  velocity.  Let  a  body  fall,  for  exam- 
ple, under  the  action  of  its  own  weight,  gravity  will 
impress  upon  it  the  same  velocity  in  a  given  portion  of 
time,  whether  it  set  out  from  rest  or  is  projected  down- 
ward by  the  action  of 
some    other    force.      For  ^-  87. 

example,  when  a  bomb- 
shell is  thrown  into  the 
it   describes   a 


air 


curve 


under  the  joint  action  of 
the  living  force  with  which 
it  leaves  the  mortar,  and 
the  incessant  action  of  its 
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weight;  and  its  velocity  at  any  instant  is  the  resultant 
MR,  of  the  velocity  MQ,  which  it  had  at  the  begin- 
ning of  the  very  short  interval  of  time  next  preceding 
this  instant,  and  the  velocity  MP  impressed  upon  it  by 
its  own  weight  during  the  same  interval  of  time.  Thus, 
when  two  forces  are  applied  to  the  same  body,  they  im-twoforeet 


press  upon  it,  at  each  instant,  and   simultaneous! v,  the*"*", 
same  degree  of  velocity  which   each  would   impress  if  the  lame  velocity 
acting  alone.     This  degree  of  velocity,  we  have  said,  §  81,  ",^^Jf 
is,  from  the  general  law  of  nature,  proportional  to  the 
intensities  of  the  forces. 


Fig.  sa 


§  108. — Accordingly,  let  a  mateHal  point  A  be  acted  Pwnueiojmm 
upon  by  the  two  forces  P  and  Q,  represented  in  intensity  and     "     * 
direction  by  the  lines  A  B  and  A  C  respectively.    These 
forces  will  impress  simultaneously,  and  in  their  respective 
directions,  the  same  degrees  of  velocity  A m  and  An,  ss 
though  each  acted  separately. 
The   resultant    velocity  will, 
§  107,  be  represented  by  the 
diagonal  Ar  o{  the  parallelo- 
gram A  m  r  n.      Conceive   a 
force  Xj  to  act  upon  the  point 
along  this  diagonal,  but  in  the 
opposite  direction,  or  from  r 
to  Aj  and  with  such  intensity 
as  to  destroy   this   velocity; 
no  motion  can  take  place,  so 
that  the  force  X,  destroying 
the  effect    of  the    forces    P 
and   Qj   will   maintain    these 
forces  in  equilibrio.    Take,  up- 
on the  diagonal,  the  distance 

AD  =:  X,  and  conceive  it  to  represent  a  force  that  acts 
upon  the  point  A,  from  A  towards  D ;  it  will  produce 
the  same  effect  as  the  forces  P  and  Q,  and  will,  therefore, 
he  their  resultant.     Now,  the  forces  P  and  Q,  and  their 
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reprewnted 

by  the  diagonal  of 

a  parallelogram ; 


by  the  same  rules 
aa  velocities ; 


resultant  A  D,  equal  in  intensity  to  X^  are  proportion£ 
to  the  velocities  A  m,  A  n,  and  A  r,  which  they  caL 
simultaneously  produce ;  that  is,  / 

A  C  :  AB  :  :  An  :  Ar, 
the  resultant  of   therefore  DCia  parallel  to  rn;  and  A  D  must  be  the  diag- 

foreera ^^ uedto  ^^^^  ^^  *^®  parallelogram  constructed  upon  the  lines  Ji  £ 
a  point:  and  ^  (7  as  sides.     Whence,  tixe  resuUant  of  any  two  fom^* 

applied  to  the  sainepointj  is  represented,  in  jnagnitude  and  dire> 
tiorij  by  the  diagonal  of  a  parallelogram,  constructed  upon  iht 
lines  which  represent,  in  inten^ty  and  direction,  the  ivco  forcf^. 
It  must  not  be  forgotten  that  a  force  is,  in  geometrical  in- 
vestigations of  mechanics,  always  represented  by  a  portion 
of  its  line  of  directioti,  containing  as  many  linear  units  as 
there  are  pounds  in  the  intensity  of  the  force.  It  is  plain, 
forces  combined  therefore,  that  forces  may  be  combined  by  the  same  jxi^ 
as  velocities ;  and  this  is  confirmed  by  experiment.  If,  f«  -r 
example,  we  attach  to  a  cord  AGB^  fixed  at  its  two  end?. 
a  weight  jB  =  fifteen  pounds,  it  is  easy,  by  a  balance- 
spring,  to  measure  the 
efforts  exerted  in  the 
directions  G  A  and 
C  B.  Laying  off  up- 
on the  vertical  through 
(7,  and  from  the  point 
CJ  a  distance  C  B 
equal  to  15  inches, 
and  completing  the 
parallelogram  by  draw- 
ing B  a  and  B  h  paral- 
lel respectively  to  GB 
and  (7-4,  we  shall  find 
the  number  of  inches 
in  (7  a  and  (76  to  be 

the  same  as  the  number  of  pounds  indicated  by  the  bal- 
ances A  and  R 


Iflg.  89. 


experimental 
illustmtion  of  the 
parallelogram 
of  forces. 


§  109. — By  the  same  principle  that  two  forces,  applied 
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Ill 


Fig.  40. 


to  tlie  same  point,  may,  without  change  of  effect,  be  re-  RetoiatioD  of  a 
placed  by  a  single  one,  may  a  single  force  be  replaced  by  0^^,.*°*^* 
two  others,  acting  in  given  directions.    Let  a  given  force, 
applied    to    the    point    0,    be 
represented  in  direction  and  in- 
tensity by  the  line  Or:  its  com- 
ponents,  in  any  two   assumed 
directions,  as  0  J.  and  0  B,  are 
thus  found.    Through  the  point 
r,  the  extremity  of  0  r,  draw 
r  m    and  r  n    parallel,    respec- 
tively, to  0  -B  and  0  A  ;   the 
portions  Om  and  On  will  repre- 
sent the  components  required. 

Make  Om  =  P;   On  =   Q;    Or  =  B;  the  angle  tiigonomotricai 
AOB  =^  (p  =  rnB=  180°  -  rn  0.    Then,  in  the  tri-  ~**"*^^^'  ., 

'  resultant  to  Its 

angle  Orn^  because  Om  =^  rn  ^=  P^  we  shall  have  twocomponenta. 


or 


R    =    y/P^+   (^  +  2PQ    cos  9         .      (81);     viaaeofn»ilt»it; 


and  because  the  angle  0 rn  is  equal  to  the  angle  r  Om^ 
and  sin  rn  0  =  sin  A  OB,  we  also  have,  from  the  same 
triangle. 


whence, 


R   z    Q    : :    sin  9    :    sin  rOm, 
R   I    P   ::    sin  9    :    sin  r  On/ 


sin  r  Om 

= 

Q 

sin 
R 

1 

sin 

r  On 

P 

sin 

1 

fQa\        '^  inclinaUon  to 
•-    .      .      •      \p^)'       Its  compononta. 


B 


§  110. — ^We  have  heretofore  supposed  the  resistance 
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when  the 
resistance  is  not 
immediately 
opposed  to  the 
force; 


Fig.  41. 


Quantity  of  work  immediately  opposed  to  the  force  destined  to  oveicontt 
it.  Let  us  now  consider  the  case  in  which  the  reaistance 
is  exerted  in  any  line  of  direction  other  than  that  of  the 
force,  and  in  which  the  point  of  application  of  the  force 
can  only  move  along  the  line  of  direction  of  the  resistance. 

Let,     for     example, 
A  R  represent  a  force 
applied  to  the  point  -4, 
which  can   only  move 
in    the   direction   AB, 
Decompose    this    force, 
which    denote    by    i2, 
into    two    components 
P  and  Q  —  the  first  per- 
pendicular to  J.  -B,  and 
the  other  in  the  direc- 
tion of  that  line,  and, 
consequently,     immedi- 
ately opposed  to  the  resistance  that  may  be  overcome. 
Since  the  point  J.  cannot  yield  in  a  direction  perpendicular 
to  A  B,  the  component  P  can  only  tend  to  press  it,  without 
producing  any  work.     The  component  Q^  is  immediately 
opposed  to  the  resistance,  and,  if  ^4.  a  be  the  small  path 
described   by   the  point  of   application  J.,  the   product 
Q  X  Aa^  will  measure  the  elementary  quantity  of  work 
necessary  to  overcome  the  elementary  quantity  of  resist- 
ance over  the  same  path ;  such  will  be  the  measure  of 
the  effective  quantity  of  work  of  the  force  R, 

Draw  from  the  point  a,  a  r  perpendicular  to  A  R; 
A  T  will  obviously  be  the  length  of  path  described  by 
A  in  the  direction  of  the  force  i2,  and  we  shall  have, 
from  the  triangles  A  ar  and  A  Q  R^  which  .  are  similar, 
having  a  common  angle  A^  and  each  a  right  angle, 


equal  to  the 

product  of  the 

force  into  the         whcnCC, 

path,  estimated  in 

direction  of  force. 


A  a    :    Ar    :  :    R    :     Q ; 


Aa   X    Q  =   Ar   X    R    .    .    .    (83); 
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whicli  shows  that  ^  quantity  of  work  of  a  force^  not 
vrnrnediaMly  opposed  to  a  remixmce,  is  equal  to  the  product 
of  the  force  into  the  length  of  path  described  hy  its  point  of 
applicaiion,  estimated  in  the  direction  of  the  force. 


Tig.  42. 


§  111. — ^When  a  heavy  body  Otumtityof  woiic 

is  compeUed  to  move  upon  the  tZmt^l^ 

curve   ABC,   the    elementary  vi^  j.«  »ourv»; 

quantity  of  work  expended  by 
its  weight  W,  in  causing  it  to 
describe  the  elementary  path 
B  C,  iBj  from  what  has  just 
been  shown,  equal  to  the  prod- 
uct "RT  X  J'c',  estimated  upon 
the  vertical  line  A  D\  It  is 
also  the  measure  of  the  quan- 
tity  of  work  expended  in  the 
direction  of  the  curve.  Add- 
ing together  all  the  elementary 
quantities  of  work  by  which 
the  body  is  made  to  describe 

the  whole  curVe,  it  is  plain  that  the  sum,  or  the  whole 
quantity  of  work  expended  by  the  weight,  must  be  equal 
to  the  weight  multiplied  into  the  sum  of  the  elementary 
paths  V  c',  which  make  up  the  whole  height  AD*  ^  H; 
or  to   W  X  H.    This  is  also  the  measure  of  the  quan- 
tity of  work  performed  by  the  component  of  the  weight, 
which  acts  in  the  direction  of  the  motion,   along  the  uieaameasthat 
curve.    But,  from  §  87,  the  double  of  this  last  quantity  ^nhlwe'ijrwto"* 
is  equal  to  the  living  force  of  the  body ;  that  is  to  say,  direetioii  or 
to  the  product 


~-\j> 


eurre. 


9 


X   F«; 


in  which  V  denotes  the  velocity  of  the  body  in  the  direc- 
tion of  the  curve,  at  the  instant  the  work  terminates; 
whence 


8 
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Tlie  Tdodty 
depends  upon 
tbe  lieishc  and 
not  OB  ttw  psUi 
(toacribed. 


or 


2  WH  .-=  J?.  V\ 

a 


that  is  to  say,  the  velocity  acquired  by  a  body  in  moving 
down  a  curve,  under  the  action  of  its  own  weighty  is  the 
same  as  though  the  body  had  &llen  vertically  through 
the  same  height.  And  we  see,  from  this  investigation, 
that  the  quantity  of  work  which  a  motor  must  expend, 
in  elevating  a  weight  along  any  inclined  sur&ce,  is 
always  measured  by  the  product  of  the  weight  of  the 
body,  into  the  vertical  height  to  which  it  is  raised. 


point; 


Kg.  48. 


Bementwy  §  112. — ^It  has  just  bccu  showu,  §  110,  that  the  ele- 

oftwo toreeT"*  mcutary  quantity  of  work  of  a  force,  of  which  the  point 
appuedtoa  of  application  is  moved  in  a  direction  different  from  that 
of  the  force,  is  measured  either  by  the  product  of  this 
force  into  the  length  of  the  path  described,  estimated  in 
the  direction  of  the  force,  or  by  the  product  of  the  real 
path  into  that  one  of  the  two  rectangular  components 
of  the  force,  which  acts  in  the  direction  of  the  motion; 
and  it  must  here  be  re- 
marked, that  this  component 
is  nothing  more  nor  less 
than  the  projection  of  the 
force  on  the  direction  of 
the  motion.  Accordingly, 
let  us  consider  two  forces, 
P  and  Qj  applied  to  the 
point  J.,  R  their  resultant, 
and  a  A  the  small  path  de- 
scribed by  the  point  of  ap- 
plication.   Let  fall  from  the 


points  Q^  P,  and  iZ,  the  perpendiculars  Q  Q',  B  i?',  and 


when  the 
projections  of 
components  (Idl 

on  opposite  sides  P  P',  upon  A  a  produccd ;    the  projection  of  the  force 
ofi«intof         p  wiU  be  ^P',  that  of  Q,  A  q,  and  that  of  the  resul- 

application;  '  x»j         t»  » 

tant  R,AR 
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Now, 


AB!  ^  AP'  —  RP\ 


but  A  Q  and  B  P,  being  equal  and  parallel,  their  projec- 
tions A  Q'  and  B'  P'  upon  the  same  line,  are  equal,  and 
hence 

AB'  =  AP'  —  AQ/ 


and  multiplying  both  members  bj  the  path  A  a,  we  have  workofrwuitaat 

equal  to 
diflJerenoeof 

AB'   X  Aa  =  AP'   x   A  a  —  AQ'   x   A  a;     work  of 

components; 

the  first  member  is  the  elementary  quantity  of  work  of 
the  resultant  B,  the  first  term  of  the  second  member 
is  the  elementary  quantity  of  work  of  the  component  P, 
and  the  last  term,  the  elementary  quantity  of  work  of 
the  component  Q.  And  it  must  be  remarked  that  the 
component  A  P'  acts  in  the  direction  of  the  motion,  while 
the  component  A  Q'  acts  in  the  opposite  direction ;  so 
that  the  effective  quantity  of  work  of  these  components, 
which  is  the  same  as  that  of  the  components  P  and  Q, 
§  110,  is  equal  to  the  difference  of  the  quantities  of  work 
taken  separately. 


Had  the  motion  taken 
place  so  as  to  cause  the 
projections  of  the  points 
^  and  P  to  faU  on  the 
same  side  of  the  point  A, 
a  httle  consideration  will 
show  that  the  last  equa- 
tion would  become 


FSg.  44. 


when  the 
projections  fldl 
on  Bsme  side ; 


AB  X  Aa  =  AP'  x  Aa  +  AQ  x  Aa, 

the  work  of 

and  that  the  effective  quantity  of  action  of  the  compo-  J^^^^  ** 
nents  A  P'  and  A  Q',  would  be  the  sum  of  the  quantities  components. 


116 


KATUBAL    PHILOSOPHY. 


taken  sepaxatelj,  and  the  equation  may  be  written,  gen* 
erally, 

AR  X  Aa  ^  AP'  y,Aa±^AQ  x  Aa.  .(S4). 

The  work  of  Hence,  ^  elementary  quantity  of  work  of  the  resuUxmt 

the aigebnac       ^f  ^^^  foToes^^  applied  to  a  point,  is  equal  to  the  algebraic 
•urn  of  the  work  SUM  of  the  quantities  of  work  of  the  two  components. 

Wlien  the  projection  of  a  force  falls  on  the  same  side 
of  the  point  of  application  as  the  path  described,  and  we 
give  the  corresponding  elementary  quantity  of  work  the 
positive  sign,  then  when  it  falls  on  the  opposite  side,  the 
work  must  have  the  negative  sign. 


of  its 
componentt. 


Motion  about  a 
flzed  point. 


Fig.  46. 


§  lis. — ^The  small  space  A  a>  may  be  described  in 
different  ways.     If  we  suppose,  for  example,  that  the 
point  of  application  ^  is  on  an  axle  A  0,  which  turns 
horizontally  about  some  point  0,  taken  arbitrarily  in  the 
plane  of  ite  motion,  as  in  the  case  of  a  bark  or  mortar 
mill,  the  path  A  a  becomes  the 
small  arc  of  a  circle,  which  we 
may  regard  as  a  small  right  line 
perpendicular   to  J.  0.     From 
the  point  a,  let  &11  the  perpen- 
diculars a  6,  ad,  and  a  c,  upon 
the    directions    of    the    forces 
Pf  Q,   and    their    resultant  B; 
then  will  the  elementary  quan- 
tities   of   work    due    to    these 
forces  be  respectively  P  x  Ab, 
Q  X  Ad,  sndB  X  A  c;  and  from  §  112. 

B  X  Ac  =z  P  X  Ab  ±C  X  Ad. 

From  the  point  0,  about  which  the  motion  takes 
place,  let  fall  the  perpendiculars  Op,  Oq,  and  Or,  upon 
the  directions  of  the  forces  P,  Q,  and  B,  respectively ; 
the  triangles  A  Op  and  Aab  are  similar,  since  each  hus 
a  right  angle,  and  the  angle  A  0  p,  of  the  first,  is  equal 
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to  the  angle  a  Ab  of  the  second,  tlie  sides  A  0  and  Op 
being,  respectively,  perpendicular  to  the  sides  A  a  and 
A  b;  hence, 

Ab:  Aa   : :    Op   :   A  0; 
whence, 

Ab  ^  Opx  -j^] 

and,  in  like  manner,  from  the  similar  triangles  Ada  and 
O  -4  J,  we  have 

Ad=  Oq.  j^; 

and  from  the  similar  triangles  A  ea  and  A  Or, 

Aa 


,     Ac  =  Or  X 


AO 


these  values,  substituted  in  the  above  equation,  give, 
after  omitting  the  common  factors,  and  making  Or  =  r, 
Oq  =  q,  and  Op  =  p, 

Br  =  Pxp±  QXq.    .    .    (85). 

The  effective  quantity  of  work  which  a  force  is  capable  Moment  or » 
of  performing,  while  its  point  of  application  is  constrained  '*'"'' 
to  describe  an  elementary  path  A  a,  about  a  fixed  centre 
Of  is  called  the  momerU  of  the  force ;  the  fixed  point  0 
is  called  the  centre  of  moTnents ;  and  the  perpendiculars  the  centre  of 
jp,  q,  and  r,  the  hver  arms  of  the  forces  P,   Q,  and  jB,  JJ^™^. 
respectively. 

The  elementary  quantities  of  work  performed  by  the 

forces  P,  Qj  and  R^  during  the  description  of  the  path 

A  a,  are  measured  by  the  products  Pp,  Q  j,  and  R  r, 

Aa 
multiplied  each  by  the  constant  ratio  -r-jr;  and  if  this 
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the  relative 
measure  of  a 
moment ; 


the  moment  of 
the  resultant  of 
two  forces. 


When  the  forces 
are  not  applied  to 
Che  same  point ; 


FSg.  4A. 


the  moment  of 
the  resultant  ia 
stiU  equal  to  the 
algebraic  sum  of 
the  moments  of 
Ihe  components. 


coBslant  ratio  be  omitted,  these  products  may  be  tak^i 
as  the  relative  measures  of  the  elementary  quantities  of 
work.  Hence,  the  relative  measure  of  a  moment^  is  th^ 
product  of  the  intensity  of  the  force  into  its  lever  arm ;  and 
from  Eq.  (35)  we  see  that  the  momeTU  of  the  resultant 
of  two  forces,  applied  to  a  pointy  is  eqwai  to  the  algAraic  sum 
of  the  Tnoments  of  the  components, 

§  114. — ^In  what  precedes,  the  two  forces,  P  and  Q^ 
have  been  supposed  to  be  applied  to  the  same  point ;  if  they 
be  applied  to  diifferent  points 
G  and  jB,  it  is  evident  that  we 
may  suppose  two  rigid  bars, 
C  A  and  B  A^  to  be  firmly 
attached  to  the  body,  and  to 
coincide  in  direction  with  the 
given  forces.  These  bars,  if 
the  forces  act  in  the  same 
plane,  will  meet  at  the  point 
A,  and  the  latter  thus  becom- 
ing invariably  connected  with 
the  body,  may  be  taken  as  the 

common  point  of  application,  without  changing  the  effect 
of  the  forces.  The  resultant  A  R  will  be  obtained  by 
means  of  the  diagonal  of  the  parallelogram  APBQ,  and 
the  point  D,  where  it  meets  the  surface,  may  be  taken 
as  its  point  of  application.  If,  now,  the  body  be  con- 
strained to  move  around  any  pointy  as  0,  the  common 
point  of  application  A,  will  describe  the  small  arc  of  a 
circle,  which  may  be  regaxded  as  a  smaU  right  line,  to 
be  projected  on  the  directions  of  the  forces,  as  in  the  last 
article ;  and  the  same  reasoning  will  show  us,  that  in  this 
case  also,  the  moment  of  the  resultant  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  components. 


§  115. — ^The  relations  which  have  just  been  established 
between  the  quantities  of  work,  and  between  the  mo- 
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ments  of  forces  a&d  of  their  resultant,  will  always  obtain  These  reimtiont 
wherever  the  point  0  be  taken,  since  its  selection  was  ^hererottta 
entirely  arbitrary ;  but  these  relations  were  obtained  by  ««^  ^ 
considering  the  motion  of    the  point,   common  to  the  |^^. 
directions  of  the  forces,  this  point  being  assumed  as  their 
common  point  of  application.     To  show  that  they  are 
equally  true  in  regard  to  the  motion  of  the  true  points  of 
application  B^  (7,  and  i?,  see  the  last  figure,  we  have  only 
to  remark  that  the  measure  of  the  moment  depends  alone 
upon  the  intensity  of  the  force,  and  the  length  of  the 
perpendicular  drawn  from  the  centre  of  moments  to  its 
line  of  direction,  and  is  wholly  independent  of  the  posi- 
tion of  the  point  of  application.    The  moment  of  the  orwherarerthe 
force  P,  for  example,  will  be  the  same  whether  it  be  sup-  J***^^',,^, 
posed  applied  at  A,  or  at  the  point  jB,  where  its  direction 
meets  the  surface  of  the  body.    The  theorem  of  moments 
win  be  true,  therefore,  when  the  forces  P  and  Q  are  not 
applied  to  the  same  point. 


§  116. — ^If  it  be  shown  that  the  quantity  of  work  of  Extension  oith« 
a  force  is  the  same,  whatever  point  be  taken  on  its  line""*®'!^**'****^ 

'  ^  quantitj  of  works 

of  direction  as  the  point  of  application,  it  is  obvious 
that  the  theorem  of  the  quantity  of  work,  estimated 
by  the  motion  of  the  common  point  of  union  of  two 
forces  and  their  resultant,  will  be  equally  true  of  all 
cases  in  which  the  quantities  of  work  of  these  forces  are 
computed  in  reference  to  the  motion  of  their  respective 
points  of  application.  Three  cases  may  arise,  according  work  etumated 
as  the  body  has  a  motion  of  rotation,  of  translation,  or  .pJJJ^S^n  on*^ 
of  both  combined. 
First  case.  The 
body  and  the  di- 
rection A  P,  of 
the  force  P,  being 
supposed  to  have 
a  motion  of  rota- 
tion about  the  point  0,  any  two  points,  as  A  and  B  of  the 


lineof  direetton; 


Fig.  47. 


'    Flnt— In  moUom 
of  rotation; 
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line  A  P,  will  de- 
scribe arcs  which 

Fig.  47. 

^Jf 

are  proportional  to 
their  distance,  OA 

2^-^^ 

\ 

and  OjB,  from  0; 
and  we  nhall  have 

Aa 
AO 

Bb 

~    0B> 

• 

Seeond— In 
motion  of 
Inuitlation ; 


but  the  quantity  of  work  of  the  force  P,  estimated  by  the 
motion  of  its  point  of  application  supposed  at  A^  will 
have,  §  113,  for  its  measure, 

PxOpX-^i 

or  estimated  by  the  motion  of  its  point  of  applicatioo, 
supposed  at  i?,  will  be  measured  by 

PxOpx-§^. 

Hence,  the  quantities  of  work  are  equal,  being  measured 
by  the  product  of  the  intensity  P,  the  length  of  the  per- 
pendicular Op,  and  the  equal  fectors  75-7,    and  75-^. 

Second  case.  If  the 
body  only  have  a 
motion  of  translation, 
any  two  points  of  ap- 
plication, as  A  and 
jB,  will  describe  the 
equal    and    parallel 

paths  A  a  and  B  J,  which  will  be  projected  upon  the 
direction  A  P,  in  the  equal  paths  A  a'  and  Bb' ;  and  the 
quantities  of  work  in  the  two  cases  being  P  X  Aa'  and 
P  X  Bb',  are  equal  to  each  other. 

Third  case.     Suppose  the  line  of  direction  A  P  of  the 


Fig.  4a 


f 
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force  -P,  to  take  the  position  Ai  By^  in  virtue  of  the  com-  Third—when  the 
bined  motion  of  rotation  and  translation,  and  the  points  ^^^J^**^,!  ^f 
A  and  ^  to  be  transferred  to  the  positions  a  and  6.     This  rotauon 
motion  of  the  points  A  and  B  tokj  be  regarded  as  resolved  **"*       ' 
into  a  motion  of  rotation  around  the  point  0,  the  centre 
of  a  circle,  tangent 

to  the  two  positions  Fig.  49. 

of  the  line  of  direc-  * 

tion,  supposed  in- 
definitely  near  each 
other,  and  of  trans- 
lation along  the  sec- 
ond position  of  this 
line.  By  the  first, 
the  points  A  and  B 
are  carried  in  the 
arcs  of  circles  to  Ax 
and  Bi,  and  by  the 

second,  from  these  latter  positions  to  a  and  6,  thus  making 
A  a  and  Bh  the  actual  paths  described.  Projecting  these 
latter  paths  on  the  primitive  direction  of  the  force  by  the 
perpendiculars  a  a'  and  h  b\  we  shall  have  for  the  quan- 
tities of  work,  considered  in  reference  to  the  motion  of  the 
points  A  and  B,  Px  Aa'  and  P  X  Bb',  respectively. 

But  by  projecting  the  points  Ai  and  Bi  on  the  primitive 
direction,  by  the  perpendiculars  Ai  A^  and  B^  B^y  we  have 

Aa'  =  A{a'  -  A{A, 
BV  -  B'V  -  Bx'B; 

multiplying  each  equation  by  P, 

P  X  Aa'  =  P  X  Ai' a'  -  P  X  A^' A, 
PX  Bhf  ^  PX  Bt!V  -  Px  B^B.   . 

■ 

Now  P  X  A^  a',  and  P  X  jB,'  6',  are  the  quantities  of 
work,  on  the  supposition  of  a  simple  motion  of  translation 
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alone,  in  thd  diiecr 
tion  Ai  Bi,  and  th^ae 
have  been  shown, 
in  the  second  case^  to 
be  equal ;  whence, 

ill' a'  =  -Bi'^- 

no  matter  when    The  pioductS 

the  points  of 

application  be  P  X  A^  A. 

taken  on  the 

lines  of  direction;        j 


F^49. 


measure  the  quantities  of  work  due  to  the  motion  of  A 
and  -B,  on  the  supposition  of  a  simple  motion  of  rotation 
about  0,  which  have  been  diown  to  be  equal,  in  the^5< 
case;  whence, 


A^A  f=  mBi 


and  consequently, 


PxAa'^Px  Bh^. 

the  work  of  the  Thus,  the  relation  given  iu  §  112,  between  the  quantity 
""^*^''^*®^^  of  work  of  the  resultant  of  two  forces,  and  the  total  quan- 

to  the  algebraic  ' 

sum  of  the  tities  of  work  of  the  components,  subsists  m  all  caaes^ 
*"*k"*f  oi^'  whatever  be  the  points  of  apphcation,  and  whatever  be 
components.       the  uaturc  of  the  motion. 


§  117.— Eesuming  Eq.  (85), 

Br  =^  Pp  ±   Qq^ 

When  the  in  which  r,  p,  and  ;,  denote  the  lengths  of  the  let?er  arm 

'^°!I"M*^"^  of  the  resultant  B  and  of  the  two  components  P  and  ft 

or  when  its  line  *  *' 

of  direction        wc  scc  that  the  momcut  Br,  of  the  resultant,  can  only 
^^^^^  *  reduce  to  zero  when  the  moments  of  the  components  P 
and  Q  are  equal  and  have  contrary  signs.    But  the  prod- 


flxed  point, 
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uct  H  r,  becomes  nothing,  either  when  JS  =  0,  or  r  =  0.  tiierewinM 
la  the  first  case,  the  resultant  is  nothing,  and  there  will  •^'*"*'*'*™^ 
be  an  eqxdlibrium  independently  of  all  other  considera- 
tions. In  the  second  case,  the  perpendicular  r,  which 
measures  the  distance  of  the  line  of  direction  of  the 
resultant  from  the  centre  of  moments,  being  nothing, 
indicates  that  the  r^ultant  passes  through  the  fixed  point. 
Again,  the  equality  of  the  moments  of  the  components, 
necessarily  implies  an  equality  in  the  quantity  of  work 
performed  by  each,  and  these  quantities,  having  diflferent 
signs,  destroy  each  other ;  hence,  there  will  be  an  equi- 
librium about  a  fixed  point,  when  the  resultant  of  the  forces 
which  act  upon  the  body,  passes  through  this  fixed  point. 


V 


^ 


V. 


OF    FOBCBS  WHOSE    DIBSOTIONS   ABE  PARALLEL. 


§  118. — ^It  has  been  shown  of  two  forces  whose  direc-  Theorem  or  tho 


tions  intersect :  1st,  that  the  line 
of  direction  of  the  resultant^  will 
intersect  those  of  the  compo- 
nents in  the  same  point;    2d, 
that  the  moment  of  the  resul- 
tant is  equal  to  the  sum  or  dif- 
ference of  the  moments  of  the 
components,   according  as  the 
components    tend  to  turn  the 
body  upon  which  they  act,  in 
the  same  or  in  opposite  directions 
about  the  centre  of  moments. 
Now,   these    properties,   being 
entirely  indq)endent  of  the  po- 
sition of  the  point  of  meeting 
0,  and  of  its  distance  from  the 
body  or  centre  of  moments,  will  not  cease  to  be  true  when 


quantity  of  work, 
andoftbe 
momenta  equally 
trne,  wbeo  IIm 
foNetare 
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the  point  0  is  so  far  removed  as  to  make  the  directioDS 
of  the  forces  sensibly  parallel :  whence  we  must  conclude, 
that  the  line  of  direction  of  the  resultant  of  two  paralltl 
forces  is  in  the  plane  of  the  forces,  is  parallel  to  the  direc^ 
tion  of  the  forces,  and  that  the  moment  of  the  resultant, 
taken  in  reference  to  any  point  in  the  plane  of  the  forces. 
is  equal  to  the  sum  or  difference  of  the  moments  of  the 
components,  according  bs  they  tend  to  turn  the  system  in 
the  same  or  opposite  directions  about  the  centre  of  mo- 
ments. 


Fig.  5L 


Resuming  Eq.  (31),  and  re- 
volving the  directions  of  the 
forces  P  and  Q  about  their 
points  of  application  A  and  B 
till  they  become  parallel,  and 
the  forces  act  in  the  same  direc- 
tion, the  angle  <p  will  become 
zero,  and  we  shall  have 


. 

i 

I    J* 

1 

> 

\ 

4 

1 

§ 

c 

1 

• 
% 

#• 

• 

Value  or 
resultant  when 
the  oomponenta 
act  in  aame 
direction; 


J2=  VP»  +  Q^  +  2PQ  '^  P+Q. 


Again,  revolving  the  directions 
as  before,  till  they  become  par- 
allel and  the  forces  act  in  op- 
posite directions,  the  angle  9 
will  equal  180°,  and  Eq.  (81) 
reduces  to 


Fig.  62. 
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Ji=  ^^P»+  (JP-2PQ  =  P-  Q; 


value  of  resultant 
when  componeDtB 
act  in  opposite 


whence  we  conclude,  that  the  intensity  of  the  restdtant  of  **^'^*^"» 
two  parallel  components,  is  equal  to  the  sum  or  difference  of  mis; 
the  intensities  of  the  components  according  as  these  latter  act 
iji  the  same  or  in  opposite  directions. 

Now,  resuming  Eqs.  (32),  and  changing  the  notation  to 
suit  the  first  figure  in  §  118,  we  have 

T>n  A  (?  sin  9 

sm  BOA  =  -=         ^, 

Jti 


tin  BOB  = 


P  sin  y 
B 


in  which,  if  we  make  <p  =  0,  or  180®,  we  obtain 

sin  jBOii    =   0, 
sin  BOB   =   0; 

that  is  to  sajj  the  angle  which  the  direction  of  the  result-  uie  direcuon  of 
ant  of  two  parallel  forces  makes  with  the  directions  of  the  ^^  ^mma  ^ 
components,  is  nothing;  in  other  words,  the  direction  of  the  components, is 
resultant  of  the  parallel  forces  is  parallel  to  thai  of  the  com-  j^e  oomponents. 
ponents^  which  is  a  confirmation  of  what  loe  said  above. 


%  119. — Passing  thus  to  the 
limits  of  the  case  in  which  the 
directions  of  two  forces  P  and 
Qj  applied  at  the  points  A  and 
B  of  any  body,  meet  in  a 
point ;  assume  any  point  as  K^ 
in  the  plane  of  the  forces,  and 
let  fall  the  perpendiculars  fa, 
Kh,  Denote  by  iJ,  the  in- 
tensity of  the  resultant,  sup- 
posed to  act  along  the  line  Be 


The  theorem  of 
moments  true  of 
parallel  forces. 
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then,  from  the  prmoiple  of  momentB,  will 

B  X  Ke  =  P  X  ^a  ±  QxKh; 


Relation  of 
resultant  to  its 
two  parallel 
eomponents ; 


the  upper  or  lower  sign 
being  taken,  according  as 
the  forces  tend  to  turn  the 
body  in  the  same  or  op- 
posite directions  about  the 
point  K. 

Beplacing  jB  by  its 
value  P  dt  Q^  the  above 
becomes 


bx el 


(PdtQ)Kc  =  PxKa±:  QX  Kb; 


which,  by  an  obvious  reduction,  becomes 


P  {Kc  -  Ka)  =  g(±  iTJ  :p  Kc)\ 


but 


Ke  —  Ka  = 


ca; 


dbKb::pKc  ^:h  bc; 


whence 


P  X  ac  =  ±  Q  X  bcj 


or 


P   :    Q    ::    bc    :    ac; 


the  distance  of  that  is  to  say,  the  line  of  direction  of  the  resultant,  divides 
fr^'f^ui^r"*  *^®  perpendicular  distance  between  the  lines  of  direction 
proportional  to    of  the  compoucnts,  iuto  parts  which  are  reciprocally  pro- 

the  other  . .         t  x     aT_     /» 

cmpooMt        portional  to  the  forces. 
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§  120.— Let  the  parallel 
foFOis  P  and  Q,  be  applied 
to  the  points  A  and  B,  Join 
A  and  jS  b j  a  straight  line, 
and  draw  Ba*  parallel  to  &a, 
then  will 


Be'  =s  be;       &a'  =  ca; 

and  because  C&  is  parallel  to  A  a\  the  triangles  B&O  and 
Ba'A^  give  the  proportion, 


Be'    :    da'   \:    BO   :    OA, 


whence 


Q      ::    BO   :    AO; 


that  is  to  say,  Ae  line  of  di* 
rection  of  ike  resultant  of  any 
two  parallel  components j  di* 
vides  the  line  joining  their 

9 

paints  of  application  into 
parts  which  are  reciprocally 
proportional  to  the  intensities 
of  the  components. 

The   above  proportion 
^ves  by  composition, 


Kg.  5& 


Bids  for  potltloB 
yi         orrttwiltut; 


P±  Q    :    P    ::    BO±AO   :    BO, 


P±  Q    '.    Q    ::    BO±AC   :    AO; 
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or,  replacing  P  ±  ^  by  i^  and  BC:^  AOhj  the  wliofe 
line  BA, 

B    :    P    ::    AB    :    BO, 
B    :    Q    II    AB   I    AG; 


reuuoa  of         that  is  to  say,  the  resultant  of  two  parallel  components  is  fc 
TOmponent.^    *'  either  component,  as  the  length  of  the  straight  Une  joining  tht 

points  of  applicaJtion  of  the  components,  is  to  the  portion  of  Ait 
line  between  the  point  in  which  it  is  cut  by  the  direction  ^  the 
resultant,  and  the  point  of  application  of  the  other  oomph 
nent 


Moments  of      /     §  121. — ^Whcn  two  foroes  are  parallel,  their  moments 

parallel  foroes  liv'  x11_a1  •/•  x  -xT-xi* 

iraference  to  «n/  "^7  ^^*  ^^v  *^  taken  m  reference  to  a  pomt,  but  also  m 
reference  to  a  right  line,  supposed  fixed.  Thus,  suppose 
the  forces  P,  Q,  and 


axis; 


/ 


Kg.  56. 


their  resultant  B,  to 
act  along  the  parallel 
lines  AP,  BQ,  and 
OB,  respectively. 
Assume  any  line,  as 
ML,  at  pleasure ; 
conceive  a  plane 
drawn  through  this 
line  and  perpendicu- 
lar to  the  plane  of 
the  forces,  and  let 
KL'  be  the  intersec- 
tion of  these  planes.  From  the  point  JEJ  draw  KL"  pe^ 
pendicular  to  the  direction  of  the  forces ;  then,  regarding 
Komoiiu  referred  K  as  the  Centre  of  moments,  will 

to  a  centre ; 


whence 


B  X  KO'  =  P  X  KA'  +  Qx  KB'- 
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KA'       ^      KB' 

But  firom  the  siinilar  triangles,  KA*  A^    KB'  B^    and 
KC*  (7,  we^have 

KA'         KA 


KG'  KG* 

KB'  _    KB 
KG'  ~    KG' 

which,  substituted  in  the  above  equation,  gives,  on  clear- 
ing  fractions, 

B  X  KG  =  Px  KA  +  Qx  KB.  .  .  (86). 
Dividing  both  members  hj  B  x  KG, 


1    =    ^X^  +  ^X^ 
^         R  ^  KC^  R^  KG' 


From  the  points  -4.,  -B,  and  OJ  draw  the  lines  Aa^  Bbj 

and  Cc,  perpendicular  to  the  line  KL.    Also,  resolve  foroat  replace* 

each  of  the  forces  P,  Q,  and  JB,  supposed  applied  at  A,  B,  ^,^^t,. 

C,  respectively,  into  two  components,  one  parallel,  and  the 

other  perpendicular,  to  the  line  KL;  and  let  AP^'jB  Q'\ 

and  CR'  be  the  former,  and  AP\  BQ',  and  CR',  the 

latter  of  these  components. 

In  the  similar  triangles  P -4  P',  ROR',  and  QBQ\ 
we  have,  denoting  the  components  A  P'^  CR\  and  BQ\ 
by  P\  R\  and  Q'^  respectively, 


R  R 


n 


^  -  «1. 

B    ~    B" 
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and  from  the  similar  triangles  KA  a,  KCc^  and  KBh^ 


KA 
KG 

KB 

KG 


Ad 

Bh 
Gc  ' 


which  values,  substituted  in  the  foregoing  equation,  give, 
after  clearing  the  fractions, 


moments  of 
components 
perpendicular  to 
the  axis; 


R'  X  Cc  =  P'  X  Aa  +  Q'  -K  Bb 


(37> 


Fig.  68. 


1t-l 


momenta  of  the 

parallel 

componenta; 


The  eflfective  quan- 
tity of  work  per- 
formed by  each  of 
the  forces  P,  Q^  and 
i2,  may  be  replaced 
by  the  algebraic  sum 
of  the  quantitiei|  of 
work  performed  by 
its  components ;  but 
the  effective  quanti- 
ties of  work  of  the 

components  which  are  parallel  to  the  line  KL^  will  be  zero, 
since  the  points  of  application  are  constrained  to  move  in 
planes  at  right  angles  to  this  fixed  line,  and  hence  the  terms 
in  Eq.  (37)  will,  for  reasons  explained  in  §  113,  be  the 
measures  of  the  relative  quantities  of  work  of  the  forces  P, 
Q,  and  i?,  being  the  products  of  the  remaining  components 
into  the  perpendicular  distances  of  their  respective  lines 
of  direction  from  points  on  the  line  KL, 

The  moment  of  a  force  in  r^erence  to  a  line,  is  the  effec- 
foroe  in  reference  ^iye  quantity  of  work  which  the  force  is  capable  of  per- 
deflned;  forming  while  its  point  of  application  is  constrained  to 

describe  an  elementary  path  about  this  line,  considered  as 
fixed ;  and  its  relative  measure  is,  the  product  of  the  com- 
ponent at  right  angles  to  the  line,  (the  other  being  parallel 


moment  of  a 
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to  it,)  into  the  shortest  distance  from  the  fixed  line  to  that 
of  the  direction  of  the  force. 

The  fixed  line  is  called  the  axis  of  momeTits,  th©  uts  of 

moniQiitB. 

§  122.— Dividing  Eq.  (36)  by  K  (7,  we  find 

~        KG  "^  ^'TC' 

and  substituting  the  values  of 

KA  KB 

KC  ^""^  TO' 

as  given  on  the  opposife  P^^i  we  find,  after  clearing 
the  fraction, 

R  X   Cc  =^  P  X  Aa  +  Q  X  Bh; 


from  which  we  see,  that  the  product  of  the  resultant  of  two  Beiation  oruie 
parallel  forces  into  the  perpendicular  distance  of  its  point  '**"*■  *®  ^^ 

^  .  .  distances  of  their 

of  application  firom  any  given  straight  line,  is  equal  to  the  points  of 
sura  of  the  products  of  the  forces  into  the  perpendicular  ^^f"®*"®"*!^" 

*       ^  x-     x-  a  line,  snd  plane. 

distances  of  their  respective  points  of  application  from  the 
same  line.  It  is  easy  to  see  that  the  same  is  equally  true 
of  any  plane,  since  we  have  but  to  project  the  line  joining 
the  points  of  application  of  the  forces  upon  the  assumed 
plane,  and  take  this  projection  as  the  axis  of  moments. 

§  128. — ^Now  let  us  suppose  any  number  of  parallel 
forces — for  instance,  five.    Find  the  resultant  of  any  two  Resultant  of  aaj 
of  them;  compound  this  resultant  with  the  third  force,  ^"™J>«fo' 

'  ^  '  parallel  forces; 

and  the  resultant  of  the  first  three  with  the  fourth,  and 

80  on.    The  final  resultant  thus  obtained,  will  be  equal 

in  intensity  to  the  sum  of  the  intensities  of  the  forces 

which  act  in  one  direction,   diminished  by  the  sum  of 

the  intensities  of  those  which  act  in  the  opposite  direction. 

Its  action  will  be  in  the  direction  of  the  greater  suol 

And  the  moment  of  the  resultant  will  be  equal  to  the  mie  for  finding; 

algebraic  sum  of  the  moments  of  the  components. 

Men  pulhng  upon  parallel  ropes,  horses  drawing  upon 
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examples  of 
parallel  foroee. 


their  traces  attached  to  whipple-trees,  are  examples  of 
parallel  forces. 


The  work 
performed  by  the 
resultant  of 
parallel  forces ; 


equal  to  the 
algebraic  sum  of 
the  work  of  the 
oompoDents. 


Hg.  W. 


§  124. — Suppose  a  body  to  be  drawn  in  one  directioii 
by  any  number  of  parallel  forces  P,  Q,  B,  &c.,  and  in  the 
opposite  direction,  by  the  parallel  forces  P',  <2'i  -^j  ^ 
If  the  points  of  the  body  move  in 
parallel  lines,  it  is  plain  that  the 
paths  described  by  the  points  of 
application  wUl  be  equal  to  each 
other,  and  thus  the  quantity  of 
work  of  any  force,  will  be  g?ven 
by  the  product  of  its  intensity 
into  the  small  path  common  to  all 
the  forces.  The  total  work  will 
be  equal  to  the  sum  of  the  quan- 
tities of  work  performed  by  the 
forces  P,  Q,  jB,  &c.,  diminished 
by  the  sum   performed  by  the 

forces  P,  Q,  B\  &c. ;  that  is  to  say,  it  will  be  equivalent 
to  the  product  of  the  common  path,  multiplied  into  the 
algebraic  sum  of  all  the  forces,  or  into  the  resultant.  But 
this  latter  product  is  the  quantity  of  work  performed  by 
the  resultant.  Hence,  the  quantity  of  work  performed  by 
the  resultant  of  any  number  of  parallel  forces,  is  equal  to 
the  algebraic  sum  of  the  quantities  of  work  performed  by 
the  components. 


§  126. — ^We  have  seen,  §  122,  that  the  product  of  the 
intensity  of  the  resultant  of  several  parallel  forces  into  the 
perpendicular  distance  of  its  point  of  application  from  any 
plane,  is  equal  to  the  sum  of  the  products  arising  irom 
multiplying  the  intensity  of  each  force  into  the  perpen- 
dicular distance  of  its  point  of  application  from  the  same 
plane.  Denote  this  latter  sum  by  K,  the  intensity  of  the 
resultant  by  i2,  and  the  perpendicular  distance  of  its  point 
of  application  from  a  given  plane  by  r,  then  will 
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JSr    =    ^  Position  of  tlie 

resultant  of 
whence  psmll^l  forces. 

K 

'  =  :b' 

and  if  the  given  plane  be  parallel  to  the  direction  of  the 
forces,  r  will  be  the  distance  between  it  and  a  second  plane 
containing  the  line  of  direction  of  the  resultant.  K  we 
know  the  value  of  K,  in  reference  to  another  plane,  also 
parallel  to  the  direction  of  the  forces,  the  corresponding 
value  of  r,  will  give  the  position  of  a  second  plane,  whose 
intersection  with  the  first  will  give  the  line  of  direction  of 
the  resultant  Thus,  the  principle  explained  in  §  122, 
may  be  employed  to  determine  the  line  along  which  the 
resultant  of  several  parallel  forces  acts. 

§126. — ^To  illustrate  the  principle  of  parallel  forces,  iiinstration  of  ihe^ 
let  us  take  the  example  of  the  common  steelyard,  an  '^JlJl^Jeuo^^g  ^y 
instrument  employed  to  ascertain  the  weight  of  different «»« steelyard, 
substances.     It  con- 
sists of  a  bar  Jf  JVJ 
which    turns    freely 
about  an  axis  G  sus- 
pended from  a  fixed 
point ;  the  substance 
C  to  be  weighed,  is 
placed   at    one   end 
A,  while  a  constant 

weight  P  is  placed  at  a  suitable  point  -B,  towards  the  other 
end.  In  order  that  there  may  be  an  equilibrium,  it  is 
necessary  that  the  resultant  of  the  forces  P  and  Q  shall 
pass  through  the  fixed  point  G;  in  other  words, 


Fig.  68. 


t 


fixwa  which 


Q  X  AC  =  P  X   CB, 


B0=  -^  X  AC; 
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or,  if  P  be  taken  eqrisi.  to  one  pound,  then  will 

BG  =  Q  X  AO. 


coDBtructed. 


The  Male  of  the     If    Q    be    taken  8UC- 
Bteelyard  .      •,  i    .      -i 

cessively  equal  to  1, 
2,  3,  4,  &c.  pounds, 
then  will  the  corre- 
sponding values  of 
B  C,  become  A  C, 
2  AC,  SAC,  4:  AG, 


Fig.  68. 


&c.  Thus,  if  a  scale  of  equal  parts  be  constructed  on  the 
longer  arm,  having  its  zero  at  the  point  C[  and  the  coa- 
stant  distance  between  the  consecutive  divisions  equal  to 
A  C;  the  number  of  the  division  estimated  from  C^  on 
which  the  weight  F  is  placed  to  hold  Q  in  equilibrio,  will 
indicate  the  weight  of  the  latter. 

The  construction  of  the  steelyard  depends,  as  we  see, 
upon  very  simple  principles;  it  gives  rise,  however,  to 
considerations,  which  will  be  referred  to  when  we  come  to 
treat  of  the  lever. 


/" 


YI. 


Point  of 
application  of 
resultant  of 
parallel  foroea ; 


CENTBE  OF  GRAVITY  OF  BODIES. 

§  127. — The  intensity  B,  and  point  of  application 
the  resultant  of  two  par- 
allel forces  P  and  Q,  do 
not  depend  upon  the  in- 
clination of  these  forces 
to  the  line  A  B,  which 
connects  their  points 
of  application,  but  will 
continue  the  same, 
however  the  direction 
of  the  forces  may  re- 
volve about  these  points 


a  of 
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of  application,  provided  the  (forces  continue  parallel  to  each 
other,  and  preserve  unchanged  the  ratio  of  their  intensities ; 
for  the  intensity  of  the  resultant  is  given  by 

and  the  point  0,  by 

which  are  wholly  independent  of  the  angle  which  the 
common  direction  of  the  forces  makes  with  the  line  A  B. 
So,  likewise,  if  there  be  three  forces  P,  Q^  and  S^  we  may 
join  the  point  of  application  i>,  of  the  third  force  aSJ  with 
that  of  the  resultant  jR,  and  show,  in  like  manner,  that  the  there  is  one  poim 
position  of  0,  the  point  of  application  of  the  resultant  T  IJ^^^^t^iu 
of  i2  and  /SJ  (that  is,  of  P,  Q^  and  S^)  is  entirely  independ-  »iwiiy8p«aa; 
ent  of  the  inclination  of  the  forces  to  the  line  CD.    And 
as  the  same  reasoning  may  be  extended  to  any  number  of 
parallel  forces,  we  conclude,  that  in  every  system  of  paral- 
lel forces,  there  is  one  point  through  which  the  resultant 
will  always  pass. 

This  point  is  called  the  centre  of  parallel  forces,  the  centre  of 

pftraUel  foroee. 

§  128. — ^Every  body  is  composed  of  an  indefinite  nmn- 
ber  of  elementary  heavy  particles,  which  are  the  points  of 
application  of  as  many  vertical  or  parallel  forces,  whose 
resultant  is  a  force  equal  to  their  sum,  and  is  called  the 
imght  of  the  body.  The  point  of  application  of  the  weight  weightofabody; 
is  obtained  by  combining  the  parallel  forces  in  the  manner 
before  explained ;  this  point  wiU  be  the  centre  of  the  sys- 
tem, and,  because  the  forces  are  those  which  result  from 
the  action  of  gravity,  it  is  called  the  centre  of  gravity,  centwofgrayity. 
The  centre  of  gravity  of  any  body  may  be  defined,  t?ie 
point  through  which  the  line  of  direction  of  the  weight  always 
passes. 

§  129. — ^The  centre  of  gravity  of  a  body  being  the 
centre  of  all  the  vertical  forces  which  soHoit  its  heavy 
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Ant  method— 
by  Bttspeiuion ; 


fig.  60. 


particles,  this  point  miast  remain  invariable,  while  tbe 
forces,  without  ceasing  to  be  parallel,  revolve  about  the 
Two  methods  of   points  of  application.    Instead  of  causing  the  forces  to 
gravity;  rotate,  let  the  body  revolve.     In  this  motion,  the  forces 

will  preserve  their  vertical  direction,  and  the  line  of 
direction  of  the  weight  always  passing  through  the  centre 
of  gravity,  there  will  result  two  very  simple  methods  of 
finding  the  position  of  this  point  as  long  as  the  figure 
of  the  body  remains  unchanged. 

A  body  being  suspended  by  means  of  a  thread  A  (7, 
from  the  point  A,  will  take  such  a  position,  that  the  eflbrt 
exerted  along  the  thread  to  sup- 
port it,  will- be  in  equUibrio  • 
with  the  weight,  and  thus,  when 
the  body  comes  to  rest,  the  di- 
rection of  the  thread  will  pass 
through  the  centre  of  gravity  O, 
If  we  change  the  point  (7,  to 
which  the  thread  is  attached,  to 
C,  the  body  will  assume  a  new 
position,  and  when  it  comes  to 
rest  again,  we  shall  have  a  sec- 
ond line  (7'  (?,  also  passing 
through  the  centre  of  gravity, 
and  whose  intersection  with  the 
first,  will  determine  the  position  of  that  point. 

By  the  same  reasoning  it  follows,  that  a  body  will  be 
supported  upon  a  point,  whenever  the  vertical  through 
the  centre  of  gravity  passes  through 
this  point ;  and  all  positions  of  the 
body  which  satisfy  this  condition, 
give  as  many  lines  intersecting  at 
•econd  method-  the  Centre  of  gravity.  The  upper 
and  lower  points,  in  which  any  two 
of  these  lines  pierce  the  surface,  be- 
ing known,  and  connected  by  recti- 
lineal openings,  these  openings  will 


Fig.  61. 


^      by  poising; 
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give,  by  their  intersection,  the  centre  of  gravity  of  the 

body.     To  find  these  upper  and  lower  points,  suspend  tnwM  or  tb« 

the  body,  by  a  thread  or  rope,  and  when  it  comes  to  ^'^^^^^ 

rest,  suspend  a  plummet  on  each  side,  and  in  such  posi-  gravity  round. 

tions  that  the   plane  of  their  threads  shall  contain  the 

suspension  line  of  the  body;  then,  with  a  pencil,   trace 

upon  the  body  the  intersection  of  this  plane  with  its 

surface.    Next,  suspend  the  body  from  some  other  point, 

and  repeat  the  same  operation ;  the  intersections  of  the 

two  traces  will  give  two  of  the  points  required;  and  the 

same  for  others. 

§  130. — ^This  method  becomes  impracticable  in  the  case  centre  or  gmvitj 
of  very  heavy  bodies,  of  those  which  are  fixed,  or  of  such  J^mputiion; 
;ls  do  not  yet  exist,  and  of  which  the  construction  is  only 
in  project.     In   general,  when  the  form  of  a  body  is 
defined  geometrically,  or  by  a  drawing,  the  centre  of 
gravity  is  determined  in  this  wise.    Conceive  the  body  to 
be  divided  into  small  portions  by  a  series  of  planes ;  take 
the  product  of  the  weight  of  each  portion  into  its  distance 
from  some  assumed  plane  of  reference,  and  take  the  sum 
of  these  products;  this  sum  is,  according  to  what  we 
have  seen  of  the  principles  of  parallel  forces,  equal  to 
the  product  of  the  entire  weight  of  the  body  into  the  distance  or  centre 
distance  of  its  centre  of  gravity  from  the  same  plane.  **J^y"^  ^^  * 
Hence,  the  distance  of  the  centre  of  gravity  from  any  plane,  is 
equal  to  the  sum  of  the  prodiu^  obtained  by  multiplying  the 
weight  cf  each  element  (^  the  body  in^  its  distance  from  this 
plane,  divided  by  the  whole  weight  of  the  body. 

Find  the  distance,  given  by  this  rule,  from  any  three  from  three 
arbitrary  planes,  and  the  position  of  the  centre  of  gravity  "^^^T* 
becomes  known.     This  method,  which  becomes  long  and 
tedious  in  many  instances,  may  be  abridged  according  to 
circumstances,  partictdarly  when  the  object  is  to  find  the  proceae  may  be 
centre  of  gravity  of  homogeneous  bodies.     A  body  is  said  dwe  or    **    * 
to  be  homogeneous,  when  any  two  of  its  parts  have  the  bomogeneont 

bodies. 

same  weight  under  equal  volumes. 
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Centre  of  gravity 
of  regular  And 
homogeneoua 
bodlea; 


¥1g.  62. 


0 


X^ 


ofabar; 


4- 


ofabar  with 
equal  spheres  at 
the  ends ; 


centre  of  gravitj 
of  regular  and 
homogeneous 
bodies,  at  the 
centre  of  figure ; 
right  prism ; 
circle,  4tc ; 


centre  of  gravity 
ofasurlhoe;  of  a 
line. 


Body 

■ymmetrical  In 
reference  to  a 
plane; 


§  131. — ^Experience  shows  us  that  a  bar  A  jB,  of  wood, 
metal,  or  any  other  material,  which  is  perfectly  homo- 
geneous, will  remain  in 
equilibrio  in  a  horizontal 
position,  if  suspended  by 
its  middle  point  0;  and 
hence  the  centre  of  gravity 
of  this  bar  is  situated  at 
the  middle  of  its  length. 
The  bar  is  also  found  to 
remain  in  equilibrio  when 
placed  in  a  vertical  posi- 
tion, if  suspended  by  the 
central  point  of  its  end; 
and  hence  the  centre  of 
gravity  is  situated  at  the 
central  point  of  its  thick- 
ness. If  the  bar  support 
at  its  ends  equal  spheres, 

it  will  still  remain  in  equilibrio  when  suspended  by  its 
middle  point,  if  placed  in  a  horizontal  position. 

The  centre  of  gravity  of  a  sphere  is  at  its  centre  of 
figure,  for  when  suspended  by  any  one  of  its  points,  the 
direction  of  the  suspending  thread  always  passes  through 
that  point.  And  it  is  a  general  principle,  that  the  centres 
of  gravity  of  all  regular  and  homogeneous  bodies  are  at 
their  centres  of  figure.  And,  hence,  a  right  prism  or 
cylinder  has  its  centre  of  gravity  at  the  middle  of  its 
length,  breadth,  and  thickness ;  a  circle  at  its  centre ;  and 
a  right  line  at  its  middle  point. 

By  the  centre  of  gravity  of  a  surface,  is  understood 
that  of  a  body  of  extreme  thinness,  such  as  paper,  tin-foil, 
gold-leaf,  &c. ;  and  by  the  centre  of  gravity  of  a  line,  is 
meant  that  of  a  body  whose  breadth  and  thickness  are 
very  small  as  compared  with  its  length, 

§  182. — ^A  body  is  said  to  be  symmetrical  in  reference 
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to  a  plane,  when  the  latter  cuts  into  two  equal  parts  every 
perpendicular  which  is  drawn  to  it,  and  which  is  termina- 
ted by  the  opposite  extremes  of  the  body.  This  plane 
is  called  the  plane  o/si/mmetry, 

A  body  is  symmetrical  in  reference  to  a  line,  when  it 
has  two  planes  of  symmetry  passing  through  the  line. 
This  line  is  called  a  line  of  symmetry, 

A  surface  is  symmetrical  in  reference  to  a  line,  when 
the  latter  cuts  into  two  equal  parts,  all  the  perpendiculars 
to  it  which  are  terminated  on  opposite  sides  by  the  con- 
tour of  the  surface. 

In  all  cases^  the  centre  of  gravity  of  homogeneous  symmet' 
rical  bodies,  is  situated  in  their  planes,  or  Unes  of  symmetry. 
Consider,  for  example,  a 
curve  having  A  B  for  its 
line  of  symmetry,  and  of 
which  we  have  found  the 
centres  of  gravity  G  and 
(r,  of  the  two  halves 
A  MB  and  A  M  B. 
These  two  halves  being 
turned  about  the  line  of 
symmetry  till  one  is  ap- 
phed  to  the  other,  their 

centres  of  gravity  will  coincide ;  that  is  to  say,  the  centres 
of  gravity  Q  and  (?,  were,  before  the  motion,  situated 
upon  a  right  line  G  G,  perpendicular  to  the  line  A  B. 
Hence,  if  the  curves  be  supposed  concentrated  at  their 
respective  centres  of  gravity,  G  G  becomes  a  right  line, 
terminated  by  two  material  points  whose  common  centre 
of  gravity  is  at  the  middle  point  0,  on  the  line  of  symme- 
try. A  similar  reasoning  may  be  applied  to  all  bodies  of 
symmetrical  dimensions. 

The  centre  of  gravity  of  a  surface  which  has  two  axes 
of  symmetry,  is  at  the  intersection  of  these  axes.  The 
transverse  and  conjugate  axes  of  the  ellipse,  for  ex- 
aniple,  being  axes  of  symmetry,  cut  each  other  at  the 


pUneof 
qmuaetrj; 

•Tmmetrical  in 
referenoe  to  a 
line ;  line  of 
STinmetry; 

•arftu» 

symmetrical  in 
reference  to  a 
line; 


centre  of  graTity 
in  planes  aiiU 
lines  of 
qrmmetrj; 


illustration  in 
caseofa 
symmetrical 
eurye; 


centre  of  graTity 
of  a  Burflsce  with 
two  axes  of 
symmetiy; 
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case  of  the 
ellipse ; 


Fig.  64. 


rectan^e; 


] 1 

it 

-> 


axis  of 
symmetry ; 


centre  of  gravity  of  the  elliptical 
surface.  For  the  same  reason,  the 
centre  of  gravity  of  a  rectangle  is 
at  the  intersection  of  the  right 
lines  joining  the  middle  points  of 
its  opposite  sides. 

When  a  volume  has  a  right 
line  of  symmetry,  its  centre  of  gravity  is  on  this  line.     A 
oiome  with  one  right  Cylinder,  with  an  elliptical  base,  has  two  planes  <rf 
symmetry,  determined  by  the 
longer  and  shorter  axes  of 
the  ellipse,  its  centre  of  grav- 
ity is,  therefore,  on  the  line 
G  0,  joining  the  centres  of 
gravity  of  the  bases,  and  at 
its  middle  point  0. 

Other  bodies  are  divided  symmetrically,  in  an  infinity 
of  ways.  Such,  for  example,  is  the  sphere  of  which  all 
the  planes  of  symmetry  pass  through  the  centre  of  figure; 
it  is  for  this  reason  that  this  point  is  also  its  centre  of 
gravity. 


Fig.  66. 


(5 


E) 


sphere  many 
axes  of 
symmetry. 


Centre  of  graTity 
of  two 

homogeneous 
tiodies,  one 
within  the  other. 


§  188. — K   the   regular   homogeneous  body  contain 
within  its  boundary  another  homogeneous  body  of  dif- 
ferent density,  the  centre  of  gravity  of  the  whole  mass  is 
found,  by  first  regarding  it  as  of  uniform  density,  and  the 
same  as  that  of  the  larger  body ;  the  centre  of  gravity  0, 
obtained  on  this  hypothesis,  gives 
rise  to  a  first  approximation.    We 
then  conceive  the  weight  w,  of  the 
body  supposed  homogeneous,  to  be 
concentrated  at  the  centre  of  grav- 
ity 0,  and  subtracting  this  weight 
w  fix)m  the  total  weight  W]  we  ob- 
tain a  difference  W*—  Wj  neglected 
in  finding  the  point  0.    Let  0'  be 
the  centre  of  gravity  of  the  volume  corresponding  to  this 


Fig.  66. 
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diflference ;  join  0  with  0'  by  a  right  line,  and  divide  this 
line  at  the  point  K^  so  that 

w  y.  OK  ^  {W  -  w)  KCy; 
the  point  JTwill  be  the  common  centre  of  gravity. 

§  134. — Whenever  a  body  may  be  divided  into  parallel  wiien  the  layew 
layers,  and  the  centres  of  gravity  of  these  are  situated  on  ^^*J^^j^**f 
a  right  line,  the  centre  of  gravity  of  the  whole  body  is  also  gravity  on  a  right 
upon  this  line.     For  compounding  the  weights  of  any  two 
of  these  layers,  supposed  concentrated  at  their  respective 
centres  of  gravity,  and  the  resultant  of  these  with  the 
weight  of  a  third,  &c.,  it  is  easy  to  see,  from  the  principle  of 
parallel  forces,  that  the  point  into  which  the  whole  weight 
must  be  concentrated  will  be  on  the  line  in  question. 


135. — ^If,  for  example,  the  parallelogram  -4  5(72),  centre  of  gravity 

of  a 
paraUologram ; 


supposed  to  possess  a 
small  thickness,  be  di- 
vided by  planes  par-  Fig.  67. 
allel  to  (7jD,  into  an 

indefinite  number  of 

« 

strata-  or  layers,   the 

centre  of  gravity  of 

each  one  will  be  at 

its  middle  point,  and 

therefore  on  the  line 

F  E^  joining  the  middle  points  of  the  opposite  sides  CD 
and  AB;  the  centre  of  gravity  of  the  parallelogram  will, 
§  184,  also  be  on  this  line:  In  like  manner,  it  may  be 
shown  to  b^  on  the  line  IN,  joining  the  middle  points  of 
the  opposite  sides  G B  and  DA;  it  must,  therefore,  be  at 
their  intersection  0. 

A  similar  reasoning  will  show  that  the  centre  of  gravity 
of  a  parallelopipedon  and  cube,  will  be  at  the  common  of  a 
intersection  of  three  right  lines  joining  the  centres  of  J^J^,^^ 
gravity  of  their  opposite  faces. 
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of  a  triangle ; 


§  186.— The  triangle  ABC,  being  divided  into 
thin  layers,  parallel  to  the  side  A  (7,  it  follows,  fix>in 
has  just  been  said,  that 
Centre  of  grarity  the  Centre  of  gravity  of 

each  layer,  and,  there-  ^'  ^^ 

fore,  of  the  whole  tri- 
angle,  will  be  situated 
upon  the  right  line  52?, 
drawn  from  the  vertex 
B  to  the  middle  of  the 
side  A  a  For  the 
same  reason,  the  centre  / 
of  gravity  of  the  trian- 
gle will  also  be  on  the 
line  AF,  drawn  from 

the  angle  A  to  the  middle  of  the  opposite  side  OB;  and 
hence  it  must  be  at  the  intersection  O, 

Join  F  D.  Since  the  sides  A  C  and  B  OJ  are  divided 
proportionally  at  the  points  D  and  F,  the  line  D  F  is 
parallel  to  A  B;  hence  the  triangles  A  0-  B  and  D  Q  F 
are  similar,  and  give  the  proportion 


AQ 


QF 


AB    :    FD; 


but,  because  the  points  F  and  D  are  at  the  middle  of  the 
lines  5  (7  and  -A  Q  it  follows  that  F  D  \&  half  of  A  B, 
and,  therefore,  from  the  above  proportion,  F  Q  is  half 
A  G;  OT  F  Gia  one  third  of  the  whole  line  A  F.    Hence, 
where  titiiatMi;    the  Centre  of  gravity  of  a  triangle,  is  on  a  line  drawn  from 
one  of  the  angles  to  the  middle  point  of  the  opposite  side,  and 
at  a  distance  from  this  side  equal  to  one  third  of  the  line. 
This  point  is  also  the  common  centre  of  gravity  of 
three  equal  balls,  whose  centres  of  gravity  are  situated  at 
the  angles  of  the  triangle,  for  the  centre  of  gravity  of  the 
balls  A  and  G  is  at  the  middle  point  B,  and  this  point 
being  joined  with  J?,  the  centre  of  gravity  of  the  three 
balls  will  divide  the  line  B  D  dX  the  point  (?,  so  that  B  G 
shall  be  double  G  D, 


common  centre 
of  gravity  of 
three  equal  balls. 
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Fig.  69. 


§  137. — ^To  find  the  centre  of  gravity  of  any  polygon,  centre  or gnritj 
la  j^JB  CDEF,  draw  from  any  one  of  the  angles,  mA,  "^^^^^"^ 
ihe  diagonals  A  C^  AD^  AH, 
&c.,  and  thus  divide  the  polygon 
Into  triangles.  Find  the  centres 
of  gravity  g,  g\  g'\  g''\  &c.  of 
each  of  these  triangles  by  the 
rule  above ;  join  the  points  g  and 
g^  by  tbe  right  line  gg\  and  de- 
note the  areas  of  the  triangles 
AS G  and  A  CD  by  a  and  a', 
respectively ;  then  will  the  centre 

of  gravity  of  the  area  A  B  CD  A^  be  found  by  the  pro- 
portion 

a  +  a*    :    a    :  :    gg^    :    ^'  G. 


In  like  manner,  joining  G  and  g"  by  a  right  line,  and 
denoting  the  area  of  the  triangle  A^D  JS  hj  a",  will  the 
centre  of  gravity  of  the  area  A  B  C  D  E  Ahe  found  from 
the  proportion. 


a  +  a*  +  a 


ft 


jf 


Qg"    :     a&; 


and  so  on  to  the  last  triangle ;  the  quantities  g'  0,  0  G% 
&c.,  being  the  only  unknown  quantities  become  known 
from  the  proportions, 

§  138. — ^A  series  of  planes 
parallel  to  the  base  DBOj 
of  the  triangular  pyramid 
A  BCD,  will  give  rise  to  a 
aeries  of  strata  or  layers  per- 
fectly similar  to  the  base,  and 
all  their  centres  of  gravity 
will  be  situated  upon  a  right 

line  joining   the    centre    of 

gravity  of  the  base  and  the 

vertex,  because  they  are  all 

amilarly  situated  to  the  base. 


Fig.70. 

^ 

/f\ 

A  pyramid 

/ jl    \ 

dirided  into 

/  h      \ 

layers  panUal 

/  Ij       \ 

to  the  base; 
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lis  centre  of 
gravity  found ; 


Kg:  7a 


As  either  of  the  solid  angles  may  be  taken  as  a  vertex 

and  the  opposite  face  as  a  base,  and  as  the  dividing  plaoei 

may  be  passed  parallel  to  each 

of  the  bases,  it  follows  that 

the  centre  of  gravity  of  the 

pyramid  must  be   upon    the 

four  lines  drawn  from  the  solid 

angles  to  the  centre  of  gravity 

of  the  opposite  feices,  and  must, 

therefore,  be  at  their  com^ion 

point  of  intersection. 

Let  (?'  and  (?"  be  the  cen- 
toes  of  gravity  of  the  triangu- 
lar  faces  A  B  D  BJid  B  CD; 
join  these  points  with  '  the 
opposite  vertices  by  the  right 
lines  A  O''  and   C  G\   their 

point  of  intersection '  (7,  will  be  the  centre  of  gravity 
of  the  pyramid.  Join  (?'  and  (?" ;  then,  because  the  lines 
A  E  and  E  C  are  divided  proportionally  at  the  pointe 
Q'  and  (?",  the  line  Q'  O"  is  parallel  to  J.  (7,  the  triangles 
O  O'  Q"  and  G  A  Cdx^  similar,  and  give  the  proportion, 


Q'GP* 


GQ'* 


•     m 


AG   :    AO; 


wliorf)  sttuMed. 


The  common 
centre  of  gravity 
of  four  equal 
ballii. 


but  G'  G"  is  one  third  of  A  0^  and  hence  G  G"  is  one 
third  of  A  (7,  or  one  fourth  of  A  G'\  The  centre  <^ 
gravity  of  a  triangidar  pyramid  w,  Hicrefore^  on  a  line  join- 
ing one  of  the  angles  witli  the  centre  of  gravity  of  the  opposite 
face^  and  at  a  distance  from  this  face^  equal  to  one  fourth  of 
the  line. 

The  same  result  may  be  obtained  for  the  common 
centre  of  gravity  of  four  equal  balls,  whose  centres  of 
gravity  are  situated  at  the  four  vertices  of  the  pyramid. 


§  139. — ^The  foregoing  reasoning,  is  equally  applicable 
to  a  pyramid,  of  which  the  base  is  any  polygon.     For  the 


T 
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centre  of  gravity  is  on  a  line  drawn  from  the  vertex  SU>  centre  or  grmrity 

the  centre  of  gravity  of  the  base,  because  it  contains  the  ®'"ypy^*^^5 

centres  of  gravity  of  all  sections  parallel  to  the  base ;  and 

if  we  conceive  the  pyramid  divided 

into  triangular  pyramids  by  planes  j^  lyi^ 

through  this  line,  and  through  the  m 

angles  -4,  -B,  C,  J9,  &c.  of  the  base,  the  A 

centres  of  gravity  of  these  elementary  i 

pyramids,  and  therefore  of  the  whole  / 

pyramid,  will  be  situated  in  a  plane  / 

parallel  to  the  base,  and  at  one  fourth  /    < 

the  distance  from  the  base  to  the        j^^^IijX  \ \ 

vertex;  it  must,  therefore,  be  at  the  NJ/JI^^ 

intersection  of  this  line  and  plane. 

Hence,  to  find  the  centre  of  gravity  of 

any  pyrarrdd^  join  the  vertex  with  the  centre  of  gravity  of  the  wiiere  eitnated. 

hase^  and  lay  off  a  distance  from  the  ba>se  on  this  line  equai  to 

one  fourth  of  its  length. 

This  rule  is  also  applicable  to  a  cone,  which  may  be  centra  of  graTitj 
regarded  as  a  pyramid  of  an  indeiSnite  number  of  sides.      ^'*  ******' 

§  140. — Since  every  polyhedron  may  be  divided  into  or  anj 
triangular  pyramids  whose  weights  may  be  supposed  to  ^^^ 
act  at  their  respective  centres  of  gravity,  and  since,  from 
the  principles  of  parallel  forces,  the  sum  of  the  products 
which  result  from  multiplying  the  weight  of  each  partial 
pyramid  into  the  distance  of  its  centre  of  gravity 
from  any  plane,  is  equal  to  the  product  of  the  entire 
weight  of  the  polyhedron  into  the  distance  of  its  centre 
of  gravity  from  the  same  plane,  the  distance  of  the 
centre  of  gravity  from  three  planes  may  be  found,  and 
thus  its  position  determined. 

%  141. — ^When  a  body  is  terminated  by  curved  surfaces,  or  a  body  of  tny 
by  planes,  or  by  curve  lines,  it  may  be  divided  into  small  '**™' 
elementary  parts,  similar  to  the  figures  which  have  been 
already  considered — as  right   lines^    triangles,    parallelo- 
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grams,  pyramids,  parallelo-  Kg.  72. 

pipedons,  polyhedrons,  &c. ; 
the  partial         the  sum  of  the  products 

prodacta  found ;        v«  i  ix    j»  ^±2 

which  result  from  multi- 
plying the  weight  of  each 
into  the  distance  of  its  cen- 
tre of  gravity  from  some  as- 
sumed plane,  or  right  line, 
must  be  found,  and  this 
sum  divided  by  the  entire 
theamnoftheae  weight  of  the  body ;  the  result  will  be  the  distance  of  the 
entire  weihtt  centre  of  gravity  from  the  plane  or  line.  Let  it  be  required^ 
for  example,  to  determine  the  centre  of  gravity  of  any  plane 
area  Ca  b  Fd  c  ;  draw  in  its  plane  any  right  line  A  -B,  and 
divide  the  given  area  into  a  series  of  very  thin  layers, 
perpendicular  to  this  right  line.  The  layer  acdb^  may  be 
regarded  as  a  small  rectangle,  and,  supposing  its  density 
uniform,  its  centre  of  gravity  is  at  its  middle  point  O; 
denoting  the  density  by  i?,  and  the  force  of  gravity  by  ^, 
one  of  the  partial  products  will  be 


y.        ac  +  dh      y.   ./^        n        ac  +  db    ^  - 
uiuitntion;        D-  g jj ef'%0  =  D-g .  ef 


ea  -h  €c 


The  other  partial  products  being  found  in  the  same  "way, 

and  their  sum  divided  by  the  product  of  Dg  into  the 

entire  area  GcdFbaG,  determined  by  the  method  of  §  46, 

will  give  the  distance  of  the  centre  of  gravity  of  this  area 

from  the  line  A  B,    Performing  the  same  operation  in 

reference  to  another  line  A  E^  the  centre  of  gravity  is 

completely  determined,  being  the  intersection  of  two  right 

lines,  parallel  respectively  to  AB  and  A  Ej  and  distant 

from  them,  equal  to  the  results  obtained  by  the  above 

process. 

when  the  force  It  is  to  be  remarked,  that  when  the  force  of  gravity  g 

wusuttfa^       is  constant,  and  the  density  D  is  uniform  throughout  the 

denaityunsfonn;  body,  these  quantities  strike  out,  and  leave  the  distance 
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of  the  centre  of  gravity  from  the  hne,  or  plane,  equal  to  the  paniii 
the  sum  of  the  producta  arising  from  multiplying  the  ele-  ^^^^^ 
mentary  volumes  into  the  distances  of  their  respective  Toiume^ 
centres  from  the  line  or  plane,  divided  by  the  entire 
volume. 


Kg.  18. 


§  142. — ^The  consideration  of  the  centre  of  gravity  is 
very  useful  in  computing  certain  volumes  and  surfaces, 
which  are  found  with  considerable  difficulty  by  the  ordi- 
nary process.    The  screw,  the  curbs  of  stair-ways,  surfaces 
of  revolution   generated   by 
the  rotation  of  a  plane  curve 
CD  JS  about-  an  axis  A  B^ 
situated  in  its  plane,  are  ex- 
amples.    Suppose,  in  the  case 
of  a  volume,  the  generating 
area  OD  ^  to  be  divided  into 
small  reclangles,  of  which  the 
sides  are  parallel  and  perpen- 
dicular to  the  axis  A  B.  Each 
rectangle  will  generate  around 
the  axis  an  elementary  ring, 

and  the  sum  of  all  these  rings  will  give  the  volume  of  the 
solid  of  revolution.  Let  r  denote  the  distance  of  the  centre 
of  gravity  of  one  of  these  small  rectangles  from  the  axis ; 
we  know  that  the  volume  of  the  ring,  of  which  the  profile 
is  the  rectangle,  is  measured  by  the  product  of  the  area  a 
of  the  rectangle,  multipHed  by  the  mean  circumference  of  ^ 
the  ring,  2  r  r ;  for  the  annular  base  of  such  a  ring  being 
developed,  will  form  a  trapezoid,  the  half  sum  of  whose 
parallel  sides  is  equal  to  2  *  r,  and  hence  we  shall  have  for 
the  value  of  the  ring  the  expression  2  *  r  a.  The  volumes 
generated  by  the  other  rectangles,  whose  areas  are  a',  a",  a'", 
&c.,  will  be  2  *  r'  a,'  2  *  r"  a",  2  ne  r'"  a'",  &c.  And  de- 
noting by  Fthe  total  volume  generated,  we  shall  have 


Um  of  the  centra 
of  gravity  In 
oomptttlng 
Tolnmea  and 
•nrikcea; 


V  =  2*{flr  +  air*  -f  dW  ^  a"V"  -f  &c.); 


U8 
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relaUoaof 

TOlOOM  to 
generatrix  and 
peth  of  centre  of 
grarttf; 


Fig.  78. 


but  the  quantity  within  the  brackets,  is  the  sum  of  the 

products  which  result  from  multiplying  the  elexaentaiy 

volumes    of  the    generating 

area  GED^  by  the  distances 

of  their  respective  centres  of 

gravity  from  the  line  AB^ 

which  we  know  to  be  equal 

to  the  product  of  the  whole 

area  GED^  into  the  distance 

of  its  centre  of  gravity  from 

the  same  axis.    Denoting  the 

area  GED  by  Ay  the  distance 

of  its  centre  of  gravity  from 

ABhjR^  we,  therefore,  have 


F=  2*RA 


(38). 


rale; 


Kg.  "T*. 


J 


If,  instead  of  an  area,  we  had  considered  a  plane  curve 
C  Ey  the  quantities  a,  a',  a'\  &c.j 
would  represent  the  lengths  of  ele- 
mentary  portions  of  ttua  curve,  A 
would  represent  its  entire  length, 
li  would  be  the  distance  of  its 
centre  of  gravity  G,  from  the  line 
A  B,  and  V  would  be  the  value  of 
tile  surface  generated  by  the  entire 
curve  about  A  B.  Whence  we 
derive  this  rule,  viz. :  The  volume 
generated  by  the  motion  of  any  pLane, 
or  surjaoe  generated  by  the  Tnotion  of 

any  line,  is  equal  to  the  generatrix,  multiplied  by  tht  path 
deecribed  by  its  centre  of  gravity  ;  the  direction  of  the  motion 
being  perpendicular  to  the  generatrix. 

This  rule  supposes  the  body  to  possess  a  constant  pro- 
file, of  which  the  plane  is  perpendicular  to  the  path  of  the 
centre  of  gravity. 
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whence 


and 


&D  =  \CB; 


2itGD  =  ^^CB, 


FSg.  "rs. 


JEJxamph  1st  Let  it  be  required  to 
find  the  volume  generated  by  the  ro- 
tation of  the  right-angled  triangle 
A  B  C^  about  the  side  A  B,  The  cen- 
tre of  gravity  ff,  being  found  by  the 
rule  already  explained,  draw  G  D 
perpendicular  Xx>  AB.  Then,  in  the 
triangles  EOD  and  JEBO,  we  have 


CB    :     aJD    ::     OJE    :     GE   ::    S    :    1; 


ezimple— th* 

Tolnmoofa 

cone; 


which  is  the  length  of  the  path  described  by  the  centre  of 
gravity.    The  area  of  the  triangle  is 

}AB  X   OB; 

whence  the  volume  V  becomes 

F=  l^CB*  X  AB, 
which  is  the  usual  measure  of  the  volume  of  a  cone. 


Example  2d.  Let  it  be  required  to 
find  the  surface  generated  by  the  rota- 
tion of  the  line  CD,  about  A  B.  The 
centre  of  gravity  of  CD  is  at  its  middle 
point  G;  and  GD\  OA,  and  jDjB  being 
perpendicular  to  J.  -B,  we  have 

GJy  =  1{AG  +  BD); 
and  for  the  path  described  by  G, 

2*GD  =  2r-^ ^; 


Kg.  70. 


example— the 
forflMse  of  a  cenie 
Ihutaia; 
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and  hence, 


y=^l^^^llIR.CD; 


•nmple— the 
Tolume  of  a 
aUirwflfoiirb; 


oxoaratlon  from 
ditches; 


rule  holds  for 
Ukjr  portton  of 
aaenOrs 
rsTolatloii. 


F%.  in. 


whicli  is  the  usual  measure  for  the  convex  sur£ice  of  a 
conic  frustum. 

Eocamph  3d.  Let  it  be  required 
to  find  the  volume  of  the  curb  of 
a  stairway,  of  a  helical  form. 

First,  compute  the  area  of  a 
section  abed,  perpendicular  to  a 
mean  helix  gg,  or  that  described 
by  the  centre  of  gravity;  then 
multiply  this  section  by  the  length 
of  the  mean  helix. 

The  excavation  taken  from  a 
ditch,  of  which  the  profile  is  con- 
stant, may  be  estimated  in  the 
same  way. 

In  examples  1st  and  2d,  the 
centre  of  gravity  is  supposed  to 
have  described  an  entire  circumfe- 
rence; but  had  it  moved  through  only  an  eighth,  tenth,  or 
any  other  fractional  portion  of  a  circumference,  the  volume 
generated  would  still,  as  in  example  3d,  have  been  ^fven 
by  the  area  of  the  generatrix  into  the  extent  of  the  path 
doscribed. 


vn. 


MOTION  OF  TRANSLATION  OP  A  BODY  OB 

SYSTEM  OP  BODIES. 


MtfUonof 
trsaslatlon ; 


§  143. — ^A  body,  or  system  of  bodies,  is  said  to  have  a 
simple  motion  of  translation,  when  all  its  elements  describe, 
simultaneously,  equal  and  parallel  paths. 
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I>enote  by  v  the  velocity  which  any  motive  force  com- 
municates to  all  parts  of  the  system  during  any  small 
interval  of  time  L  The  force  of  inertia  /  of  an  element 
whose  weight  is  p,  will  be  given  by  the  equation 


p        V  the  measan  of 

7  ■  T' 


element; 


and  the  force  of  inertia  /*,  of  an  element  whose  weight 


and  so  of  all  the  others,  provided  the  degree  of  velocity 
impressed  upon  all  the  elements  is  the  same  during  the 
time  t  Moreover,  as  each  force  of  inertia  is  exerted  in 
the  direction  of  the  path  along  which  the  elements  respec- 
tively move,  and  as  these  are  supposed  parallel,  the  forces 
of  inertia  are  parallel,  and  give  a  resultant  equal  in  inten* 
sity  to  their  algebraic  sum.  Denoting  the  intensity  of  this 
resultant  by  F,  we  have 

I    \  g  / 

and  replacing  the  sum  of  the  partial  weights  by  the  entire 

P 

weight  P,  and by  the  entire  mass  if  of  the  system,  we 

if 

shall  finally  have 

F=M-\ (89).     1":^^; 

It  remains  to  find  the  invariable  point  of  application  of 
F.  This  point  is  called  the  centre  of  inertia.  The  inten- centre  of  inertu 
sities  of  the  forces  f  /',  /",  &c.,  are  proportional  to  the 
weights  p,  j3',  j>",  &c.,  to  which  they  are  respectively 
applied,  and  thus  the  point  of  application  of  F^  will  coin- 
cide with  that  of  the  resultant  of  the  forces  j?,  p\  p'\  &c. ; 
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meunra  of         that  is  to  saj,  with  that  of  the  entire  weight  P,  which  is 
iDcrtia  in  wordB.  ^j^^  ^^^^  ^£  gravity  of  the  system.     Hence,  the  total 

force  of  inertia  of  a  body,  or  system  of  bodies,  having  a  siinpk 
inotion  of  translation,  is  measured  by  the  mass  of  the  systtfAj 
multiplied  into  the  ratio  which  ike  small  degree  of  vdociti/ 
communicated  bears  to  the  time  during  which  the  velocity  is 
impressed.  And  the  total  force  of  inertia  has  its  point  ofappUr 
cation  at  the  centre  of  gravity. 

This  coincidence  of  the  centre  of  inertia  with  the 
centre  of  gravity,  results  from  the  assumption  that  the 
The  force  of  foice  of  gravity  is  the  same  in  its  action  upon  the  different 
ooIurtuL^UM  parts  of  the  system.  Had  it  been  otherwise,  that  is  to  say, 
centre  of  gravity  had  the  forcc  of  gravity  varied  in  intensity  from  one  ele- 
coincideT         mcut  to  another,  the  centre  of  inertia,  being  always  at  the 

centre  of  mass,  would  be  different  from  the  centre  of 
gravity.  n 

The  intensity  of  the  force  of  gravity  being  regarded  as 
these  centres  the  same  within  the  limits  of  a  body  on  the  earth's  surface, 
in  bodies  on  um^  ^^^  ccutrc  of  inertia  and  of  gravity  may  be  regarded  as 
•*r«»-  coinciding,  and  hence  these  terms  will  be  used  indis- 

criminately. 

§  144. — ^Let  F  represent  the  velocity  of  a  body  having 
a  motion  of  translation,  supposed  uniform  at  any  instant; 
tinantity  of         the  quantity  of  motion  of  any  one  of  its  elements  whose 
weight  is  p,  is  measured  by 


motion  of  a 
Mdy; 


and  of  an  element  whose  weight  is  p', 

9 

and  so  for  the  other  elements ;  and  as  these  motions  ai6 
parallel,  their  sum  will  give  the  quantity  of  motion  of  the 
entire  body.  Designating  this  quantity  by  Q,  we  shall 
have 
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Q=i±S^±f±^r=Mv..m.  '- 

Thus  the  total  quantity  of  motion,  in  any  body  having  a 
motion  of  translation,  is  measured  by  the  mass  of  the 
body  into  its  Telocity. 

§  145. — WTien  a  cert^n  degree  of  velocity  v,  is  ira-  km 
pressed  upon  all  the  elements  of  a  body  during  a  very  ^^^ 
short  interval  of  time  t,  we  have  seen  that  the  total  force  "ou 
of  inertia  is  given  by,  Eq.  (39),  ^ 


We  have  seen,  ^so,  that  this  force  of  inertia  is  exerted  in 
the  direction  of  the  body's  motion,  and  through  the  centre 
of  gravity.  tf|  therefore,  we  suppose  that  at  the  instant  in 
which  the  body  has  acquired  the  velocity  v,  a  force  equal 
to  F  IB  applied  in  a  direction  contrary  to  the  motion,  and 
at  the  centre  of  gravity,  it  will 
destroy  the  motion.  This  being 
supposed,   if  we  apply  at  the  ^ 

centre  of  gravity  of  the  body,  a 
motive  force  ^,  it  will  commu- 
nicate to  it  a  simple  motion  of 
translation.  For  this  force  X 
will  be  equal  and  directly  op- 
posed to  the  force  of  inertia  F, 

which  it  develops.  This  latter  force  F  will  be  resolved 
into  as  many  partial  forces  of  inertia  /,  /',  /",  &c.,  as 
there  are  elementary  portions  of  the  body,  and  the  inten- 
sities of  these  partial  forces  will  be  proportional  to  the 
respective  weights  of  these  elements.  Denoting  the  masses 
of  the  elements  by  m,  m',  m",  &c.,  we  shall  have, 
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The  degree  of  velocity  which  each  of  these  foices  im- 
presses upon  the  part  on  which  it  acts,  will,  §  82,  \» 
measured  bj 

LlL  111  tiltcc- 

m  m  m 

or,  replacing/  /',  /",  &c.,  by  their  values  as  given  aboye^ 
simply  by  the  expression 

F.  t 
M    ' 

and  as  this  measure  is  the  same  as  that  before  deduced, 
Eq.  (89),  for  the  degree  of  velocity  impressed  on  the  centre 
will  be  of  gravity  by  the  force  F^  Or  its  equal  X^  we  see  that, 

jhatofaimpie  ^  impress  a  simple  motion  of  translcUion  upon  any  body,  it  is 
necessary  thai  the  line  of  direction  of  the  motive  fbroe,  or  the 
restiUant  of  the  motive  forces^  when  there  are  several^  mtistpass 
through  the  centre  of  gravity ;  and,  reciprocally,  if  the  line  (^ 
direction  of  the  foroe^  or  that  of  the  residtant,  in  the  case  of 
several  forces^  pass  through  the  centre  of  gravity y  the  body  unU 
have  a  simple  motion  of  translation. 

§  146. — IS  the  force  X,  were 
applied  along  the  right  line  AB^  Kg.  •?•• 

Mouon  when  the  not  passiug  through  the  centre 

t^^^  °f  g^^ity  (?,  it  is  easy  to  see 

eentie  Of  gravity;  that  the  motiou  caunot  be  one 
of  simple  translation.  For,  if 
this  latter  motion  obtained,  the 
partial  forces  of  inertia  would 
have  a  resultant  of  which  the 

line  of  direction  would,  from  what  we  have  seen,  pass 
through  the  centre  of  gravity  G;  and  if  this  resultant 
were  replaced  by  an  equal  force  F^  applied  along  the  same 
line  and  directly  opposed  to  the  motion,  the  latter  would 
be  destroyed,  and  an  equilibrium  would  result.  But  it  is 
impossible  that  two  forces  X  and  F^  applied  to  the  ex- 
tremities of  a  physical  line  or  bar  A  (?,  can  produce  an 
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equilibrium,  unless  they  act  in  the  direction  of  the  bar.  wui  be  that  or 
Hence,  when  a  body  receives  the  action  of  a  force,  of  which  ^7J^^|[J^ 
the  direction  does  not  pass  through  the  centre  of  gravity,  Mmeum*; 
its  motion  will  not  be  that  of  simple  translation,  but  will 
be  compounded  of  a  motion  of  translation  and  of  rotation ; 
that  is  to  say,  some  one  of  its  elements  will  move,  for  the 
instant,  in  a  right  line,  while  the  others  will  rotate  about 
it  as  a  centre. 

To  find  this  element  C^  conceive  a  plane  to  be  drawn 
through  it,  parallel  to  the  direction  of  its  motion,  and  per- 
pendicular to  the  planes  in  which  the  other  elements,  for 
the    instant,    rotate, 
and  let  ^£  be  its 

trace  upon  that  one  Kg.  sa  poriuonofuie 

of  these  planes  which  /^^^  .  T^'^S^ 

•^  /  \  ?*  ft  moilon  of 

contains  the  point  (7,  /         ^-^ >'^4:^,"*         tniMi«uo«. 

and  its  rectilineal 
path.  Let  vii  be  the 
projection  of  some 
one  element  m'  upon 
this  latter  plane,  and 

take  (7  Q  to  represent  the  velocity  v  of  translation,  and 
m2ni%  the  velocity  of  rotation  acquired  by  the  element  m\  in 
the  small  time  t  Make  roim^  equal  and  parallel  to  CCi\ 
then  would  roi  ?Wj  represent  the  velocity  acquired  by  m\ 
had  the  body  moved  with  a  simple  motion  of  translation ; « 
but  by  virtue  of  the  motion  of  rotation,  the  actual  velocity 
acquired  by  m',  in  the  direction  of  (7's  motion,  \%  TOim^ 
diminished  or  increased  by  the  projection  of  tti,  Tn,  upon 
the  line  (7  (^according  to  the  direction  of  the  rotation. 

Project  the  points  twi,  m^  and  m^  upon  A  By  by  the 
perpendiculars  m^  A^,  m^h^  ^  ^1  then  will  the  actual 
velocity  v',  acquired  by  m\  parallel  to  C's  motion,  be 
TWj  TTij  —  T/ij  (?,  or 

v'  =  t;  —  wij  o; 
but 

Tllf  0  =  7723  TMa  X  COS  TT^s  T^g  0  =  m,  fn^  X   COS  Q  7^8  iff 
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denoting  Crni  =  Ci  tTij  =  Ci  m,  by  r,  mj  X^  =  m^  A^  by  y,, 
and  the  velocity  of  rotation  acquired  by  a  point  at  the  unit  a 
distance  from  C,  called  the  angular  vdodty,  by  Fi,  then  wiL 


and 


7n,7»,  =   Fir, 


cos  Cimik2  =  — , 


Relative  velocity  which  Substituted  above,  give 

oftwoelomeata 
of  a  solid  body 
in  moUon ; 


V  =  V  -   Viy,     .    .    .    .    (41> 


tbe  nme  in  a 
direction 
perpendicolar  to 
tbe  former : 


Moreover,  m^ois  the 
velocity  of  the  ele- 
ment m'  perpendicu- 
lar to  the  direction 
of  (7's  motion;  and 
calling  this  velocity 
v",  and  the  distance 

Q*aj  ^n  ^^  shall 
have 


Fig.  80. 


v"  =   Vtx, 


(42). 


Denoting,  as  before,  the  weight  of  the  element  m'  by  jf^ 
and  its  force  of  inertia  in  the  direction  OOi  hj  jT,  we 
have 

and  similar  expressions  for  the  inertia  of  the  other  ele- 
ments. Taking  the  sum  of  these,  and  representing  the 
inertia  of  the  entire  mass  by  F^  we  have,  from  the  princi- 
ple of  parallel  forces, 

t       ^g        9         g  ' 


J 
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or,  denotmg  the  entire  mass  of^e  body  by  M^  and  the 
roaases  of  the  several  elements  by  m\  m'\  m"\  &c.,  this 
reduces  to 

pr  Tftlue  for  the  forot 

JP  =  M -i  •  (m'y,  +  m"y,,  +  m'"y^,,  +  &c.).      ofinerttoofm 

t  t  'body; 

Now  the  first  term  of  the  second  member,  which  alone 
involves  the  motion  of  the  point  G,  is  wholly  independent 
of  the  figure  of  the  body  and  of  the  distribution  of  its 
elements. 

It  wiU,  therefore,  remain  the  same  whatever  changes 
take  place  in  its  figure  and  size,  provided  its  quantity  of 
matter  remain  the  same.  The  place  of  0,  as  determined 
from  any  supposition  consistent  with  this  last  condition, 
will,  therefore,  be  its  position  generally. 

This  being  understood,  conceive  the  whole  body  to 
contract  gradually  in  all  directions  till  it  is  concentrated 
in  a  single  point ;  this  point  must,  from  necessity,  be  the 
centre  of  gravity  which  alone  remains  undisturbed  during 
contraction,  as  it  will  during  an  expansion,  being  the 
centre  of  mass.  The  point  d7,  and  the  centre  of  gravity, 
not  being  disturbed  by  this  change  of  volume,  must 
coincide,  and  hence  must  always  remain  one  and  the 
same  point. 

But  when  the  plane  in  reference  to  which  the  products 
^'  Vn  ^"  Vj/i  ^'i  *^re  taken,  passes  through  the  centre  of 
gravity,  we  have 

m'ffs  +  m''y„  +  m'"y,„  +  &c.  =  0/ 
and  the  above  equation  reduces  to 

V 
F  =z  if*    —  ;  •IWBys  equal  to 

t  the  nase  into  ratio 

oftbeincreiBeiit 

ofveloeilytothil 

which  is  identical  with  Eq.  (39).  of  the  ume. 
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The  body  will 
have  a  motion  of 
translation;  it 
will  also  rotate 
ebout  the  centre 
of  gravity ; 


value  of  the 
velocity  of 
tranalatiOQ. 


We  conclude,  therefore,  Ist,  that  when  a  body  is  ad^ 
upon  hy  one  or  more  Jbrces,  its  centre  of  gravity  zenll  mort 
as  though  the  forces  were  applied  directly  to  it,  provided  th^:ir 
directions  remain  unchanged;  2d,  tha^  when  the  line  of  dl- 
rectum  of  the  forcey  or  that  of  the  resultant  of  severed  /orceL 
does  not  pass  through  the  centre  of  gravity,  the  body  ti^iU,  ei 
addition,  rotate  about  this  centre. 

The  law  which  regulates  the  motion  of  the  centre  of 
gravity  results  from  the  above  equation,  for  if  JTrepreseni 
the  resultant  of  all  the  forces,  and  F  the  total  force  of 
inertia,  we  have  from  the  equality  of  action  and  reaction, 
X=F,  which  value  of  F,  substituted  above  gives^  after 
reduction, 


Living  force  in  a 
simple  motion  of 
uanalation. 


V   = 


X.  t 
M 


(42)'; 


in  which  v  is  the  velocity  impressed  in  the  very  short 
interval  %  from  which  we  may  pass  to  the  velocity  ac- 
quired at  the  expiration  of  any  time,  and  thence  to  the 
space  described. 

§  147. — ^What  has  been  before  explained,  applies  also 
to  the  total  living  force  possessed  by  a  body  having  a  sim- 
ple motion  of  translation.      For  v  being  the  conunon 

velocity  of  all  the  elements,  —  X  t^,  will  be  the  living 

force  of  that  whose  weight  is  p ;  ^^  X  t;"  the  living  force 

of  that  whose  weight  is  jp',  &c. ;  so  that  the  sum  of  all 
these  living  forces,  or  the  total  living  force,  denoted  bj  i, 

will  be  v*  X  — — ^- — ■;   and  representing  the 

entire  mass  of  the  system  by  J/J  as  before, 

L  =  Mv\ 
K  the  body  have  a  motion  of  rotation  as  well  as  of 
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translation,  then  will  the  living  force  of  m\  in  the  direo  ir  the  body  !»▼• 

ttlaoamo 
rotadoii; 


tion  of  the  motion  of  translation  be,  Eq.  (41),  "^  '  "^"^  •^ 


and  in  the  direction  perpendicular  to  the  motion  of  trans* 
lation,  Eq.  (42), 

and  similar  expressions  for  the  elements  whose  masses  are 
w»",  m'",  &c.  Taking  the  sum  of  these,  denoting  the 
living  force,  as  before,  by  Z,  and  reducing  by  the  equa- 
tions 

w!  y^  +  m"  y,,  +  &c.  =  0, 
y?  +  ^?  =  ^A 

&C.      &c.    =  &c., 

m'  +  m"  +  m'"  +  &c.  =  M; 
we  find 

or,  making 

the  liTiDg  force  is 
equal  to  that  due 

L  -  Mi^+  V'.Smr'  .    .    .    (43).     «oir«»uuon. 


increased  by  that 
due  to  rotation. 


§  148. — ^The  considerations  which  have  now  been 
developed,  show  that  in  the  motion  of  translation  of  a 
body  or  system  of  bodies,  the  computations  may  be  great- 
ly simplified,  since  we  are  permitted  to  disregard  the 
shape  of  bodies,   to  suppose  them   concentrated  about 
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their  centres  of  gravity,  and  to  reason  upon  these  pobli 
as  upon  the  total  masses. 

General  theorem  §  149. — 'We  haYe  seen  that  in  all  questions  afiecting 
w^kofTeK  the  circumstances  of  simple  motion  of  translation,  we  may 
regard  the  mass  as  concentrated  about  its  centre  of  gnr- 
ity.  But  when  the  different  parts  of  a  body  recare 
motions  which  differ  from  each  other,  this  concentration 
is  generally  inadmissible,  since  the  partial  forces  of  inertii 
not  being  parallel,  their  resultant  will  no  longer  be  eqiial 
to  their  suhl  li^  however,  we  desire,  in  any  case  of  the 
coexistence  of  various  motions,  to  estimate  the  work  per- 
formed by  the  weights  of  the  parts  of  a  body,  during  i 
given  time,  the  action  exerted  by  these  latter  forces  being 
parallel,  and  their  resultant  or  the  total  weight  always  pass- 
ing through  the  centre  of  gravity,  we  may  still  reason  upon 
the  motion  of  this  point  as  though  the  mass  were  conoeih 
trated  at  it,  and  disregard  the  motion  of  rotation  of  the 
other  parts  of  the  body  about  it  In  this  case,  the  quantity 
of  work  expended  in  every 
instance,  will  be   obtained  Rg.  gi. 

by  taking  the  product  of  ^^ 

equal  to  the        the  Weight  iuto  the  path  I -"-Jh^^fn 

weight,  into  the   described  by  the  centre  of  I  .^-^'"'''"^N^ 

projeettonofpaih  "^  (         ^y^  i 

of  the  centra  of    gravity,  estimated  in  a  ver-  /\^^c  \ 

*™^^'  tical  direction.  If,  for  exam-         \J\j ^ *^ 

pie,  the  centre  of  gravity  of  i 

any  body,  as  a  bomb-shell, 
pass  firom  the  position  Q  to 

O ',  describing  the  curve  (?  (7 ',  we  obtain  the  work  done 
by  the  weight  during  the  interval  of  time  occupied  in 
passing  from  one  of  these  positions  to  the  other,  by  mul- 
tiplying the  weight  of  the  shell  into  G^'^  the  projection 
of  the  path  0  0'  on  the  vertical  through  0 '. 

This  theorem,  in  regard  to  the  work  performed  by  the 
weight,  is  by  no  means  restricted  to  the  motion  of  a  single 
body,  but  extends  to  a  collection  of  pieces,  such  as  wheels, 
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•xpreMtoB  of  Ika 
rule; 


bars,  leveiB,  kc,,  oonaecled  with  eaeh  other  after  the  matt-  ApptiM  u,  dt 
ner  of  ordinarj  machinery.  If  the  quantity  of  work  ,^^^^^1^^. 
perfonned  by  each  pieae  be  eompttted,  and  the  algebraio 
sum  be  taken,  it  will  be  found  to  be  equal  to  the  quantity 
of  work  per&fmed  by  the  veigkl  of  the  whole  ajstenit 
acting  at  its  oeutieof  gmvitjr,  Qompated  by  ihe  sane  role. 
In  general,  let  Pjp\p'\  kc^  be  the  wvi^ts  of  the 
several  pieoas  joeoaected  togotfaer;  A,.  A',  k"j  fta,  the  Teiti- 
cal  difltanoee  pa^aed  over  by  Hbtlii  reapeotiTe  ce&tmi  of 
gravity,  in  peaaing  fitmi  one  podtbn  to  atnother,  by  virtue 
of  their  cxtnnection  ;^  P,  the  aum  of  all  the  weights  or  the 
weight  of  the  entire  aytteooi;  and  j>  the  ^^rtieal  ipaae 
deaoiibed  by  the  oonuaon  eentee  of  gravity:  then  wfll 

Pz'^  ph+p'if +p"hr +  900.  .   .  .  (44> 

» 

To  demoQstrate  tfaia,  let  iM^  m\  m'\  Ae^  be  aevearal 
bodies  so  connected  ea  to  be  acted  upon  by  eadh  othei'B 
weights.    Let  P  de* 
note   the  weight  of 
the    entire    system ;  ^*  ^^ 

Pi  P'f  P"j  **^»  ^^ 
weights  of  the  sever- 
al bodies  m,  m',  m", 
&a;  Z^  the  distance 
of  the  common  cen* 
tie  of  gravity  fiom  » 
horizontal  plane  A  B; 

and  Hj  H'y  if'^Aa,  the  distances  of  the  oenties  of  gravity 
of  the  bodies  m^  mV  ^"$  ^  ^B^<Mn  the  same  plane.  T^iien^ 
from  the  principle  of  the  centre  of  gravityi  will 

PZ^  pff  +  p'H'  -^p'^ff'^  +  kc] 

and  for  a  second  position  of  the  system, 

PJg;  =  pff.  +  p'H/  +  p^'H/'  +  4a; 
u 


itenila; 
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aod  Bobtraoting  the  flist  from  the  aeoond, 
P{Z,-Z)^piH-S)+p'{H/-.ff')+p"{E/'-ff')+ke. 


eondosloii  and 
nde. 


And  sappofiiiig  the  horizontal  plane  of  refeienoe  to  be 
below  both  positions  of  the  entire  system,  Z, —  ^  is  die 
yeirtical  distance  2,  through  which  the  common  centre  of 
gravity  has  ascended  or  deeeended,  aooording  as  ^  is 
greater  or  less  than  ^;  ff^-JST,  S/-S',  Hy^H"  Ac, 
ace  the  corresponding  distances  A,  h*^  V\  through  which 
tiie  centres  of  gravity  of  the  bodi^  m^  m\  m'\  Ac,  have 
ascended  or  descended.  Moreover,  the  products  P  (^, — J^ 
p  {H,^E\  j!  {H/—H'\  4x3^  aie  the  quantities  of  work 
due  to  the  entire  weight  and  to  the  partial  weights. 
Whence  this  rule,  viz.:  The  total  qwmtity  of  work  due  to  Ae 
action  of  the  entire  weight  of  any  st/stem^ia  equal  to  the  sum 
of  Ae  quantities  of  work  (f  Ae  weights  which  ascend,  dAmn- 
iAed  by  Ae  sum  of  the  quantities  qfwctrk  of  Ae  weights  wkii 
descend. 


VIII. 


SQUILIBBIUM    OF  A  SYSTEM    OF    HEAVY    BOUIBS. 


KquUibrium  ot 
hear  J  bodies; 


§  150. — ^If  the  system  of  heavy  bodies  be  so  connected, 
and  in  such  condition  that  the  common  centre  of  gravity 
continue  on  the  same  horizontal  line,  while  the  bodies  are 
made  to  take  different  positions,  then  will  Z,  —  ^=  z  =  0, 
and  Eq.  (44)  becomes, 


ph  +  p'h'  +p"h''  +  &c==0   .    .    (45); 


partuu  quaattttM  hcncc,  thc  partial  quantities  of  work  of  the  several  bodies 
eLToIiier*'^    destroy  each  other,  and,  therefore,  there  must  be  an  equi- 
librium in  the  system,  and  the  least  extraneous  efibit 
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will  impart  motion.    Such  is  the  condition  of  eqtdlib* 
rium  of  a  system  of  bodies  acted  upon  onlj  by  thmr 
own  weights.    The  equilibrium  presents  itself  under  dif- 
ferent states  according  to  the  positions  of  the  system.    If  tbe  aughtait 
the  position  be  such  that  in  a  slight  derangement  the*JJ^^^J^"*** 
common  centre  of  gravity  descend,  it  will  tend  to  descend 
more  and  more,  and  a  certain  quantity  of  work  will  be 
requisite  to  restore  it  to  its  primitive  position.    Such  an 
equilibrium  is  said  to  be  unstabk,  because*  the  system  unatabie 
tends  of  itself  on  slight  derang^nent,  to  depart  from  it  •<i'**"**'*"™? 
On  the  contrary,  if  on  slightly  displacing  the  system,  the 
common  centre  of  gravity  ascend,  this  displacement  wiU 
require  the  expenditure  of  a  certain  quantity  of  work 
which  the  weight  of  the  system  tends  to  restore;   the 
equilibrium  is  then  said  to  be  stable,  because  the  system  is  ttabie 
urged  by  its  own  weight  to  return  to  its  primitive  state  •^^'^  ***'*"*» 
when  abandoned  or  left  to  itself.    Blnally,  if  during  a 
slight  derangement,  the  centre  of  gravity  neither  ascend 
nor  descend,  the  quantity  of  work  expended  by  the  sys- 
tem is  always  nothing,  the  system  will  have  no  tendency 
of  itself  to  return  to,  or  depart  from  its  first  position,  and  •qauibrium  or 
the  equilibrium  is  said  to  be  indifferent  i«iiftr«ice. 


§  151. — ^Take  a  rod  sus- 
pended at  one  end  so  as  to 
turn  freely  about  a  hori- 
zontal axis  A,  and  support- 
ing at  the  other  a  body 
whiok   is   symmetrical   in 
reference  to  a  line  drawn 
from  the  axis  A  to  the  com- 
mon centre  of  gravity  Q. 
It  is  obvious  that  there  will 
be  an  equilibrium  when  the 
rod  is  vertical    It  is  more- 
over stable]  for  in  deflect- 
ing ihe  system,  the  centre 
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ttlwlnlioii  or 


naiUbrhoni 


by 


1%.  M. 


desoribing  the  aio  O  0\  about  ^  as  a  centre^  and  a 
oeHain  amount  of  work  will  be  expe&ded  which  the 
weight  will  restore  as  soon  as  the  deflecting  oanse  is  le- 
moved.  Indeed,  the  system  will^  when  abandoned,  per- 
form a  series  of  oscdllations,  whose  amplitude  about  the 
Tertical  A  (?,  will  diminish  continually  till  it  oomes  toiesL 

Now  suppose  the  system  inverted ;  if  tiaue  rod  be  per 
&otly  vertioal,  the  line  of  direo- 
tion  of  the  weight  will  pass 
though  the  point  of  support  A^ 
and  there  is  xk)  reascoi  why  the 
system  should  move  one  way 
rather  than  another.  It  will  there- 
fore be  in  equilibiio^  but  the  equi* 
librium  will  be  imstable;  for, 
however  slight  the  derangement| 
the  centre  of  gravity  (?  will  de- 
scend  ailong  the  circular  path 
(7  Q\  described  about  J.  as  a  cen^ 
tre,  and  a  certain  amoimt  of  w<»rk 
will  be  requisite  to  bring  it  back  to  its  primitive  positioiL 

When  a  cone  ABC^  resting  upon  its  base  BG^  ia 
inclined  to  the  position  A'  B'  C^  its  centre  of  gravity  6 
will  ascend  and  describe  an  are 
0  0\  and  i^  in  this  inclined  po- 
sition, it  be  abandoned  by  the 
disturbing  force,  it  will  return. 
When  the  cone  is  placed  up- 
on  its  vertex,  with  its  centre  of 
gravity  directly  above  that  point, 
it  will  also  be  in  equilibrio  as  it 
was  when  resting  on  its  base,  but 
the  slightest  motion  will  cause  the 
centre  of  gmvity  to  descend.  The 
first  position  is  one  of  sixible^  the 
second  of  unstable  equilibrium. 

An  elUptical  cylinder  placed  upon  a  harieontal  pltno 
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ii  in  stable  of  unstable  eqmlibriumf  aooording  as  the 
cmBller  or  longer  axis  of  its  elliptical  base,  ano  by  m 

is  peipendicalar  to  the  plane,  ^  ^^         IIIIIlSiL!! 

A  spherical  ball  upon  a  horizontal  ^^t^ 

plane,  is  an  example  of  equil^nrium  of         L^\~^ 
indifferenct.     The  centre  of  gravity  re- 
maining  at  the  same  level  however  the 
ball  may  be  displaced,  provided  it  pre-  ^^^ 

serve  its  contact  with  the  plane,  the  quan- 
tity of  work  necessary  to  displace  it  will 
always  be  inappreciable,  and  the  ball  will, 
in  consequence,  have  no  tendency  either 

to  recede  from  or  return  to  its  primitive  ^'  •qnutMumor 

position.     A  perfectly  circular  cylinder  /^  IxtlTuMb) 

on  a  horizontal  plane  is  an  example  of  ^  ^—       thi* sphere:/ 

the  same  kind. 

Some  varieties  of  draw-bridges  are  but  collections  of  bx  some  ywi%^fii» 
pieces  in  a  state  of  equilibrium  of  indifference.    And  to  »'<'«*-*»'"t^5 
insure  this  state,  it  is  only  necessary  that  the  common 
centre  of  gravity  of  the  bridge  and  appendages,  shall  pre- 
aerve  the  ««ne  level  during  the  mZr^T^Uc\.  <L, 
the  system  will  be  in  equilibrio  in  all  possible  positions. 

Wagons  and  carriages  should,  in  strictness,  require  no 
work  to  move  them  on  a  horizontal  plane,  except  to  over- 
come their  inertia,  and  should,  therefore,  be  so  constructed 
88  to  preserve  their  centres  of  gravity  always  on  the  same 
leveL 

I^  during  the  motion  of  a 
wheel,  it  is  seen  sometimes  to 
<|tucken  and  rometimes  to  slack- 
en its  motion,  it  is  because  the 


rig.  9a 


centre  of  gravi^  Cf  is  out  bf         //     x^nC     W    iteMinof 


Ae  axis  of  motion  A  and,  there-  vJ3>)    "jI    •»^«i««<«'** 

Ibie^  alternately  rises  and  falls 
during  the  rotation.  A  wheel 
whose  centre  of  gravity  is  out 
of  the  axis  of  motion,  passes 


or 
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Iteeommon 


in  the  course  of  a  single  revolution  through  the  conditioiis 
of  stable  and  unstable  eqmlibrium,  the  former  oocunisg 
when  the  centre  of  grayit j  0  crosses  the  vertical  line  B  C, 
through  the  axis  Ji^  at  the  lowest  point  0,  and  the  latter 
when  it  crosses  the  same  line  at  the  highest  point  0\  of  its 
path. 

The  common  balance  consists  of  a  horizontal  am 
A  B,  mounted  upon  a  kn^e^ge  D,  resting  upon  the  sar- 
&ce  of  a  circular  opening  made  in  the  end  of  a  vertical 
firame  C,  which  is  supported  by  a  hook  attached  to  i 
fixed  point  K  The  ends  of  the  balance  cany  basins  of 
equal  weights,  one  of 


which  receives  a  sub- 
stance to  be  weighed, 
and  the  other  the  stand- 
ard weights  previously 
determined.  The  bal- 
ance may  be  atabk, 
unstable,  or  indifferent, 

the  podtton  of  its  according  as  it  tends 
c-twof  gmTitj;  ^  ^^^^  ^  ^  horizon- 

tal  position  when  de- 
flected from  it,  to  over- 
turn, or  to  retain  any 
position  in  which  it 
may  be  placed.  Befer- 
ring  the  entire  system 


Fig.  M. 


•    • 


w1i«Q  Stable ; 


tedtftrent; 


to  any  horizontal  plane  A'B',  and  taking  the  sum  of  the 
products  which  result  from  multiplying  the  weight  of  each 
piece  by  the  distance  of  its  centre  of  gravity  from  this 
plane,  and  dividing  this  sum  by  the  weight  of  the  entire 
balance ;  the  quotient  will  give  the  distance  of  the  com- 
mon centre  of  gravity  of  the  moveable  part  of  the  appa- 
ratus from  the  plane  A'B\  K  this  distance  be  less  than 
FDj  the  distance  of  the  knife-edge  above  the  plane  of 
reference,  the  balance  will  be  stable ;  if  greater,  the  bal- 
ance will  be  unstable ;  and  if  equal  to  this  distance,  the 
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balance  will  be  indififereat     All  of  which  sappofles  the  centre  (irgimvit> 
oomxnon  centre  of  gravity  to  iall  Bomewhere  on  the  vertical  SJi^jL^^***  jm 
line  FD^  paasing  through  the  knife-edge.  ormpport. 


IX 


vpoDHft^e  bgdj; 


SQUIIilBRIUK    OF    SSVEBAL     FOBGE8,     VIRTUAL 
YSLOCITISS,  AND  MOTION  OF  A  80LID  BODY. 

§  152. — ^To  find  the  conditions  of  eqnilibrimn  of  several 
forces,  P^Q^R^  Sy  &c.,  applied  to  different  points  of  a  solid  Equuibriuiii  or 
body,  take  in  the  interior  of  the  body  three  points  a,  i,  c,  "*****"* 
and  regard  these  points  as  the  vertices  of  an  invariable 
triangle  abc;  resolve  each  force  into  three  components 
whose  directions  shall  pass  through  the  given  point  of 
application  and  the  vertices  a,  i,  and  c.  In  this  way  we 
shall  be  able  to  replace  the  given  forces  by  three  groups 
of  components,  the  directions  of  each  group  having  a  com- 
mon point  at  a,  &,  or  c.  Each  of  these  groups,  having  a 
oommoQ  point)  may  be 


Fig.  M. 


replaced  by  a  single 
resultan^  and  thus,  the 
equilibrium  of  the  giv- 
en forces  be  reduced 
to  that  of  three  forces. 
Call  the  resultant  of 
the  group  having  the 
common  pcnnt  a,  X; 
that  of  the  group  hav- 
ing the  common  point 
i,  T;  and  that  of  the 
group  having  the  com- 

moa  point  a,  Z.    These  three  forces  being  in  equilibrio,  three  dnsie 
the  equilibrium  will  not  be  aflbcted  by  supposing  the  three        ' 


the  given  fonrfw 
mey  berepleoe^ 
bj  three  frusp* 
ofoeapoaeBie: 


by 


168  KATUBAL    PHILOSOPHY. 


lines  ab^  be^  and  to,  to  become  fixed  in  sucoession.  'Rut 
line  ab  being  fixed,  the  forces  Xond  T,  whose  directioiis 
intersect  it,  will  be  destroyed  by  its  resistsnoe,  and  if  Ibe 
third  force  Z^  does  not 

an  eqniUbrinm      aCt  in  the  plane  a  be,  it  Ilg.  92. 

rr:^u-  ^  <»^  *te  system 
Mnwpiua;       to  tum  about'ai/  the 

same  may  be  shown  of 

the  forces  X  and   T. 

The  forces,  X,   T,  Z, 

must,  therefore,  aet  in 

the  same  plane;   and 

in  order  that  they  may 

be  in  equilibrio,  the  re* 

flMremiuBt       sultant  of  either  two 

"^^^  of  them  must  be  equal 

and  directly  opposed  to  the  third;  that  is  to  say,  the 
resultant  of  the  three  must  be  zero.  If  the  resultant  be 
zero,  the  quantity  of  work  is  zero.  The  quantity  of  work 
of  X,  YjOT  Zfis  equal  to  the  algebraic  sum  of  the  quan- 
tities of  work  of  the  group  of  which  it  is  the  resultant,  and 
thus  the  sum  of  the  quantities  of  work  of  X,  1^  and  ^, 
may  be  replaced  by  that  of  the  quantities  of  work  of  the 
forces  grouped  about  a,  i,  and  c.  But  these  last,  taken 
three  by  three,  give  the  (]^uantities  of  work  of  the  proposed 
forces  P,  Q,  E,  S,  &c.\  so  that  the  sum  of  the  quantities 
of  work  of  the  forces  X,  7j  and  Z,  is  the  same  as  the 
algebraic  sum  of  the  quantities  of  work  of  the  forces  P,  Q) 

iiM  roro«8  wui  kt  B,  Sf  &c.    Whence  we  conclude,  that  sevetai  Jbroes^  acting 

w iMAtt^*^       w2X)n  the  d^jmrd  points  of  a  free  body,  ivitt  be  in  equUibnOt 
ct  when  the  dlgebraie  sum  (^  the  quanOtiei  of  work  of  ike  pM 


tile  qiiaatitlet  of     *  y  . 

•arki..em.         ««?««?  ^  SeW. 


Now  suppose  the  body  to 
be  slightly  deranged  from  its 
state  of  rest,  and  let  J.J.'  be         -^I...,^^     ^Jf 
the  path   described   by  the        ] — ^t        1 '        ^^ 
pcnnt    of  application  J.,    of 
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the  force  P,  in  an  indefinitely  short  time  t  .Draw 
-4.'n  perpendicnlar  to  A  P;  An  •will  be  the  space  de- 
scribed by  the  point  of  application  in  the  direction  of  the 
force,  and  the  quantity  of  work  performed  by  P  dnring 
the  derangement  will  be  Px  An,  or  Pp,  denoting  A n 
hyp. 

The  path  AA^is  called  the  virtual  velocity  of  the  force  P;  virtoai  Teioettjr, 
-i.  n  =  j3,  the  prqfecHon  of  the  virtual  velocity ;   and  the  ^^^*,^i, 
product  Pp,  the  virtual  moment  of  the  force  P.  mhi  nrtuai 

Denoting  by  q,  r,  s,  &c.,  the  projections  of  the  virtual  "***    ' 
velocities  of  the  forces  Q^  R,  S,  &o.,  the  quantities  of 
work^  or  the  virtual  mom^dts  of  these  forces,  wiS  be, 
respectively,  Q q,  Br,  Ss,  Ac;  and  if  the  system  be  in 
equilibrio,  we  have,  from  the  rule  just  demonstrated, 

Pp  +  Qq  +  Br  +  Ss  +  &c  ::=  0  .   .  (46). 

This  equation  is  but  the  mathematical  expression  of  the  principle  or 
principle,  known  under  the  name — virtual  velocities,  which  ^*^"^  ▼«iocitt««. 
consists  in  this,  viz. :  when  several  forces  are  in  equilibrio, 
the  algebraic  sum  of  their  virtual  moments  is  equal  to  zero. 

§  158. — ^Any   mechanical    device    that   receives   the 
action  of  a  force  or  power  at  one  point,  and  transmits  Amaqhine) 
it  to  another,  is  called  a  rrvachine. 

Conceive  a  machine,  composed  of  wheels  whose  axes 
are  sustained  by  supports,  and  which  communicate  motion 
to  each  other,  either  by 
teeth,  chains,  or  straps, 
on  their  circumferen- 
ces. Suppose  a  ibroe 
or  power  to  be  implied 
so  as  to  turn  the  first 
wheel;  this  wheel  will 
experience  a  resistance 
from  the  second;  this 
resistance,  in  its  turn, 
becomes,  for  the  second 


Kg.  M. 


pond  of 
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the  proceas  hj 
which  the  ifellon 
ofainotorl* 
tnuumittfld; 


wheel,  a  power  which  catises  it  to  rotate  also ;  the  second 
will  experience  a  resistance  from  the  third  whe^  whieb 
resistance   becomes   a 


Kg.  M. 


points  of  lapport 

replaoedby 

MtlTeforoOT; 


power  to  give  it  mo- 
tion, and  so  on  to  the 
end.  But  each  wheel 
experiences  a  reaction 
at  the  points  of  sup- 
port which  keep  it  in 
pofiitioUi  and  it  is  this 
reaction  that  becomes 
the  means  of  transmit- 
ting the  power  to  the 
following  wheel;  for 
if  these  points   were 

unsupported,  the  wheels  would  cease  to  act  upon  eadi 
other  and  the  power  first  applied  could  not  be  tnns- 
mitted. 

Now,  replace  the  supports,  by  the  efforts  of  reaction 
which  they  exert :  each  piece  or  wheel  will  become  a  bee 
body  subjected  to  the  action  of  the  preceding  piece,  the 
resistance  of  the  following,  and  the  force  of  reaction  bj 
which  we  have  replaced  its  point  of  support ;  and  if  tbe 
piece  be  in  equilibrio,  the  algebraic  sum  of  the  virtruJ 
moments  of  this  action,  resistance,  and  reaction,  must  be 
equal  to  zero. 

Represent  the  power  applied  to  give  moticm  to  the 
first  wheel  A  by  Tf^,  the  resistance  of  the  second  wheel 
JS  by  ^  and  the  reaction  at  the  point  of  support  of  the 
first  wheel,  by  Q ;  the  projection  of  the  virtual  velocity 
of  Wi  by  Wi,  that  of  B^  by  r^,  and  that  of  C(  by  c^ ;  then 
wiU 


•umoftheYlrtQal 
momento  Ibr  flnl 
yieee; 


TTiWi  +  (\Ci  +  ^r,  =  0; 

denoting  the  resistance  of  the  third  wheel  D  hy  B^  the 
reaction  at  the  centre  of  the  second  wheel  by  C^;  and  the 
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projections  of  their  virtual  veldcitieB  by  rg  and  c^  respec- 
tively, 

and  thus  we  may  continue  throughout  the  entire  com- 
bination till  we  finally  arrive  at  the  last  wheel,  to  which 
is  opposed,  as  a  final  resistance,  the  work  to  be  done.  De- 
noting this  resistance  by  TT*,  the  resistance  of  the  last 
wheel  to  the  action  of  the  preceding  by  R^  the  reaction 
of  the  support  of  the  last  wheel  by  C,  ;  and  the  projections 
of  tbe  corresponding  virtual  velocities  by  w^^  r^  and  c^ 
respectively,  we  shall  finally  have, 

R^Tt   +    CeCe   +    WgWf    =^   0.  itoo  tor  the  lait : 

But  fiom  the  nature  of  the  connection,  the  points  of  sup- 
port must  not  move;  their  virtual  velodties,  and  there- 
fore the  projections,  must  be  2sero.  Hence,  (^  q  =  0, 
GgCg  =  0^  .  .  •  (7«  c«  =  0,  and  the  preceding  equations 
become 


Witvi  +  J%rg  =  0, 

=0, 

B.U     +  TT.  ti;.  =  0,    J 


TlrtiMl  BoaiMrti 
.      .      (47).       ofpolntiof 

npporti  laro ; 


Subtracting  the  second  from  the  first,  and  adding  the 
third,  subtracting  from  this  result  the  fourth  and  adding 
the  fifth,  and  so  on  to  the  last,  we  finally  obtain 


WiV\   +    WaWg   ^   0     .      .      .      (48);       ralatloiiorinotiTa 

ftme  to  the  flnal 


whi^^b  shows  us  that  the  quantity  of  work  of  the  final 

resistaace  is  equal  to  the  quantity  of  work  of  the  power, 

or  that  Ao  work  is  lost    In  other  words,  the  ^uonltify  no  work  uml 

of  vxjrk  of  the  forces  which  tend  to  turn  the  system  in 

one  direction  is  exactly  equal  to  the  quantity  of  %oorh  of 

those  which  tend  to  turn  it  in  the  opposite  direction. 


in 
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Tool;  work  of 
power  equal  to 
/that  of  tool; 


llMWorkof 
MotUm  and  that 
employed  to 
ehange  flgnn ; 


woiii  estimated 
by  a  Buppoeed 
displacemeiit,  to 
avoid  ioarltai; 


the  same  in 
oniform  motion ; 


when  the  moUoa 
la  variable,  the 
a-ork  of  inertia 
comes  into  the 


An  examination  of  Eqs.  (47),  will  shovr  that  the  same 
remark  is  applicable  to  each  piece  of  the  oombina- 
tion  taken  separately,  and  ihos  startii^  from  the  piece 
which  first  receives  the  action  of  the  force,  and  pro^ 
ceeding  to  that  which  does  the  work,  and  which,  on  this 
accouiit,  is  called  the  toolj  we  see  that  the  quantity  of 
work  of  the  power  is  equal  to  that  of  the  tooL  In  a 
word,  where  forces  work  upon  bodies  through  the  medium 
of  machinery,  we  must  distinguish  the  powers  &am  re- 
sistances, and  we  shall  always  find  the  work  of  the  Siet 
to  be  equal  to  that  of  the  second. 

K  the  bodies  press  against  each  other  in  a  ipray  to 
produce  a  change  of  flgore  and  friction,  x^w  xesistaiioeB 
arise  which  must  be  taken  into  account^  and  the  w^ork 
of  these  must  be  subtracted  fW>m  that  of  the  fbrees  to 
obtain  the  work  of  the  tool,  and  henoe  such  lesistaaces 
are,  in  general,  a  hinderance  to  the  final  work  to  be 
aocomphshed. 

K  the  equilibrium  is  to  be  maintained  while  llie 
machine  is  at  rest,  then  must  tiie  quantity  of  work  be 
estimated  by  the  aid  of  a  supposed  displacement,  as  in  that 
case,  the  influence  of  inertia  will  be  avoided. 

If  the  equilibrium  is  to  exist  during  a  uniform  motion 
of  the  machine,  the  quantity  of  work  must  be  computed 
from  the  actual  motion  of  the  points  of  appUcation,  for 
then  the  inertia  will  again  be  excluded. 

But  if  the  equilibrium  is  to  take  place  during  an 
acceleration  or  retardation  of  the  motion,  the  inertia  of 
the  pieces  will  no  longer  be  zero,  and  must  be  compre- 
hended among  the  powers  and  resistances.  The  oon* 
ditions  of  the  motion  must,  however,  always  be  the  same ; 
that  is  to  say,  ther  work  of  the  powers  'iniHSt  ht  equal  •  to 
that  o^  the  resisfaiiees,  augmented  by  th^  woxk  of  kMrtia 
when  the  motion  is  aooelerated,  and  diminkdied  by  the 
same  work  when  the  motion  is  retaxded. 


S 154 — ^Whenever  the  fotH^es  applied  to  a  body  aeod- 


XIBOHAHICB   OF   SOLIPa 


ITt 


erate  or  rfriard  its  motion^  tb6  iiiertU  of  the  body  is 
developec^}  and  by  yiriua  of  the  principle  that  action  is 
equal  and  contrary  to  reaction,  this  inertia  must  be  inBaiaitoaortiie 
equilibrio  with  the  forces;  that  is,  the  quantity  of  work  J^^^^of iu 
of  inertia  will  be  equal  to  the  sum  of  the  simultaneous  o4b«rfl»ro«; 
quantities  of  work  of  the  forces  which  urge  the  body  in 
one   direction,  diminished  by  the  quantity  of  work  of 
those  which  urge  it  in  the  opposite  direction.    But  we 
have  seen,  §  85,  that  when  the  body  takes,  at  different 
instants  of  time,  two  relocities  which  differ  fix>m  each 
other,  the  work  of  inertia  is  measured  by  half  the  differ- 
ence of  the  Hying  forces  possessed  by  the  body  at  these 
instants,  or  by  half  the  fiving  force  gained  or  lost  in  the 
interval,  according  as  the  motion  has  been  accelerated  or 
retarded.    Hence,  the  total  work  of  several  forces  acting  upon  thetoiaiwotfcor 
a  Jody,  dwrimg^  mig  time^  i$  alvoaf/a  equal  ft>  AoJ^  ^  the  ^^^j!^thB 
living  force  gained  or  lost  by  the  body  during  the  same  ^Ting  force  lott 

or  gained ; 

(tme. 

Suppose,  for  example,  a  projectile  whose  weight  is  P,  to 
leave  the  point  A  with  an  initial  velocity  F.  If  its  weight 
did  not  aety  the  body  would  pursue  its  primitive  leoti 
lineal  path  AT. 


Fig.  96. 


But  by  virtue  of 
the  weight,  which 
would  act  alone 
in  vacuo,  the 
projectile  is  con- 
tinually deflected 
from  this  path, 
and  will,  in  conse- 
quence^ describe  a 
curve  line  J.  JSJD; 
and  we    know, 

I  112,  that  when  a  body  describea  any  curve  undei  the 
action  of  its  weight  alone,  the  work  is  equal  to  th€( 
weight  of  the  body  into  the  difference  of  level  of  its  two 
positions.    Th^  in  t^e.cas^  before  us^  while  ilie  projectile 


UlWtMtlOB— Ite 

flMeofft 
KO||Mtt>e; 
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is  pasBing  from  AtoB,  the  work  expended  bj  its 
will  be  Px  5(7,  or  PxB,  by  making5C=  JE 
Denoting  by  F', 


wei^ 


iwu  point! ; 


the  velocity  of  the 
(he minKtbree at  projectile   at   Bj  its 
living  force  at  this 
point  will  be 

SI 
and  at  A,  it  was 


F%.  M. 


and  its  loss  of  living  force,  in  passing  from  Aio  JB^ 


loitorgaiiiof 
llvbig  force; 


{y'-r% 


the  half  of  which  is  the  quantity  of  work  of  the 

forceS;  (in  this  case  the  body's  weight,)  in  the  same  timfl^ 

and  hence 


9^pud  to  doable 
the  work  of  the 
force; 


relation  of 
▼eloclty  to 
dUfcreaoeof 
level; 


J  — (F*-  F^  =  pjb; 


or 


V*-^  r^  ^  2gH    .    .    .    (49). 

Thns  the  difference  of  the  squares  of  the  velocities  in  any 
two  positions  of  the  projectile,  moving  in  vacuo,  is  equal 
to  the  difference  of  level  of  the  two  positions,  multiplied 
by  twice  the  force  of  gravity.  When  the  projectile 
arrives  at  27,  then  will 


jr=  0;    and     V* --  V^  ^  0; 
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that  18  to  say,  the  velocity  mil  be  equal  to  what  xtTaioeitrMmeoB 
was  at  A  ihei«.i«i; 

From  Eq.  (49),  it  is  obvious  that  while  the  projectile  Teiodty  on 
is  on  the  ascending  branch  of  the  curve,  its  velocity  di-  JJ^JJ^JjJL'^ 
Txiinishes,  and  whUe  on  the  descending  branch  its  velocity,  bruMhoroiurT«; 
on  the  contrary,  increases. 

The  description  of  the  trajectory  or  curve  ABD  in 
vacuo,  is  obtained  by  very  simple  considerations,  founded 
upon  the  independence  of  the  motions  of  the  same  body,  thoewraia 
and  of  the  action  of  forces  which  solicit  it  in  the  directions  ^^''^  **'^* 
of  these  motions,  (§  106  and  107.)  The  body  may  be  re- 
garded as  animated  by  two  motions,  one  horizontal  in  the 
direction  A  sc,  the  other  vertical  in  the  direction  A  y.  The 
initial  velocities  in  the  directions  of  these  motions  are  the 
components  of  the 


Fig.  M. 


initial  velocity  V^ 
oomputed  by  the 
principle  of  the 
parallelogram  of 
velocities.  After 
the  body  leaves  the 
point  A^  it  wiU  be 
subjected    to    the^ 

action  of  no  motive  force  in  the  horizontal  direction ;  the 
horizontal  component  of  its  velocity  will  be  constant^  and> 
the  spaces  described  in  this  direction  in  equal  times  will 
be  equal.  Denote  the  angle  a;^  T'  by  a;  the  space  de- 
scribed in  the  horizontal  direction  Axhj  x^  and  the  time 
required  for  its  description  by  ^  then  will 


X  =^   FcoB  a  t 


(50). 


Bat  in  the  vertical  direction,  the  weight  will,  during 
equal  times,  diminish  the  component  of  the  initial  ve- 
locity, in  that  direction,  by  equal  degrees;  the  motion 
wUl  be  uniformly  varied,  and  the  spaces  described  in  tne 
direction  of  the  vertical  A  y,  in  the  time  ^  will  be  given 
by  Eq.  (12),  after  substituting  Fsin  a  for  a.  <  for  T  and 


BpMedeieribed 
borlsoBtaUy  In 

tiMtfBMt; 
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inMiM     g  for  ti|.    Eenoe,  denoting  the  yertical  epace  by  9, 

dme  in  veittoal 
dJroction ; 


grt 


y  =  Fsina^  —  i^^   •    •    •     (SIX 


thetraeporftfMi  The  true  positions  of  the  projectile,  which  are  but  points 
ttmytoSl^  of  the  curve  ABD,  are  given  by  the  intersections  of  a 
vertical  and  horizontal  line  drawn  at  distances  from  A. 
equal  to  the  spaces  y  =  Ayi,  and  x  =  Axu  sinmltaneonsl; 
described  in  these  two  directions.  To  find  these  distances, 
it  win  be  sufficient  to  substitute  a  given  value  of  4  in 
equations  (60)  and  (61). 

Eliminating  t  from   these  same  equations,    and    re- 
ducing, we  find 

9 


Ike  equation  of 
the  curve 
deicribed— o 
penbola; 


angle  of 

jMnotfectioii; 


y  =  itsPia.x  — 


2  7*.C0S»a 


a?. 


(52); 


which  is  an  equation  of  a  parabola.  Hence,  the  carve 
described  by  a  body  when  thrown  in  a  direction  oblique 
to  the  horizon,  and  acted  upon  alone  by  its  own  weight,  is 
a  parabola. 

The  horizontal  distance  intercepted  between  the  point 
of  projection  A,  and  the  point  D  where  the  projectile 
attains  the  same  level,  is  called  the  range.  The  angle 
(c  J.  T  =  a,  is  called  the  angle  of  projection. 

To  find  the  range,  make  y  =  0,  in  Eq.  (62),  and  find 
die  corresponding  value  of  x.    Making  jr  =  0,  we  hare 


0  =  tan  ax  — 


9 


2  7*oorf« 


A 


whence 


»  =  0, 

2F*8ina.coBa         ... 
X  =  =  AD  =  range; 

and  representing  by  h,  the  height  due  to  the  veloci^  V^ 
we  have 


F*  =  3gh 


(58); 
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and  denoting  the  range  bj  By  and  recollecting  that 

2  sin  a  .  cos  a  =  «6in  2  a, 

we  have,  finally,  • 

5  =  2  A.  sin  2a  .    .    .    .    (64). 


IheTalmorttM 
nugv; 


This  value  for 
the  range  will  be 
a  maximxun  when 
a  =  45**,  in  other 
words,  the  great- 
est range  corres- 
ponds to  an  angle 
of  projection  equal 
to45^ 


Rg.  97. 


Since 


sin  2  a  =  sin  2  (90**  -  a), 


it  follows  that  the  same  range  may  be  attained  by  two 
angles  DAT  and  D A  T\  which  are  complements  of 
each  other.  * 

ff  in  Bq.  (64),  we  make  a  =  45®,  then  will 


oomplenMotary 
tnglM  give  the 
■ama  range; 


whence 


B  -  2h, 


h  =  iB; 


greatartnage 
giTen  by  an  an^ 
ofprq)ectioB 
equal  to  4S*; 


and  this  in  Eq.  (58),  will  give 


(66). 


That  is  to  say,  if  the  range  corresponding  to  an  angle  of 
45"*  be  measured,  the  initial  velocity  may  be  readily 
found,  being  equal  to  the  square  root  of  the  product  of 
tUs  range  into  the  force  of  gravity.  Squaring  the  above 
equation,  we  obtain 

7»  =  Bg; 


Talue  of  Initial 
velocity  in  terms 
of  greatest  range; 
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and  denoting  by  W,  the  weight  of  the  projectile,  its  living 
force  on  leaving  the  mouth  of  the  piece  from  wliich  it  is 
thrown  becomes 


W 


.  F"  =  12  TIT; 


effeeUTe  quaatttj 
of  action 
impressed  upon 
the  projectile ; 


eprovTette ; 


examples  of  its 
use; 


and  the  effective  quantity  of  action  impressed,  denoted 


Q  =  iBW 


(56> 


It  is  &om  this  relation  that  are  obtained  the  results 
of  the  eprouvette,  a  small  mortar  constructed  to  test  the 
relative  strength  of  different  samples  of  gunpowder.  For 
this  purpose,  a  heavy  solid  ball  is  projected  from  it  under 
an  angle  of  45°,  with  small  but  equal  charges  of  diflferent 
kinds  of  powder,  and  the  relative  strength  is  inferred 
from  the  effective  quantity  of  action  impressed. 

For  example,  suppose  equal  charges  of  two  diflferent 
samples  of  powder,  give  iZ.  =  1050  feet,  and  H  =  1086 
feet;  these  values  substituted  successively  in  Eq.  (56) 
give 

Q  =.   W.  525 
Q  =   1^.543; 


tliesensaltolml 
■pprozimatlons 
in  air; 


Rule. 


80  that,  the  weights  of  the  projectiles  being  the  same^ 
the  strengths  of  the  two  samples  of  powder  will  be  to 
each  other  as  525  to  543. 

This  supposes  the  motion  to  take  place  in  vacuo.  If 
the  trajectory  be  described  in  the  air,  the  resistance  of  this 
fluid  will  diminish  the  velocity  of  the  projectile,  the  curve 
will  cease  to  be  a  parabola,  and  the  results  above  will  be 
but  approximations  to  the  truth.  But  as  the  resistance  to 
the  motion  of  the  same  body  in  air  varies  as  the  square 
of  the  velocity,  these  approximations  may  be  made  as 
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close  as  we  please  by  using  small  charges  and  veiy  dense  tiMie 

projectiles.  .ildedo-by 

Taking  the  general  case,  without  limitation  as  regards  giTia«  •»«» 
the  velocity  of  a  body  in  air,  the  curve  may  still  be  * 

described,  provided  we  have  a  table  giving,  in  pounds  or  geDeniesMiD 
any  other  unit  of  weight,  the  resistances  corresponding  to  ^^!^^i^ 
different  velocities  of  different  calibres.  thrown  into  the 

Thus,  knowing  the  initial  velocity  and  its  two  com-     * 
ponents,  find  firom  this  table,  in  pounds,  the  value  of  the 
initial  resistance,   and  its  horizontal  and  vertical  com* 
ponents  at  the  commencement  of  the  motion.    Of  these 
components,  one  is  the  motive  force  in  the  horizontal,  and 
the  other,   added  to  the  weight  of  the  projectile,   the  table*  of 
motive  force  in  the  vertical  direction.    With  these  forces,  JI|^^|I^.*' 
supposed  constant  during  a  very  short  time,  compute  by 
the  laws  of  uniformly  varied  motion,  the  loss  of  velocity 
in  these  two  directions  during  this  short  interval ;  subtract 
from  the  primitive  components  of  the  initial  velocity,  the 
loss  in  their  respective  directions ;  the  remainders  wiU  be 
new  component  velocities,  of  which,  find  the  resultant, 
and  take  from  the  tables  the  corresponding  resistance. 
This  new  resistance  treated  in  the  same  manner  as  that  mieoeMiTe  itepe 
due  to  the  initial  velocity,  will  give  a  third  resistance,  and  ^btTia  the**i«ce 
this  a  fourth,  and  so  on  indefinitely.    We  thus  obtain  aortheprojeetue 
series  of  components,  forces  acting  for  a  short  time  with  lJ,'^,!|Jf"'*^ 
constant  intensity  in  the  horizontal  and  vertical  direc- 
tions;   with  these  compute,   by  the  laws  of  uniformly 
varied  motion,  the  corresponding  spaces  described  in  their 
respective  directions  by  the  projectile.     The  total  spaces 
simultaneously  described,   obtained  by   adding  together 
the  spaces  corresponding  to  the  same  number  of  con- 
secutive intervals  from  the  beginning  of  the  motion,  will 
give  the  distances,  A  Xi  and  A  yi,  which  determine  the 
points  of  the  curve.     The  actual  space  described  by  the 
trajectory  will  be  the  development  of  this  curve. 
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/^ 


X. 


MOTION  AND    EQUILIBRIUM    OF    A    BODY    ABOUT 

AN    AXIS. 


The  work  of  §  155. — ^The  principle  demonstrated  in  §  113,  of  the 

**b^y^boui  a™  work  of  foices  acting  upon  a  body,  may  be  extended  to 
fixed  aads  any  casc  whatever.    Let  us  now  apply  it  to  that  of  a 

body  which  is  free  to  turn  about  a  fixed  axis  with  which 

it  is  invariably  connected. 

Conceive  a  force  B,  acting  upon  the  point  ^  of  a  body 

free  to  turn  about  a  fixed  axis  LM;  resolve  this  force 

into  two  others,  the  one  ft 

parallel  to  LM,  the  other  P 

in  a  plane  perpendicular  to 

this  line,  and  passing  through 

the  point  of  application  A. 

Doing  the  same  with  regard 

to  all  the  other  forces  acting 

upon  the  body,  the  system 

will  be  reduced  to  two  groups 

of  forces,  of  which  one  will 

be  parallel  to  the  axis,  and 

the  other  in  planes  at  right  ' 

angles  to  it.    The  algebraic 

sum  of  the  quantities  of  work  of  the  components  is  equal 

to  that  of  the  resultants.    But  the  work  of  the  first  group, 

is  equal  to  the  product  of  their  resultant,  multiplied  bj 

the  path  described  by  the  body  in  the  direction  of  this 

resultant,  that  is  to  say,  in  the  direction  of  the  axis ;  but  as 
u  reduced  to  thai  the  body  is  invariably  connected  with  the  axis,  it  cannot 
^mMLntain  ^^^^  ^^  *^^*  direction,  and  the  path'  described  by  the 
l>iane8  poiut  of  application  of  the  resultant  of  the  parallel  group 

p^r^dicniwto  ^  nothing,  and  therefore  the  quantity  of  work  is  nothing. 

Thus,  the  total  quantity  of  work  of  the  given  forces  is 


HECHANICS    OF    SOLIDS. 


181 


reduced  to  that  of  their  components,  in  planes  perpen* 
dicular  to  the  axis,  and  passing  through  the  points  of' 
application. 

§.156. — The  quantity  of  work  of  forces  applied  to  a  The  work  of  the 
body  which  can  only  have  a  motion  of  rotation  is  always,  ^^"'^dlcuLrto 
as  we  have  just  seen,  reduced  to  that  of  their  components  theaxit; 
in  planes  perpendicular  to  the  axis,  or,  which  is  the  same 
thing,  to  that  of  the  projections  of  the  forces  on  these 
planes.    It  remains  to  determine  this  work. 

Liet  P  be  one  of  these  components,  A  its  point  6i 
application  upon  the  body,   G  the  point  of  the  axis  in 
which  it  is  cut  by  the  perpendicu- 
lar plane  containing  the  component 
P.      Let  fall  upon  PA^  the  per- 
pendicular  0  D^  and  recall  what 
has  been  demonstrated  in  §  116, 
viz. :  that  the  quantity  of  work  of 
a  force  is  always  the  same  wherever 
its  point  of  application  be  taken 
upon   its  line  of  direction.     The 
quantity  of  work  of  P,  estimated 
by  the  path  described  by  the  point 
i>,  is  the  same  as  that  estimated  by 
the  path  of  A.    But  the  point  D  describes,  in  the  short 
interval  of  time  ^  an  arc  /^  of  which  CD  is  the  radius, 
and,  hence,  the  quantity  of  work  of  P  will  be  P.  /S 

As  all  the  points  of  the  body  are  invariably  connected 
with  the  axis  and  with  each  other,  they  will  describe 
simultaneously  equal  angles,  and  consequently  arcs  pro- 
portional to  their  distances  from  the  axis;  hence  if  S^ 
denote  the  length  of  arc  described  at  the  unit's  distance, 
and  r  the  distance  of  the  point  D  from  the  axis,  then  will 


and  the  quantity  of  work  of  P  becomes 


the  qQBiillty  of 
work  of  a  ilnglk 
oomponeni ; 
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the  nme  for 
otber 
eomponenU ; 


the  eflbotive  work 
of  all  the 
oomponenU ; 


eondnslon ; 


•tgDsof  the 
moments. 


and  for  forces  of  which  P',  P",  &c., 
are  the  projections,  .at  distances  from 
the  axis  equal  to  r',  r",  &c.,  respec- 
tively, we  have  the  quantities  of  work 
measured  by, 

P'/ASi,     P"r"/S;,  &c.  &c. 

Knowing  that  the  total  quantity 
of  effective  work  of  the  given  forces,  -*'■ 

which  we  will  denote  by  Q,  is  equal  to 
the  sum  of  the  work  of  those  which  tend  to  turn  the  bodr 
in  one  direction,  diminished  by  the  sum  of  the  work  of 
those  which  tend  to  turn  it  in  an  opposite  direction,  we 
shall  have 

Q  =  Si{Pr  +  P'r'  +  P"t''  +  &c.)  .    .   (57> 

But  we  recognize  Pr,  as  the  moment  of  the  component 
P  in  reference  to  the  axis,  and  the  same  of  P' f\ 
P"  r",  &c. ;  whence,  the  effective  work  of  the  component,  and 
conseqiiently  of  the  force  itself  is  equal  to  the  prodku^  arising 
from  muUiplying  the  arc  described  at  the  unit's  distance  from, 
the  aodsy  into  the  moment,  in  reference  to  the  same  lin&,  of  the 
projection  of  the  force  on  the  perpendicular  plane;  and 
Eq.  (57)  shows  that  the  effective  quantity  of  work  cf 
several  forces,  applied  to  turn  a  body  about  an  axis,  is  equal 
to  the  arc  described  at  the  unites  distance  multiplied  by  the 
algebraic  sum  of  the  moments  of  the  projections  of  the  fore^ 
enplanes  perj>mdimlar  tothea^ns. 

The  sign  of  the  moments  of  those  forces  which  tend  to 
turn  the  body  in  one  direction,  must  be  different  from 
the  sign  of  those  which  tend  to  turn  it  in  an  opposite 
direction ;  in  other  words,  if  the  sign  of  the  first  be 
positive,  that  of  the  latter  must  be  negative. 

§  157. — ^If  the  given  forces  be  in  equilibrio  about  the 
axis,  their  total  work  will  be  zero,  whether  the  body  be 
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at  rest  or  in  motion^  a  oondition  thai  can  oiilj  be  fulfilled 
by  making,  in  Eq.  (57), 

Pr  +  P'r'  +  P"r"  +  &c.  =  0    .    .    (58); 

that  is  to  say,  several  forces  will  be  in  equilibrio  about  a  Porc4»m 
fixed    axis,   whm  the  algebraic  sum  of  the  moments,   i^  rofewnoeto* 
reference  to  this  axis,  of  the  projections  of  the  forces  on  per*  flx«i  mi«. 
pe7idicular  planes,  is  zero* 

§  158. — ^When  forces  are  applied  to  a  body  to  turn  Extension  or  the 
it  about  an  axis,  the  motion  of  its  particles  can  only  take  fjj^^\^^"  t|^ 
place  in  planes  perpendicular  to  the  axis ;  if  the  forces  be  ofrotauon; 
not  in  equilibrio,  the  motion  will  be  either  accelerated  or 
retarded,  and  will  give  rise  to  forces  of  inertia  which  act 
in  the  directiot|^of  the  motion,  and  of  which  the  quantity 
of  work  will  be  equal  to  that  developed  in  the  same  time 
by  the  motive  forces.    When  all  thQ  points  of  the  body 
have  simultaneously  the  same  velocity,  the  total  quantity 
of  work  of  inertia  is  equal  to  the  product  arising  from 
multiplying   half  the  mass   into  the  difference  of  the 
squares  of  the  common  velocity  at  the  beginning  and 
end  of  the  interval  for  which  the  estimate  is  made.  .  But 
when  the  diflferent  points  have  different  velocities  during 
the  same  time,  which  is  always  the  case  in  a  motion 
of  rotation,  it  is  necessary  to  estimate  at  the  beginning 
and  the  end  of  the  interval,  the  living  force  of  each 
element  of  the  body,  to  take  the  sum  of  those  at  the 
beginning,  and  the  sum  of  those  at  the  end;  the  difference 
of  these  sums  will  be  the  total  increment  or  decrement 
of  living  force  during  the  interval.     The  half  of  this 
living  force  being  the  work  of  inertia,  and  this  latter 
being  equal  to  that  developed  by  the  motive  forces,  or  in  Station,  the 
xather  by  their  projections  on  planes  perpendicular  to  the  ^o'^^rthe 

.      .     /  .  .  .  .        perpendicular 

axis,  it  is  easy  to  perceive  that  in  the  motion  of  rotation  components,  la 
of  a  body,  the  work  of  the  perpendicular  components  of  J*»^"»® 

•"  x-     r  r  Increment  of 

the  forces  is  half  of  the  increment  of  the  living  force  living  force, 
of  the  body.    The  process  of  estimating  the  living  force 
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of  a  body  having  a  motion  of  rotation  will   now  be 
given. 


§  159. — Consider  an  element  m  of  a  body,  situated  at  a 

Denote  by  Ftlie 
velocity  which  it  has  at  any  in- 


Estimate  of  the 

body^turai^^  *   distance  r  from  an  axis  of  rotation  L  M. 

about  a  fixed 

*  stant,  and  by  p  its  weight,  m  its 


mass  =  — .     Then  will  its  living 
9 

force  be  — .  F  or  m  F  . 
9 

K  S  denote  the  space  described 
by  m  during  a  very  short  interval 
of  time  t^  and  S^  the  space  de- 
scribed  in  the  same  time  by  a  point 
at  the  unit's  distance  from  the  axis, 
we  shall  have 


and  dividing  both  members  by  ^ 


t 


=  r 


t 


Big.  loa 


(59); 


Ihaangnltr 
Tdodtj; 


but  vrQ  have  seen  that,  in  any  motion  whatever,  &e 
velocity  is  equal  to  the  space  described,  during  a  veiy 
short  interval  of  time,  divided  by  this,  interval,  henoe 


t 


=  V, 


=  F,; 


relation  of 
angular  to 
absolute  Telooitj; 


in  which  "PJ  is  the  velocity  of  the  point  at  the  unit's  dis- 
tance from  the  axis — ^in  other  words,  the  angular  velocity; 
and  Eq.  (59)  becomes 
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and  tlie  living  force  of  m  becomes  m  r*  T^  .    The  simul- 

taneous  living  force  of  m',  is  m*r  Vi,  and  so  on  of 
others;  and  the  total  living  force  of  the  entire  body, 
denoted  by  -£,  becomes 


valaeofthe 


L  =   Vi  {mi^  +  m'r    +  m"  r*^  +  &c.)  .  .  (60).  uvingfon»ofa 

rotating  body ; 

In  which  it  is  to  be  remarked,  that  if  the  living  force 
changes,  the  factor  T^  will  alone  vary,  while  the  factor 

{mi^  -\'  ra* r  -^^  m" r"  +  &c.)  will  remain  constant,  and 
of  course,  appear  in  the  estimate  of  the  new  living  force. 
This  quantity,  which  has  been  called  the  moment  of  inertia^ 
let  us  designate  by  ij  and  we  have 

/  =  wr«  +  m'r'^  +  m'W^  +  &c. .    .  (60)' 

i=   YIi (60)"; 

whence  we  see,  that  ihd  living  force  of  a  body  which  turns  equal  to  the 
dhovi  an  cms^  is  equal  to  the  product  of  the  square  of  its  *^"*!1*^'?*. 
angular  velocity,  multiplied  by  its  mxrment  of  inertia,  into  the  moment 

Let  us  suppose  that  at  the  end  of  a  certain  interval,  ^''"^^ 
the  angular  velocity  becomes  T^',  the  living  force  i', 
will  be 

L'  =   Fx-"// 

and  subtracting  the  preceding  equation  from  this  one, 
we  get 

1/  —  X  =  jT.  ( ^1     —    "Pi  j       .      .      .      (61),  increment  of 

living  force 
during  anf 

for  the  increment  of  the  living  force  during  this  interval,  interval; 
which  is  double  the  quantity  of  work  produced  by  the 
motive  forces,  or  their  perpendicular  components,  during 
the  same  interval.    Denote  by  F^  the  resultant  of  these 
components,  and  by  E^  the  path  described  by  its  point 
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of  application,  estimated  in  its  own  direction  dniiDg  Ab 
interval  in  question ;  then  will 


•qnal  to  twice  th« 
quantity  of  work 
of  the  motiTe 
forcet  in  same 
Mme. 


/.(f/-  v^  =  2f:e. 


m- 


From  this  expression  it  is  easy  to  deduce  the  nature 
of  the  quantity  /.  For  if  we  suppose  the  change  in  d» 
angufer  velocity  to  give 


Vi-  F/  =  l, 


then  will 


/=  2F.E; 


the  moment  of 
inertia; 
its  measure. 


What  is  meant  by  whcncc  wc  concludc,  thcU  the  moment  of  inertia  of  any  hod^ 
is  twice  the  quantity  of  work  exerted  by  its  inertia^  during  a 
change  in  the  square  of  its  angular  velocity  equal  to  wxity. 
It  is  measured  by  the  sum  of  the  products  which  arise 
from  multiplying  each  elementary  mass  into  the  square 
of  its  distance  from  the  axis,  Eq.  (60)'. 

J       §  160. — By  the  aid  of  what  has  just  been  explained,  ire 
/   may  find  the  intensity  of  a  motive  force  which  causes  % 

body  to  rotate  about  an  axis,  when 

we  know  the  angular  velocity  at 

any  two  given  instants  of  time,  and 

the  path  described  by  the  point  of 

application  in  the  interval  between 

them.     And  reciprocally,   if   the 

force  and  the  path  described  by 

the  point  of  application  be  given, 

we  may  deduce  the  angular  accel- 
eration. Suppose  a  wheel,  for  ex- 
ample, mounted  upon  a  horizontal 

a^  and  tamed  around  its  axis  by 

a  weight  P,  suspended  from  a  cord 

wound  around  the  arbor ;  required 


Example 
illustrative  of 
the  preceding 
principle ; 


Fig.  101. 
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'tlie  angular  yelocitj  Vi  of  the  wheel  when,  moving  irom  wheel  tuined  by 

the  actio 
weight; 


SL  state  of  repose,  the  weight  shall  have  descended  through  ***«~^<"»<>f» 


a  -vertical  height  H.  Let  /  denote  the  moment  of  inertia 
of  the  wheel,  then  wiU  the  living  force  acquired  be  /  7i , 
and  we  shall  have, 

/.  7i'  =  2P.H; 
iwrhence 


and  consequentlj 


'.  =  n/ 


2  J^  ,  H  Talue  of  the 

T       •  angular  velocity ; 


§  161. — ^The  fly-wheel  is  a  large  ring,  usually  of  metal,  appiicauon  to  the 
of  which  the  circumference  is  thrown  to  a  considerable  *'^"^***^**' 
distance  from  the  arbor  upon  which  it  is  mounted  by 
means  of  radial  arms,  and  is  used  to  collect  the  work  of 
a  motor  when  the  effort  of  the  latter  is  greater  than 
that  required  to  overcome  a  given  resistance,  to  be  given 
out  again  when  the  resistance  becomes  greater  than  the 
effort  of  the  motor.  It  is  a  kind  of  store-house  in  which  to 
husband  work  for  future  use. 

Conceive  one  or  more  forces  to  act  upon  such  a  wheel 
during  an  interval  separating  two  given  instante  at  which 
the  angular  velocities  are  Vi  and  Fi'.  The  increment 
of  the  living  force  of  the  fly-wheel  wUl  be  equal  to 
double  the  effective  quantity  of  work  of  the  motor,  and 
we  shall  have,  retaining  the  notation  of  §  159, 

/(F/  -   F,")  =  2FE; 

increment  of 
QP  living  force  in 

any  Interval; 


F/  -  F,*  = 


2F,E 
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the  motion  may 
be  made  to 
approach 
onlformity ; 


which  gives  the  difference  of  the  squares  of  the  angiilar 
velocities.  If  the  quantity  of  work  developed  by  the 
motor  remain  the  same  during  the  interval,  and,  by 
changing  the  wheel,  the  moment  of  inertia  increase,  the 
fraction 

the  valae  of  the  c%  Tp     jp 

dilfcronoe  of  the  £i  If  .  Jii 

eqaaree  of  the  X 

velocities ; 

and  consequently  the  difference  of  the  angular  velocities 
at  the  beginning  and  end  of  the  interval,  will  be  les. 
And,  as  the  moment  of  inertia  is  in  the  direct  ratio  of  the 
mass  into  the  square  of  its  distance  from  the  axis,  it  is 
plain  that  it  is  always  possible  so  to  construct  a  wheel  as 
to  make  its  motion  approximate  to  uniformity,  even 
though  the  motive  force  be  very  great 

While  the  motion  is  accelerated,  it  is  obvious  thai 
the  work  of  the  motor  will  exceed  that  of  the  resistance; 
the  fly-wheel  will  acquire  an  increase  of  living  force 
which  it  will  retain  till,  on  the  contrary,  the  motion  is 
ote  of  fly-wheel;  retarded,  when  it  will  be  again  given  out  in  aid  of  the 
motor,  which  now  becomes  less  than  the  resistance. 

There  are  certain  machines  whose  tool  cannot  perform 
its  work  without  the  fly-wheel.  This  is  strikingly  ex- 
emplified in  the  instance  of  the  common  saw-mill,  in  which 
it  is  obvious  that  the  work  during  the  ascent  and  descent 
of  the  saw  is  very  different;  the  work  of  the  motor 
exceeds  that  of  the  tool  or  saw  during  one  semi-oscillation, 
while  the  reverse  takes  place  during  the  other;  in  the 
first  case,  the  saw  is  merely  elevated  and  the  fly-wheel 
absorbs  living  force;  in  the  second,  this  living  force  is 
given  out  to  aid  the  motor  in  overcoming  the  resistance 
opposed  to  the  saw,  which,  in  its  descent,  sinks  into  the 
wood  and  is  thus  made  to  perform  its  work. 


exemplified  In 
the  common 
-nUU. 


§  162. — ^If  the  elementary  mass  m,  receive  in  the  short 
interval  t,  the  velocity  F,  and  we  denote  by  /  its  inertia, 
we  shall  have,  Eq.  (28), 
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^         TH  V^  Dtttanee  from 

/  ^^        7      1  the  axis  at  which 

the  reevltant 
inertia  of  a 

and   for  any  other  masses  m',  m",  &c.,  whose  acquired  rotating  hody  la 
velocities  in  the  same  time  are  F',  F",  exerted; 

m"  F" 

i^  moreover,  the  masses  m,  m\  m",  &c.,  form  parts  of 
a  body  which  hag  a  motion  of  rotation,  their  velocities 
ivill  be  proportional  to  their  respective  distances  from  the 
axis.  Denoting  these  distances  by  r,  r',  r",  &c.,  and  by 
Fi  the  small  degree  of  velocity  impressed  upon  the  point 
at  the  unit's  distance  from  the  axis,  we  shall  have 

F  =  r  Fi;     T  =  r'  F^;     F"  =  r"  Fi; 
which  in  the  above  equations  give, 


« 


JT  V  V  Talueofthe 

/=  mr.^;    /'  =  m'/.^;    /"  =  m" r" -11. ;  &c.  pi^i force. or 

t  t  t  inertia; 

But,  if  this  mcrement  of  angular  velocity  T^,  has  been 
impressed  upon  the  body  by  a  force  F,  whose  direction 
is  perpendicular  to  the  axis,  and  applied  at  a  distance 
from  it  equal  to  jB,  this  force  is  the  measure  of  the  inertia 
of  the  body,  and  will  be  in  equilibrio  with  all  the  partial 
forces  of  inertia  f,  /',  /",  &c.  But  these  latter  act  in 
directions  tangent  to  the  circles  described  by  the  masses 
m,  m\  m!\  &c.,  about  the  axis,  and  hence,  §  157, 

FR  -  (Jr  +  fr'  +  f'r''  +  &c.)  =  0;  equiiihriumof 

these  with  the 


or 


FB  -  ^{mr^  +  m' r^  +  m''r"^  +  &c.)  =  0; 

V 


Diotire  force 
equal  to  their 
resultant; 
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the  moment  of 


but  the  expression  witUn  the  brackets  is  the  momeot  of 
inertia  I^  and  therefore 

thelnertta  F .  It    =    ^ .  I    .      .      .      .      (63); 

MiuaUy  exerted ;  * 

whence  we  see,  that  the  moment  of  the  inertia  exerted  by  a 

body  while  receiving  a  motion  of  rotation  about  an  axis,  is 

equal  to  its  moment  of  inertia  in  reference  to  the  same  axis, 

multiplied  into  the  quotient  arising  from  dividing  the  small 

degree  of  angular  velocity  communicated,  by  the  element 

diBtinction         of  the  time  during  which  it  is  impressed.     Notwithstand- 

a^r^t  is        ^^S  ^^^  ^l^s®  analogy  which  exists  between  the  moment  (/ 

uiuauy  called  the  the  in^tia  of  a  body,  and  what  has  been  called  the  momeni 

Inertia;  <>/  if^Ttia^  they  must  not  be  confounded  with  each  other. 

y 
The  former  is  converted  into  the  latter  by  making  -^ 

equal  to  unity. 

From  Eq.  (63)  we  find 


yalue  for  the 
angular  velocity } 


Yi  —  f  ....     v^)> 


from  which,  having  given  the  motive  force  that  im- 
presses a  motion  of  rotation  upon  a  body  about  an  axis 
perpendicular  to  its  direction,  we  may  find,  at  each  instant 
of  time,  the  angular  velocity  communicated,  provided  we 
can  calcxdate  the  moment  of  inertia  of  the  body  in 
reference  to  the  same  axis.  And  from  this,  it  is  possible, 
how  need.  by  means  of  a  curve  which  has  for  its  abscisses  the  series 

of  times  <,  and  for  its  ordinates  the  velocities  Vy  acquired, 
to  determine  all  the  circumstances  of  the  motion  of  rota- 
tion. 

§  163. — The  moment  of  inertia  of  a  body  with  refe^ 
Measures  or  the    cucc  to  any  axis,  we  have  seen,  is  measured  by  the  sum  of 
jneriia-'***'        ^'^  products  which  arisc  from  multipljdng  each  elemen- 
tary mass  into  the  square  of  its  distance,  from  the  axis. 
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Of  all  the  moments  of  inertia  of  the  same  body,  those  are 
easiest  obtained  which  refer  to  axes  through  the  centre  of 
gravity.  It  is,  therefore,  important  to  be  able  to  find  the 
moment  of  inertia  with 


thoM  Id  refereoot 
to  Rxe«  throogh 
centre  of  graritj 
•uieet  obtained ; 


Fig.  102. 


reference  to  any  axis, 
by  means  of  that  taken 
with  reference  to  a  par- 
allel axis  through  the 
centre  of  gravity. 

Let  GH  be  this 
latter  axis,  LM  any 
parallel  axis,  m  an  ele- 
mentary mass  of  the 
body  OKH,  through 
which  element  conceive 
a  plane  to  be  passed  per- 
pendicular to  the  axes, 
and  cutting  them  at  the 
points  a  and  &.     Join 

m  with  a  and  5,  and  let  fall  from  m,  the  perpendicular 
me  upon  ah.  Designate  mh  by  r,  ma  by  r^,  ah  by 
i?,  and  ae  by  d;  we  shall  have 

t^  =  r,«  +  i?«  +  22?d, 

and  multiplying  by  the  mass  m, 

mr*  =  mr^  +  mD^  +  2mDd; 

and  for  th^  masses  m',  m",  m"\  &c., 

m'  r^   =  m'  r/   +  m'  2>«  +  2m'  Dd\ 

m'W^  =  m'^r;^  +  m"2>«  +  %m"Dd'\ 


that  In  refereneo 
to  any  axli,  in 
terms  of  the 
moment  in 
reference  to  a 
parallel  azii 
through  centra  of 
graTity : 


&C.,  &C., 


&C. 


2>,  which  is  the  distance  between  the  two  axes,  remaining 
obviously  the  same  in  all. 
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Adding  these  equations  together,  and  denoting  ihe 
moment  of  inertia  in  reference  to  the  axis  QShj  lysa^i 
that  in  reference  to  i  if  by  j^  we  find 

the  gum  of  all  ^         _  ^^  , 

thepuuiu  1=  Ii  +  D'{m  +  m'  +  m"  +  &a)  +  2B{md  +  m'i 

roomenU ; 


but  m  +  m'  +  m''  +  &c. 
is  the  entire  mass  of 
the  body,  and  md  + 
m'd'  +  m"d"+&c.  is 
the  sum  of  the  prod- 
ucts which  result  from 
multiplying  each  mass 
into  its  distance  firom  a 
plane  through  the  centre 
of  gravity,  which  sum 
is  equal  to  zero.  HencCi 
designating  the  mass  by 
Mj  we  have 


Fig.  102. 


rMolting  raluD ; 


J  =  /,  +  MB* 


(65); 


ooncliuioB. 


whence  we  conclude  that,  the  rnoment  of  inertia  of  a  hAj^ 
taken  with  reference  to  any  axis,  ia  equal  to  the  moment  af 
inertia  taken  with  reference  to  a  pardUei  aada  passing  through 
the  centre  of  gravity^  increased  by  the  product  of  the  enJ&n 
mass  of  the  body  into  the  square  of  the  distance  fron^  the  centre 
of  gravity  to  the  first  aads. 

It  follows  from  this  theorem,  that  if  the  distances 
Value,  when  the  of  the  particlcs  of  the  body  from  its  centre  of  gravity 
be  small  in  comparison  with  the  distance  of  this  point 
from  the  axis  of  rotation,  we  may  take,  for  the  moment 
of  inertia,  simply  the  product  of  the  mass  into  the  square 
of  the  distance  of  the  axis  from  the  centre  of  gravity. 
Finally,  if  Eq.  (65)  be  multiplied  by  the  square  of 


linear  dimension* 
of  the  bodies  are 
small,  in 
comparison  with 
their  distances 
horn  the  axis ; 
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.he  angular  velocity,  T^,  with  which  the  body  turns  about 
iie  axis  LM,  yre  shall  have 

7i*./=   Vili  +  M.D^Vi    .    .    (66);     ^^oru^ 

liTliigforM; 

but  "Pi*  /  is  the  living  force  of  the  body ;  "Pi  Ji  is  the 
living  force  it  would  have,  if  it  rotated  about  a  parallel 
axis  through  the  centre  of  gravity  with  the  same  angular 
velocity  Vi;  M.D^  V^  is  the  living  force  of  the  same 
body  supposed  concentrated  at  its  centre  of  gravity. 
Whence,  the  living  force  of  a  body  which  rotates  about  any 
axis^  is  equal  to  the  living  force  of  the  same  body  concentrated  exprneed  tm 
at  its  centre  of  gravity,  augmentedf  by  that  which  it  woiUd^^"^* 
possess  if  it  turned^  with  the  same  angular  velocity,  about  a 
parallel  axis  through  the  same  centre. 

Finally,  when  the  body  is  so  small  that  J^  Fi*  may  be 
neglected  in  comparison  with  Jf.  D^  Fi*  we  have  simply 

Vi  I  =   M .  D    Vi        ...      (66)';       Taluewhentlie 

linear  dimemloiM 

that  is  to  say,  the  living  force  of  the  body  is  equal  to  the  TerytmBU^aT* 
product  of  its  mass  into  the  square,  -D*  Fi^,  of  the  velocity  «»nMMtf«»  with 

n  .  Its  dlstaoce  firon 

of  Its  centre  of  gravity.  '  the  axis. 

§  164. — ^Thus  far  the  moment  of  inertia  of  a  body  has 
been  expressed  in  terms  of  its  elementary  masses.    If  the  Monoent  of  inertia 
body  be  homogeneous  and  the  specific  gravity  or  weight  ^ujeiMiTOaT™ 
of  a  unit  of  its  volume  be  denoted  by  5,  its  elementary  dimensione  and 
volumes  by  a,  aV«")  &c.,  and  masses  by  m^m\m'\  &c.,   ^"*  ^* 
we  shall  have 

^ a           ,       da'           „       ha"    ^ 
m  = ;      m  = ;      m    = ,  &c. ; 

9  9  9 

and  these  in  the  general  expression  /,  of  the  moment  of 
inertia,  give 

/=   --(ar*   +   a'r'*   +   a''r'^   +    Ac);  its  general  ralne; 

u 
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rule; 


that  is  to  say,  to  find  the  moment  of  inertia  of  any  homo- 
geneous  body,  find  the  value  of  a  r*  +  a'  r'  -{-a'^r  +  «^ 
and  multiply  it  by  the  quotient  arising  firom  dividing  the 
specific  gravity,  or  weight  of  a  unit  of  its  volume,  by  tbe 
force  of  gravity. 


moment  of  Inertia 
of  a  straight  bar, 
In  rererenoe  to  a 
perpendicular 
axis  through  its 
middle ; 


§  165.— 1st.  The  moment 
of  inertia  of  a  straight  bar 
whose  length  is  a  and  cross 
section  6,  in  reference  to  an 
axis  passing  through  its  mid- 
dle point  -4,  and  perpendicu- 
lar to  its  length,  is  given  by 


a 


Fig.  108. 
A 


D 


that  of  a  right 
eylinder,  in 
reference  to  its 
own  axis; 


ij  =    b  .{^c/)f  —  very  nearly. 

*7 


2d.  The  moment  of  in- 
ertia of  a  right  cylinder 
having  a  circular  base,  with 
respect  to  an  axis  through 
its  centre  of  gravity,  and 
coinciding  with  its  axis  of 
figure,  is  given  by  the  equation 


e 


Fig.  104. 


i) 


in  which  r  is  the  radius  of  the  base^  c  the  length  of 
the  cylinder,  and  ir  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle. 

8d.  The  moment  of  inertia  of  a  circular  ring,  whose 
that  of  a  circular  scctiou  by  a  plane  through  its  centre  of  figure  is  rectangu* 
r^,  recce  j^^^  taken  with  reference  to  an  axis  through  its  centre  of 
perpendicular      gravity  and  perpendicular  to  its  plane,  gives 

axis  tiirougfa  its 
centre: 

Ji  =  2*rab{r^  +  -r-)  X  — ; 


HECHANIGS    OF    SOLIDS. 


195 


in  which  r  is  tlie  mean  radius, 
or  that  of  a  circle  whose  cir- 
cumference is  midway  be> 
tween  the  inner  and  outer 
surface  of  the  ring,  a  the 
thickness  parallel  to  the  axis, 
and  b  the  thickness  in  the 
direction  of  the  radiu& 


Fig.  105. 


Fig.  106. 


4th.  That  of  a  spherical 
segment  taken  in  reference  to 
a  diameter  passing  through 
its  centre  of  gravity,  or  mid- 
dle, gives 


that  of  a  ■pherkal 
Mgmentflii 
roferanoe  to  ita 
Tenedalne; 


-5  =  »y*(i'*-iA  +  A/^x'-i-, 

in  yrhich  /  denotes  the  Tersed  sine  of  the  segment,  and  r 
the  radios  of  the  sphere ;  and  for  the  entire  sphere, 


/i  =  A«'**X— . 

9 


of  a  sphere,  in 
reference  to  a 
diameter : 


5th.  That  of  a  right  cone 
having  a  circular  base,  taken 
with  reference  to  the  axis  of 

figure  gives, 


Fig.  107. 


that  tsi  a  cone,  la 
reference  te  Ita 
axla; 
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Fig.  10& 


that  of  a  and  that  of  a  truncated  right 

truncated  right 
cone; 


cone,  haying  circular  bases, 


that  of  aa 
eUliMoid, 


thatofa 
rectaDguhu* 


r  _   *     1*-  r         S 

10     r  —  r  g 


in  which  r  and  r'  are  the  radii  of  the  greater  and  smalla 
bases  respectively,  and  a  the  altitude. 


Fig.  109. 


6th.  The  moment  of  in- 
ertia of  an  ellipsoid  is  given 
by 


Fig.  110. 


i 

in  which  a,  5,  and  c  denote  the  three  axes,  and  the  moment 
being  taken  with  reference  to  the  axis  a. 

7th.  That  of  a  rectangular 
parallelopipedon,  of  which  the 
three  contiguous  edges  are  a, 
&,  and  c,  taken  with  reference 
to  an  axis  passing  through  its 
;:Z^^,  centre  of  gravity  G,  and  par- 

allel  to  the  edge  a, 

Ii  =  ^ahcifp  +  J«)  X  — . 

y 

The  same  taken  in  reference  to  an  axis  through  the  middle 
of  the  &ce  ab  and  parallel  to  a, 

the  noM  for  a  j 

4Uterentaxii;  /  =    ^abc{V  +  4c^«  — 

if 
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8tli.  That  of  a  right  prism 
having  a  trapezoidal  base  of 
which  the  greater  and  less 
parallel  sides  are  respectively 
b  and  V  and  distance  between 
them   c,  the  altitude  of  the 

prism  being  a,  and  the  moment  taken  with  reference  to 
an  axis  through  the  middle  of  the  side  6,  and  parcel 
to  the  altitude  a, 


that  of  a  right 
prism  with 
trapesoidal  baae ; 


I  =z  ac  ( 


'+£).(»!>»!  + 


24 


e_    b  +  Sb\        ^ 


Fig.  112. 


9th.  If  the  trapezoidal 
base  of  the  above  prism 
be  replaced  by  a  segment 
of  a  parabola,  of  which 
c  is  the  length  of  the 
transverse    axis,    and  b 
that  of  the  chord  per- 
pendicular to  it,  and  which  terminates  the  parabola,  the 
moment  of  inertia,  with  reference  to  an  axis  parallel  to 
the  altitude  and  passing  through  the  middle  of  b,  is 
given  by 


the  same  when 
the  base  beoomea 
a  Mgment  of  a 
parabola. 


J=  |o6c( 


8.6.y  +  16<^ 
70 


8 


)xi- 


§  166. — ^We  shall  close  this  subject  with  an  example  Appucauon  to 
for  the  sake  of  illustration,  and  we  shall  first  take  that  •»"?'«•; 
of  a  trip-hammer,  whose 
weight  is  P,  mounted  up-  Fig.  ng. 

on  a  handle  in  the  shape 
of  a  rectangular  paral- 
lelopipedon  which  turns 
freely  about  an  axis  0,  at 
right  angles  to  its  length. 
Denote  by  iZ,  the  distance 
of  the  centre  of  gravity  of  the  head  B  fix)m  the  axis  0. 


that  of  a  commoii 
trip-hammer ; 
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the  moment  of 
Inertia  of  the 
head; 


f%.  118. 


If  the  linear  dimensions 
of  the  head  be  small  com- 
pared vdth  this  distance, 
its  moment  of  inertia  wiU 
not  differ  much  &om 

p 
—  X  i?« 


and  that  of  its  handle  is  given  in  reference  to  an  axis 
through  its  centre  of  gravity  bythe  7th  case,  or 


that  of  the  handle 
with  reference  to 
ite  centre  of 
graritj; 


«7 


and  denoting  by  Ky  the  distance  of  the  centre  of  gravity 
of  the  handle  from  the  axis,  its  moment  of  inertia,  with 
reference  to  the  axis  0,  becomes,  Eq.  (65), 


or 


with  referenee  to 
the  aria; 


fl'         12  '      g 


P' 


J»  +  a«> 


(^+^)^ 


the  moment  of 
the  entile 


since  ahc6  =  P',  the  weight  of  the  handle.    The  total 
moment  of  inertia  is,  therefore,  given  by 


The  process  for  finding  the  moment  of  inertia  of  the 

fly-wheel  is  much  simplified  by  the  tBxA  that  all  its  parts 

moment  of  inertia  are  nearly  at  the  same  distance  fix)m  the  axis.    Thus,  by 

of  the  fly-wheel;  ^j^jii^g  ^  ^^  mean  radius  of  the  wheel,  we  may  take 

—  R^  for  mi^  -t-  m'r'  -t-  m"r"  +  &c. ;  and  hence, 
9 


* 
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P 

9 

and  denoting  the  angular  velocity  of  the  wheel  by  "PJ, 
its  living  force  will  be,  §  159, 

■^     v^    p2      Xr2  •  living  force  of 

q  *-  UMfly-^heel: 

To  find  the  angular  velocity  of  the  wheel,  count  the  num- 
ber of  its  revolutions  in  a  given  time,  multiply  this 
number  by  2  *,  and  divide  the  product  by  the  number  • 

of  seconds  in  the  given  time ;   the  quotient  will  be  the  uguiar  veiodif 
angular  velocity.     Let  F,  equal  9  feet;   the  weight  ^ex^enteUj; 
of  the  wheel  2000  poimds,  and  the  mean  radius  i2,  6  feet ; 
omitting  the  fraction  in  the  value  of  ^,  the  expression  for 
the  moment  of  inertia  becomes 

/i  =  -^x86=:2250;      • 

and  for  the  living  force,  example. 

2250  X  81  =  182,250: 

the  half  of  which,  or  91,125  pounds,  raised  through  one 
foot,  ig  the  quantity  of  work  absorbed  by  the  inertia  of 
the  wheel,  to  be  given  out  when  the  moter  ceases  to  act. 

§  167. — ^Resuming  Eq.  (60)',  we  may  make 
ia  which  M  is  the  entire  mass  of  the  body,  and 


I.         .    .  /mr*  +  m'/*  +  m"  r'^  +  &c. 

jr=  ±  V -ji • 

But  this  is  equivalent  to  concentrating  the  entire  mass  into 
ft  single  point  whose  distance  from  the  aods  is  K^  without 
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changing  the  value  of  the  moment  of  inertia.  This  point  k 
called  the  centre  of  gyration,  and  the  distance  K^  is  caDeJ 

deftnition;  the  Todiiis  of  gyvotion.  As  the  moment  of  inertia  Taries 
with  the  position  of  the  axis,  there  will  be  an  infinite 
number  of  centres  and  radii  of  gyration,  or  as  manj 
of  each  as  there  are  possible  positions  for  the  axis.  When 
the  axis  passes  through  the  centre  of  gravity,  they  are 

principal  centre    Called  the  principal  centre  and  radiics  of  gyration. 

"**  ^^^  ^  Denoting  the  principal  radius  of  gyration  by  JSr\  we 

\  may  write  MK'^  for  /j,  in  Eq.  (66),  and  we  have 


moment  of  inertl« 
in  terms  of  rwitiu 
of  gyration. 


/  =  MK^  +  Mif 


(66)". 


V 


XL 


CENTRAL    FORCES. 


Central  forces ; 


a  body  made  to 
revolve  about  a 
fixed  point  by 
neani  of  a  bar ; 


Fig.  114. 


§  168. — Conceive  a  body,  whose  weight  is  P,  attachd 
to  a  fixed  point  (7  by  a  rigid  bar  A  (7,  and  suppose  it  to 
have  any  velocity  whatever  in  the  direction  AT^  perpen- 
dicular to  the  bar.     If 
the  body  were  free,  it 
would,  in  virtue  of  its 
inertia,  move  in  the  di- 
rection A  T  with  a  con- 
stant velocity.    But  not 
being  free,  the  bar  will 
keep  it  at  the  same  dis- 
tance from  C  and  cause 
it  to  describe  the  circum- 
ference of  a  circle  about 

this  point  as  a  centre.  There  are,  then,  during  this  con- 
strained motion  of  the  body,  two  central  eflForts  exerted  in 
the  direction  of  the  bar,  the  one  by  the  bar  to  draw  the 
body  from  the  tangential  path  A  %  the  other  by  the  body 
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to  stretcli  the  bar  out  to  that  path.    These'forces  are  equal 

and   directly  opposed,  because  action  and  reaction  are 

always  equal  and  contrary.     The  first,  or  that  which 

tends   to  draw  the  body  within  the  tangent,  is  called 

the  centripetal  force,  and  the  second,  or  that  which  tends  oentnpetai force; 

to  stretch  the  bar,  the  cerUrifugai  force.      The  cen^*^- centrifagai  force; 

gal  force  is,  then,  the  resistance  which  the  inertia  of  a  body  in  centriAigai  force 

motion  opposes   to  whatever  deflects  it  from  its  rectilinear  "^*®*  ^"* 

path. 

We  will  first  suppose  that  the  dimensions  of  the  body 
are  so  small  as  compared  with  its  distance  fipom  the  fixed 
centre,  that  it  may  be  regarded  as  a  material  point, 
animated  with  a  velocity  F.  For  the  circle  which  it 
describes,  we  may  substitute  a  regular  polygon  ABODE,  Mbsututionofa 
of  a  great  number  of  very  small  siSes  and  having  its  •«'^««'- '"  "^ 
angles  in  the  circumference.  This  being  supposed,  it  is 
first  to  be  shown  that  the  material  point  will  describe  each 
of  the  sides  of  this  polygon  with  the  same  velocity,  or ' 
that  there  will  be  no  loss  of  velocity  in  passing  irom  one 
side  to  another. 

For  this  purpose,  we  remark,  that  if  the  body  possess 


circle; 


Fig.  115. 


to  prove  there  is 
noloMof  vek>clt7 
fh>in  the  reaction 
of  the  curve ; 


the  velocity  V  at  the  moment  of  its  arriving  at  B,  the 
beginning  of  the  side  B  C,   \\,  will  be  animated,   while 
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describing  this  side,  with  two  simultaneous  veloeitiei 
One  of  these  is  the  primitive  velocity  F=  -B  TF^  in 
the  prolongation  of  AB;  the  other  -B  ?7,  in  the  direc- 
tion BOfissk  velocity  due  to  the  action  of  the  oentripetel 
the  body  hu  two  forcc  while  the  body  is  passing  from  the  side  AS  to  the 
t^odtieT"*  s^^®  BO  o{  the  polygon.  But  we  have  seen,  §  106,  that 
when  a  body  receives  two  simultaneous  velocities  in  differ- 
ent directions,  its  resultant  velocity  will  be  the  same  as  if  it 

Fig.  115. 


the  reeultaut  of 
which  has  the 
direction  of  the 
•ide  next  to  be 
described  i 


no  Ion  of 
Telocity ; 


possessed  them  successively,  and  as  though  they  were 
communicated  one  after  the  other  in  their  r^pective  direc- 
tions.   Thus  the  resultant  velocity  BC\  with  which  Ac 
side  BG  ia  described,   coincides  in  direction  with    this 
side,  otherwise  the  body  would  take  some  other  path, 
which  is  contrary  to  the  hypothesis.    B  U  and  WC  are 
equal  and  parallel,  from  the  parallelogram  of  velocities. 
The  radius  OB  divides  the  angle  ABO  into  the  two 
equal  angles  ABO  and  OBO;  the  angle  ABO  ia  equal 
to  the  angle  5  W 67',  and  the  angle   OBO  is  equal  to 
the  angle  B  C"  W;  hence  the  angles  5  C"  TT  and  5  WC 
are  equal,  and  the  side  jB  0"  is  equal  to  the  side  B  W;  in 
other  words,  the  resultant  velocity  B  0\  with  which  the 
side  BG  is  described,  is  equal  to  the  velocity  B  W  which 
the  body  had  at  the  end  of  the  side  AB.      Whence  it 
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resitUs,  thcU  the  velocity  communicated  to  a  mcUeriai  point  is  Teiodtj  not 
not  aitered  in  its  circviar  motion  ;  a  result  easy  to  foresee,  ^^^^  ^ 
since  the  centripetal  force,  acting  in  a  direction  perpen- 
dicular to  the  direction  of  the  motion,  cannot  work  effi- 
ciently; it  can  neither  accelerate  nor  retard  the  motion, 
and,  therefore,  can  neither  increase  nor  diminish  the  living 
force  of  the  material  point. 

Now  observe,  that  BU=  WC\ia  the  velocity  genera- 
ted by  the  centripetal  force  in  its  own  direction  during 
the  time  the  material  point  is  passing  to  the  side  B  C. 
Denote  this  time  by  t,  and  the  centrifugal,  which  is  equal 
though  opposed  to  the  centripetal  force,  by  F,  and  the 
mass  of  the  point  by  M,  then  will  the  value  of  ^,  be  given, 
Eq.  (39),  by  the  equation 

F  =  M.  iL^. 

t 

Draw  the  radius  CO;  the  triangles  BOO  and  B  WC  toflndTaiueof 
are  similar,  because  the  angle  OCB=  OBO  is  equal **'**'"^***'''*^' 
to  the  angle  B G'W^  and  the  angle  OBO  ia  equal  to  the 
angle  B  W0\    Hence  we  have  the  proportion, 

BO    :    BO   ::    BW   :     WO'; 

or,  denoting  the  radius  B  0  hj  R^  and  replacing  -B  W  by 
its  equal  V 

B    :    BO   ::     F   :     WO'; 
whence 

WO'  =  ^^, 

and  tliOB,  in  the  value  for  F,  gives 

z.        .r    ^<?       ^ 
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but  B  C>  the  element  of  the  space,  divided  bjr  ^  the  demeu 
of  the  time,  is  equal  to  the  velocity  FJ  whence 


tbe  measure  of 
the  oentri/^gal 
force; 


F  = 


M.  V* 


(67i 


eqnal  to  the 
living  force 
impreased, 


Such  is  the  expression  for  the  centrifugal  force.  T^ 
numerator  is  the  living  force  of  the  body,  axid  the  dr 
nominator  is  the  radius  of  the  circular  arc  which,  the  boi' 

» 

is  describing  for  the  instant;  whence  we  conclude,  that  i% 
centrifugtd  force  of  a  body  of  smaU  diTneiisions,  as  compa^ 
vnth  its  distance  from  the  centre  about  which  it  revolvesj  u 
equal  to  the  living  force  impressed  upon  the  hodyj  divided  s 
tlie  radius  of  the  circle  described  by  its  centre  of  gratuity. 
divided  by  radios       Suppose,  for  example,  that  the  weight  of  the  body  is 

100  pounds,  that  its  centre  describes  a  circle  whose  radins 
is  fS  feet,  with  a  velocity  of  12  feet. 

Jf=]^;     7=12;     7«  =  144;     i?  =  3; 

j^       100  X  144        _.  , 

F  =     g2  ^  3      =  160  pounds; 

the  body,  therefore,  tends  to  stretch  the  bar  with  an  effort 
of  150  pounds. 

Denote  by  Vi  the  angular  velocity ;  then  will 


illustration; 


expressed  in 
terms  of  the 
aiiffnlar  yelodty. 


7*  =   V^R\ 
and  this,  in  Eq.  (67),  gives 

F  ^  MViB 


(68> 


> 


/ 


/ 

Extension  to  a 
body  of  any 
dimensions; 


§  169. — ^Let  US  next  take  the 
case  of  a  thin  layer  of  matter 
DAB^  rotating  about  an  axis  0, 
perpendicular  to  its  plane,  with 
an  angular  velocity  Vy,  Taking 
any  one  of  the  elements  of  the 
layer  whose  mass  is  m,  and  de- 


Fig.  116. 


p  p 
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n.<Dting  its  distance  from  the  axis  0,  by  r,  its  living  force 
«v^l  be 


mt^Vi, 


.xad  its  centrifugal  force^ 


'mr    Vi      ___  ^i^  eentrifVigBl  foroe 

_    7?ir   Kj  ;  ofMielfflnent: 


^vliicli  will  act  in  the  direction  Omoi  the  radius  of  the 
oircle  described  by  m  about  the  centre  0.    Through  the 
j>oint  0,  draw  in  the  plane  of  the  layer,  any  two  rectan- 
gular axes,  as  Ox  and  Oy,    Besolve  the  centrifugal  force 
into  two  components  acting  in  the  direction  of  these  axes ; 
these  components  and  their  resultant  will  be  proportional 
to  the  sides  and  diagonal  of  the  rectangle^  Oqmf  and  we 
shall  have,  denoting  Op  by  x,  Oq  by  y,  the  component 
parallel  to  the  axis  Ox  by  ^,  and  that  parallel  to  Oy 
by  T, 

r    :    X    ::    mrVi     •    -^  rt«)iTed inio 

nctangolar 
componeiita ; 

r    :    y    ::.  mr  Vi     :     T; 
-whence, 

X  =  mxVi 

F=  myV'i 

and  for  any  number  of  small  masses  m\  m",  &c.,  by  using 
the  same  notation  with  accents, 

JC'     =   m'  x'  Vi ,  oompoBeiita 

parallel  to  the 

TT/r    _    ^f/^/ir*  axis.,  tor  other 

-i       —   m    X     Ki ,  elementi; 

&c.    =      &c. ; 
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oomponento 
parallel  to  the 


resultants 
parallel  to  the 
axes  X  and  y; 


Y'   =  m'  y'  Yl 

Y"  =  m"y"Y', 

&c    =      &C.; 

by  this  process  all  the  centrifugal  forces  have  been  re- 
duced to  two  groups  of  forces  acting  upon  the  point  0. 
in  the  direction  of  the  axes  Ox  and  Oy,  and  fiom  tte 
principle  of  parallel  forces,  each  group  will  have  for  its 
resultant,  denoted  by  X^  and  Y^  respectively, 


Yy  =   r*  {my  +  m'y'  +  m" y"  +  Ac) ; 


that  is, 


Y,  =   V*M'yr, 

in  which  if'  denotes  the  entire  mass  of  the  layer,  and 
x^  and  y,  the  co-ordinates  OP  and  0  Q  of  its  centre  of 
gravity  G. 

The  resultant  of  the  forces  Xi  and  Ti  is  the  entire 
centrifugal  force  of  the  layer;  and  this  denoted" by  ii 
is,  from  the  principle  of  the  parallelogram  of  forces, 


measure  of  the 
layer^s 
centrifugal 
force: 


F^  =  \lY^M^y}  +  Y^M^x^  =  Y^ M'  \fx^+y}\ 
and  making 

Va;/  +  y?  =  OQ  «=  r, 

J?i  =  M't,  yI\ 

whence,  ^  centrifagal  force  of  a  thin  layer  of  ma^ 
revolving  about  an  axis  perpendicular  to  its  pla7ie^  is  equal 
to  the  square  of  its  angular  velocity^  multiplied  by  the  product 
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Fig.  117. 


mMj  reduce  to  a 
■ingle  force,  two 
foroet,  or  to  sero ; 


of  Us  mass  into  the  distance  of  its  centre  of  gravity  from  the 
aocis  of  rotation.  This  force  is  applied  to  the  centre  of 
gravity,  since  it  acts  in  the  direction  0  G. 

Now  suppose  any  body,  as  ABO,  to  turn  around  the  c«iitrifti«ni force 
axis  LM.    Divide  the  body  into  thin  layers  whose  planes  ^^^'^'^^ 
are  perpendicular  to  the 
axis.     These  layers  will 
give  rise  to  as  many  cen- 
trifugal forces  acting  at 
their  dentres  of  gravity, 
ff,    (?',    (?",   &c.      All 
these  forces  are  perpen- 
dicular to  the  axis  L  if, 
without  being  parallel  to 
each  other.     Sometimes 
they  have  a  single  re- 
sultant, sometimes  they 
will  reduce  to  two  forces, 
and  sometimes  they  will 
reduce  to   nothing,   de- 
pending upon  the  form 
and  density  of  the  body, 

and  the  position  of  the  axis.    In  the  last  case,  viz.:  that  intheiartcMeno 
in  which  the  forces  reduce  to  nothing,  there  will  be  no  ''^ 
pressure  upon  the  axis. 

If  the  centres  of  gravity  G,  0\  ff",  &c.,  be  all  on  the 
same  straight  line  parallel  to  LM,  the  centrifugal  forces 
wDl  be  parallel,  will  act  in  the  same  plane,  at  the  same 
distance  R  &om  the  axis  of  rotation,  and  their  resultant, 
which  becomes  equal  to  their  sum,  will  pass  through  the 
centre  of  gravity  of  the  entire  mass,  and  we  shall  have 

F=   Vt*R{M'  +  M''  +  M'"  +  &c.); 
and  making 

Jf'  +  M"  +  M"'  +  &c.  =  M, 


F=   Vi'B.M. 


Uie  eentref  of 
grarity  o<  the 
layers  on  same 
line  parallel  to 
the  axil; 
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examplea. 


Fig.  iia. 


that  is  to  say,  tJie  centrifugal  force  of  a  body,  whose  «c- 
the  centrifugal  txons  perpendicular  to  the  axis,  have  their  centres  ^' 
gravity  in  a  straight  line  parallel  to 
the  axis,  is  the  same  as  though  the 
entire  mass  toere  concentrated  at  the 
common  centre  of  gramty.  This  sim- 
plification is  peculiar  to  the  sphere, 
the  cylinder,  and  surfaces  of  revolu- 
tion generally  whose  axes  of  figure 
are  parallel  to  the  axis  of  rotation. 


force  the  same 
B8  though  the 
body  were 
reduced  to  centre 
of  gravity ; 


Fig.  119. 


iiiuatrationofthe  §  170. — The  ccutrifiigal  force  accounts  for  a  multitade 
^uTft^^force;  ^^  interesting  facts.  When  a  horse  is  made  to  travd  in 
the  circumference  of  a  circle, 
his  centrifugal  force  will 
vajy  as  his  mass  and  the 
square  of  his  velocity ;  when 
the  latter  is  doubled,  his  cen- 
trifugal force  is  quadrupled ; 
when  trebled,  it  is  made 
nine  times  as  great,  &c.,  so 
that  it  would  soon  become 
sufficient  to  overturn  him 
or  to  cause  him  to  recede 

from  the  centre  G,  It  is  to  resist  this  effort  that  hoisee, 
under  these  circumstances,  are  seen  to  incline  their  bodies 
inward,  and  this  inclination  is  determined  by  that  of  the 
resultant  of  his  centrifugal  force  and  weight,  as  the  line 
of  direction  of  this  resultant  must  pierce  the  plane 
of  his  path  somewhere  within  the  polygon  formed  by 
joining  his  feet. 

li^  then,  we  lay  off  upon  the  vertical  and  horizontal 
drawn  through  his  centre  of  gravity  ff,  the  distances 
hisindination;  GP  and  G^-F,  to  represent  his  weight  and  centnlugal 
force  respectively,  and  construct  the  rectangle  PGFR^ 
the  diagonal  OR  will  give  the  inclination  sought.  Deno- 
ting the  weight  of  the  horse  by  P,  his  distance  from  the 


the  hone 
travelling  in  a 
circle; 
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centre  by  B,  and  his  actual  velocity  by  V,  we  have 

P      V 


F  = 


"5"' 


and  consequently  the  pressure  or 


GB 


=  P\/l  + 


his  oblique 
preMnre  on  tbo 
ground; 


g'R^' 


Fig.  120. 


n  wagon  mnldng 
a  short  and  rapid 
turn; 


Finally^  in  order  that  the  horse  iu9,y  not  slip,  the  surface  Bargee  or  ua 
^  Jl  of  his  path,  must  be  perpendicular  to  QB,  ^^'' 

Whfen  a  horseman  rapidly  turns  a  comer,  he  leans 
his  body  towards  the  centre  of  the  curve  which  he  isahoraoma. 
describing,   to  bring  the  resultant    of  his   weight  and*"*^'"""" 
centrifugal  force  to  paas  between  his  points  of  support 
in  the  stirrups. 

When  a  wagon  makes  a  quick  turn,  its  centrifugal  force 
tends  to  overthrow  it  towards  the  convex  side  of  the  curve 
it  describes ;  and  the  risk  of 
ii{>setting  is  directly  propor- 
tional to  its  weight  and  the 
square  of  its  velocity,  and 
inversely  proportional  to  the 
radius  of  the  curve.  This 
is  why  the  exterior  of  the 
roadway  is  usually  elevated 
in  short  turnings,  and  car- 
riages diminish  their  speed 
when  approaching  them. 

The  sling,  the  axe,  the 
sabre,  &c.,  exert  upon  the 
hand,  when  we  give  them 
a  circular  motion,  a  traction 
equal  to  the  centrifiigal  force. 
The  common  wheel  is  usually 
composed  of  fellies  -4,  A,  &c., 
connected  with  the  nave  N, 
by  means  of  radial  arms,  I,  I, 


inclination  of 
roadway; 


Kg.  121. 


other  example** 
the  eling,  axe, 
sabrei^bc; 


14 


oomnion 
carrlago-whaal 
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oommoa  wbeel. 


&c.,  and  the  centrifugal  force  is  oonstantlj  acting  when 
•cuon  upon  the  the  wheel  is  in  motion  to  draw  these  arms  fix>iii  their 
e  68  0  B  places,  to  enlarge  the  circumference,  and  thus  to  detach 
the  fellies  from  each  other ;  hence  the  tire  not  only  pro- 
tects the  wheel  from  the  wear  and  tear  arising  from  the 
roughness  of  the  road,  but  also  counteracts  the  effect  of 
the  centrifugal  force. 


at  earth*! 
aortkce; 


Fig.  122. 


§  171. — ^We  know  that  the  earth  revolves  about  its 
axis  A  A'  once  in  twenty-four  hours,  and  that  the  cir- 
centrifiigai  force  cumfcrcnccs  of  the  parallels 

of  latitude  have  velocities 
which  diminish  from  the 
equator  to  the  poles ;  the 
centrifugal  force  will  hence 
diminish.  To  find  the  law 
of  this  diminution,  let  P  be 
the  weight  of  a  body  on  the 
surface  of  the  earth  in  any 
parallel  of  which  R '  is  the 
radius,  its  centrifugal  force 
will,  Eq.  (68),  be 


that  of  a  body 
whoae  weight  ia 

P; 


9 


in  which  Y^  is  the  angular  velocity  of  the  earth.     Sub- 

p 

Btituting  M  for  — ,  we  have 

if 


Denoting  the  equatorial  radius  CE^  OP^  by  It,  and 
the  angle  OPG'  =  P  OE,  which  is  the  latitude  of  the 
place,  by  (p,  we  have  in  the  triangle  P  0  0\ 


B'  =  JR  008  9 ; 
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-which  substituted  for  R  above  gives 


jP=  if  Fi* -Boos  9. 


(69> 


I^.  128. 


Now^  the  only  variable  quantity  in  this  expression,  lawofToriatiim 
when  the  same  mass  is  taken  from  one  latitude  to  another,  J'®*"*'^*^ 

'  force; 

is  (p ;  whence  we  ocmchide  that  the  (xntrifagal  force  varies  as 
the  cosine  of  the  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the 
radius  JR'  of  the  parallel  of  latitude,  and  therefore  in  a 
direction  oblique  to 
the    horizon    TT'. 
Lay  off  on  the  pro- 
longation of  this  ra- 
dius,   the    distance 
PJBj   to   represent 
this  force,  and  re- 
solve  it   into  two 
components      P  If 
and  P  Tj   the  one 
normal,    the   other 
tangent  to  tne  sur- 
face of  the  earth; 
the  first  will  dimin- 
ish the  weight  P  by  its  entire  value,  being  directly  opposed 
to  the  force  of  gravity,  the  second  will  tend  to  urge  the 
body  towards  the  equator. 

The  angle  HPN  is  equal  to  the  angle  P  GE^  which 
is  the  latitude,  denoted  by  9;  whence  the  normal  com- 
ponent 


the  cratrUtagBl 
force  reaolTod 
into  a  yertical 
and  h<Hrln>ntaX 
componenl; 


PN=  PEy.  COB?  =  F.<x»<f  =  M:V^R<x»\ 


▼Blue  of  Yertical 
oomponeat^ 


and 


Pr=  PHwi^  =  jP.sin9  =  JfFi'iZ.sinccos^; 


horizontal 
component ; 
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its  valua ; 


but 


siii9.cos9  =  Jsm2(p; 


tlierefore 


PT  ^  \MV^RBm2(^ 


whence  we  conclude,  that  the  diminution  of  the  vxighU  <f 
bodies  arising  from  the  centrifugal  force  at  the  earth's  stafae^ 
varies  as  the  sqaare  of  the  cosine  of  the  latitude  ;  and  that  a& 
bodies  are,  in  conse- 
quence   bf   the    cen- 
effect  upon  tho     trifugol  foTce,  Urged  Fig.  128. 

•»rth;  liy    a    foTce    which 

varies  as  the  sine  of 

twice  the  latitude. 
At   the  equator 

and  poles  this  latter 

force  is  zero,  and  at 

the  latitude  of  45** 

it   is   a  maximum, 

and   equal   to  half 

of  the  entire  centrifugal  force  at  the  equator. 

At  the  equator  the  diminution  of  the  force  of  gravity 

is  a  maximum,  and  equal  to  the  entife  centrifugal  fbroe; 

at   the  poles  it   is  zero.      The  earth  is  not   perfectly 

spherical,   and  all  observations  agree  in  demonstrating 

that  it  is  protuberant  at  the  equator  and  flattened  at  the 

poles,  the  difference  between  the  equatorial  and  polar 

diameters  being  about  twenty-six  English  miles.  If  we 
cause  of  the  supposc  the  earth  to  have  been  at  one  time  in  a  state  of 
ihewih^*^'  fluidity,  or  even  approaching  to  it,  its  present  figure  is 

readily  accounted  for  by  the  foregoing  considerations. 
The  weight  of  a  body  which  varies,  according  to   the 

Newtonian  hypothesis,  directly  as  the  mass  and  inversely 

as  the  square  of  the  distance  from  the  centre  of  the  earth, 
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is,  tlierefore,  on  account  of  a  difference  of  distance  and  of  weight  of  ui« 
the  centrifugal  force  of  the  earth  combined,  less  at  the  ^tJrtiu^tiw 
equator  than  at  the  poles.  •   poles  and  leMt  at 

To  find  the  value  of  the  centrifugal   force  at   the    ****"    '' 
equator,  make,  in  Eq.  (69),  if  =  1  and  cos  ^  =  1,  which 
is  equivalent  to  supposing  a  unit  of  mass  on  the  equator, 
and  we  have 

P  ^    'P'S  ]^^  eentriftagBl  force 

at  the  equator ; 

The  angular  velocity  is  equal  to  the  absolute  velocity, 
divided  by  the  equatorial  radius  of  the  earth.  The  abso- 
lute velocity  is  equal  to  the  circumference  of  the  equator 
in  feet,  divided  by  the  number  of  solar  seconds  in  one 
siderial  day : 

Diameter  of  earth  in  miles  7926 Log.    3.8989993 

*  3.1416 Log.     0.4971507 

Feet  in  one  mile 6280 Log.    3.7226340 

Cireunference  of  earth  in  feet Log.    8.1 187840 

Length  of  a  ud  day  in  Sol :  seconds,  86400  X0.997269,  Log.    4.9353269 

Absolute  velocity  in  feet Log.     3.1834581  computed; 

Radios  of  earth  in  feet Log.    7.3206032 

Angular  velocity  Vi Log.    6.8628549 


9  

Square  of  angular  velocity  V^   Log.  1.7257098 

Radius  of  earth  in  feet Log.  7.3206032 

/  

Centrifugal  force  at  equator.  .0.1112 9.0463130 


Thus  tbe  value  of  the  centrifugal  force  at  the  equator  is  lu  value; 
0.1112  of  one  foot. 

By  the  aid  of  this  value,  it  is  very  easy  to  find  the 
angular  velocity  with  which  the  earth  should  rotate,  to  to  und  angular 
make  the  centrifiigal  force  of  a  body  at  the  equator  equal  ^,J^!""***"* 
to  its  weight;    for  by  the  present  rate  of  motion  we  weighuaitha 
and  ^"^'^ 

01112  =   7i«i2; 
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and  by  the  new  rate  of  motion 

82^1987  =  F/^; 

in  which  82.1987  is  the  force  of  gravity  at  the  equator. 
Dividing  the  second  by  the  first,  and  we  find 


32.1987 
0.1112 


^  =  289,  nearly. 


whence 


mult; 


F»'  =  17  Fi; 


that  is  to  say,  if  the  earth  were  to  revolve  seventeen  times 
as  fast  as  it  does,  bodies  would  possess  no  weight  at  the 
the  weight  of  au  equator;  and  the  loss  of  weights  at  the  various  latitudes 
fix)m  the  equator  to  the  poles  diminishing  in  the  ratio  of 
the  squares  of  the  cosines  of  latitude,  the  weights  of  all 
bodies,  except  at  the  poles,  would  be  affected. 


bodies  afflwted. 


Motion  in  a 
otrcolar  groove, 


when  plane  of 

gvooreis 

horiiotttal; 


/ 


Fig.  124. 


/>  1'  '    i.  *     /'     -    /  / 

§  172. — ^If  we  now  sup- 
pose the  body,  instead  of 
being  connected  with  the 
point  G  by  means  of  a  rigid 
bar,  to  move  about  the  same 
point  in  a  circular  groove, 
the  effects,  as  regards  the 
centrifugal  force,  will  ob- 
viously be  the  same,  since 
the  body  will  be  constrained, 
by    the    resistance    of    the 

groove,  to  remain  at  the  same  distance  from  the  centre. 
If  the  plane  of  the  groove  be  horizontal,  the  pressure  of 
the  body  against  the  side  will  be  constant  and  equal  to  the 
centrifugal  force,  that  is  to  say,  to 
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■ 
I 


B 


But  if  the  plane  of  the  groove  be  vertical,  the  weight 
of  the  body  will  also  exert  its  influence ;  for  the  weight 
being  resolved  int^  two  components,  one  tangent  and  the 
other  normal  to  the  curve  at  the  place  of  the  body,  the 
latter  will  sometimes  act  with,  and  sometimes  in  opposi-  when  Teiticai, 
tion  to  the  centrifugal  force,  while  the  former  will  some-  ^Jjj^eigw  * 
times  increase  and  sometimes  diminish  the  velocity;  so 
that  the  pressure  becomes  greater  or  less  than  the  cen* 
trifugal  force  depending  upon  these  two  circumstances. 
Knowing  one  of  the  velocities  which  the  body  may  have,  ih>m  one  yeiodty 
it  is  easy,  by  the  principle  of  living  forces,  to  find  the*******^****^"' 
others.     Take  the  body  at  its  lowest  point  m\  and  denote 
its  velocity,  supposed  known,  by   F',  and  let  it  be  re- 
quired to  find  its  velocity  at  any  other  point  m,  whose 
vertical  height  above  m'  is  H,    Denote  the  velocity  at  this 
latter  point  by  F,  then  will  the  loss  of  living  force  in 
passing  from  m'  to  m  be 

and  this  being  equal  to  double  the  quantity  of  action  of 
the  weight  denoted  by  TF,  in  the  same  interval,  which 
quantity  of  work  is  2  IF-SJ  we  have, 

M{y^-  F«)  =  2TFJT/ 


W 
replacing  M  by  its  equal  — ^  and  reducing 

it 


V^  -   F»  =  2flrfi; 


I       -  Tstue  of  velocity 

F=    y  V^    —    2gH.  «tany point; 
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Denoting  by  n\  the  height  due  to  the  velocity  F',  we 
have 

which  in  the  above  equation  gives 


ttine  lu  tenna  of 
dUflbrence  of  level 
of  the  points; 


7=  V2g{H'  -  H). 


higheet. 


Fig.  124. 


Thus,  the  velocity  of  the 
body  will  be  diminished 
by  the  action  of  its  weight 
during  its  ascent,  while,  on 
the  contrary,  it  will  be  in- 
creased during  the  descent, 
being  always  the  same  at 
points  situated  on  the  same  . 

Telocity  greeteet    horizontal     liuc.         The     VC- 

at  lowest  pout,   2^j|.y  ^^  -^  greatest  at  the 

least  St  the  lowest  and  least  at  the  high- 
est point.  During  the  de- 
scent, the  body  will  acquire  living  force  by  absorbing  die 

gain  and  loss  of  work  of  its  Weight,  which  living  force  will  again  be 
destroyed  during  the  ascent  because  it  is  opposed  to  the 
weight. 


'iving  force. 


of  a  body  which 
describes  any 
eorre: 


§  173. — ^When  a  body,  in  vir- 
tue of  the  motive  forces  which 
act  upon  it,  describes  a  curve  in 
centriAigai  force  spacc,  the  cffect  is  the  same  as 
though  it  passed  over  the  arcs  of 
the  successive  oscillatory  circles 
of  which  the  curve  is  composed. 
If  the  positions  of  the  centres  CJ 
C\  C",  &c.,  of  these  successive 
circular  arcs  be  known,  as  well 
as  their  radii  A  (7,  A'  C\  A"  G'\ 
&c.,  the   curve   will    be   given 
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by  the  series  of  arcs  A  A\  A'  A'\  J."  J.'",  &c.,  de- 
scribed about  these  centres,  and  terminated  by  these  radii. 
And  it  will  be  easy,  from  the  consideration  of  the  centrifu- 
gal and  motive  forces,  to  obtain  for  every  point  of  the 
curve,  the  position  of  the  centres  and  the  magnitudes  of  the 
radii  of  the  osculatory  circles,  and,  consequently,  to  trace 
the  path  described  by  the  body. 

Let  P  denote  the  resultant  of  the  motive  forces  which  to  trace  the  cur?* 
act  upon  the  body  at  any  particular  point  aa  A;  M  the  ^eent^^Ja 
mass  of  the  body ;   V  its  velocity,  of  which  the  direction  foroes: 
is  A  T;  and  r  the  radius  A  C;  then  will  the  centrifugal 
force  be  measured  by 


r 


But  the  body,  in  describing  the  curve,  does  not  abandon 
the  small  arc  A  A\  and  must  therefore  be  retained  on  it 
by  a  force  equal  and  directly  opposed  to  the  centrifugal 
force;  in  other  words,  the  motive  force  AP^  being  re- 
solved into  two  components,  one  tangent  and  the  other 
normal  to  the  curve,  this  latter  must  be  equal  to  the 
centriftigal  force.  Denote  the  normal  component  by  ^, 
then  will 


P  =  -^^ (70); 


whence 


value  of  the 
normal 

component  of  the 
motive  foree ; 


curvature ; 


r^^^JL (71).      ^--^ 

P 

Such  would  be  the  radius  of  the  initial  arc  AA\  provided 
the  velocity  V  were  constant  during  its  description.  This 
condition  cannot,  however,  be  fulfilled,  since  the  tan- 
gential component  of  the  motive  force  will  either  increase 
or  diminish  the  velocity.    It  will  be  sufficient  to  make 
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Fig.  125. 


in  wliich  n  and  n'  denote  the  velocities  of  the  body  at  the 
tmniaai  veioeity  beginning  and  ending  of  the  arc.    The  former  of  tbese 

tiai  velocity;  the  latter  must 
be  found,  and  for  this  pur- 
pose we  remark,  that  as  the 
arc  is  described  in  a  very  short 
time,  say  the  tenth  of  a  second, 
the  motive  force,  and  therefore 
its  tangential  component,  may 
be  regarded  as  constant  during 
this  interval.  Denoting  the 
tangential  component  by  ;,  and 
the  time  by  ^,  we  have,  from 
the  laws  of  uniformly  varied 
motion,  Eq.  (11),  and  (30)' 


ItoTalra; 


n'  =  n  + 


M 


and 


TilneofiiMtti 
Telocity; 


7=54^  =  «  +  ^«.    .    (72); 


which,  in  Eq.  (71),  gives 


▼■laeofnuliiu; 


^(«  +  2^')' 


r  = 


(78> 


This  distance  being  laid  off  firom  the  point  -4,  upon  the 
perpendicular  to  the  tangent  A  75  will  give  the  centre  C. 
The  length  of  the  arc,  denoted  by  5,  is  found  from  E^- 
(10),  or 


Ttlneofwo 
dneribed; 


s  =  nt  +  i-^f  ' 


(74> 


The  law  of  the  motive  force  being  known,  the  intenitj 
of  its  action  on  the  body  at  A'  becomes  known,  and  its 
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component  perpendicular  to  the  tangent  A'  T\  denoted  bj 
/>',  will  give 


p'   ==   ;— ,  oonponeDtof 

^  moUrs  foTM ; 


or 


T     — 


i*'    ' 


in  wHcb  r'  is  the  radius  of  the  arc  A'  A'\  and  F',  the 
mean  Telocity  with  which  it  is  described. 

Denoting  the  new  tangential  component  bj  j',  we  find, 
in  the  same  way  as  before, 

n"   =   n'    +   \jr  ^  terminal  velocltr 


on  leooiMl  aff« ; 


^    -         2         ~''+2Jf*' 


which  in  the  equation  above  gives 


M(n'  +   ^^  n  ndintofMeoBd 


•re: 


» 


and  this  being  laid  o£^  as  before,  upon  the  perpendicular 
to  the  tangent  A*  T\  will  give  the  centre  0\ 

The  length  of  the  arc  A' 4",  denoted  by  «',  will  be 
found  firom 

^'   =   ^'t  +   TT^r^-  l«gUiof.«»nd 

2  Jf  •»«; 

Finding  the  value  of  the  motive  force  at  A",  its  nor- 
mal and  tangential  components  jp"  and  q^\  as  well  as  the 
mean  velocity  F",  we  obtain  the  value  of  the  radius 
C"  A'\  and  the  position  of  the  centre  C* ;  the  tangential  the  same  proeew 
component  and  time  will  give  us  the  length  of  the  new  '^  <>**«' •^J 
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osculatoiy  arc,  and  thus  the  description  of  the  curve  mj 
be  continued  to  the  end. 

appucauontothe       To  apply  this  general  case  to  a  particular  examp/. 

!^ uirowniioo  ^^®  *^®  instaucc  of  a  bomb  thrown  into  the  air.   Ty 

the  air;  forccs  here  are,  that  arising  fix)ni  the  explosive  aed: 

of  the  powder  and  which  gives  the  initial  velocity,  *h 
resistance  of  the  air,  and  the  weight  of  the  bomb. 

Let  A  be  the  mouth 
of  the  piece,  of  which  the 
axis  coincides    with   the  Fig.  I2fl. 

line  A  T.  This  line  will 
be  tangent  to  the  path  de- 
scribed by  the  bomb  at 
the  point  A.  Denote  the 
weight  of  the  bomb  by  WJ 
the  initial  velocity  by  n, 

retisunoeofair;  and  the  resistance  of  the 
air  due  to  this  velocity  by 
/  The  value  of  /  may 
be  taken  from  a  table  giv- 
ing the  resistances  corre- 
sponding to  different  velocities  and  calibres.  Through  i 
draw  A  H  parallel  to  the  horizon,  and  denote  the  angle 
TA  H  hj  a ;  lay  off  upon  the  vertical  through  J.,  the 
distance  AW\o  represent  the  weight  of  the  bomb,  and 
resolve  this  weight  into  two  components :  one,  Ac^f 
normal  to  the  tangent  A  T;  and  the  other,  A  m  =  i,  in  the 
direction  of  this  line.  The  angle  WA  c  is  equal  to  the 
angle  TA  iJ  =  a ;  and  hence, 


components  of 
the  weight  of  the 


p  =  Wcos  a, 


'*^"*^'  k  =  TTsina; 

and  since  the  resistance  of  the  air  is  directly  opposed  to 
the  motion,  the  force  in  the  direction  of  the  tangent,  after 
the  initial  impulse,  is  retarding,  and  becomes 
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therefore 


and 


n   s=i  n  -- 


r  =.n  - 


=  —  ^,  »r  Bin  a 

+  /;; 

taagwittal 
eonponent; 

Wmna  +  f 

•  <; 

toiiBliMlTeloeity; 

Weaia  +/ 
2if 

•  </ 

BMHITelOOttj; 

this  value  and  that  of  p^  in  Eq.  (71),  give 


r  = 


/  TTsin  a  +  /   A* 


TTcOfl  a 


ndlna  of  Initial 
wo; 


and  writing  in  Eq.  (74),  for  q  its  value,  we  find 


8 


=  n  ^  —  i 17 —  •  fi. 

M 


length  of  initial 
are; 


Through  the 
point  Aj  draw  an 
indefinite  perpen- 
dicular to  the  line 
A  T,  and  lay  off 
from  A  the  dis 
tance  A  Cj  equal 
to  r;  with  (7  as  a 
centre,  r  as  radios, 
describe  the  arc 
A  A'  equal  to  8. 
This  will  give  the 
initial  arc. 

The  linear  di- 
mension of  an  arc 
at  the  unit's  dis- 


Rg.  127. 


eonitnieUoa; 
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tance  from  C^  is 


length  of  are  at 
unlt*8  diatance 
from  the  centre; 


8 

r 


and  denoting  the  ratio  of  the  circumference  of  the  circfeta 
its  diameter  by  ^r,  we  have 


2*    :    - 
r 


its  value  in  are ; 


angle  of  the 
tangents  at  the 
initial  points  of 
two  conaecative 
arcs; 


angle  of 

projection  at  the 
beginning  of  the 
secondare; 


in  which  z  denotes 
the  number  of  de- 
grees in  this  arc, 
or  the  value  of  the 
angle  A  GA\  But 
this  angle  is  equal 
to  that  made  by  the 
tangents  A  T  and 
A*  y  at  the  extrem- 
ities of  arc  J.  A'\ 
and  the  angle  which 
the  tangent  at  the 
beginning  of  the 
second  arc,  A'  A** 
makes  with  the  ho- 
rizon, or  the  angle 
r  A'  H\  wiU  be 


860^ 


2    = 


860°  X   8 
2*r 


a  ^  z  = 


Pursuing  the  same  operation  as  before,  we  find 

p'  =   TTcosa', 


k'  =    IT  sin  a' 


and  taking  from  the  tables  the  resistance  /',  oonespondin? 
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to  the  new  Telocity  n\  we  construct  in  the  same  way  the 
second  arc  A'  A'\  &c.,  &e. 

It  is  to  be  remarked,  that  as  the  angle  denoted  succes- 
sively by  a,  a,\  &c.,  diminishes  in  passing  from  arc  to  arc,  it 
will  presently  become  equal  to  zero,  at  the  summit,  and  after- 
ward take  the  n^ative  sign ;  in  the  first  case,  the  tangential  Tuiauon  in  um 
component  of  the  weight  of  the  bomb  will  be  zero,  its  sign  *^!^^^. 
will  then  change,  and  instead  of  being  a  retarding,  it  will 
become  an  accelerating  force.    Hence,  in  this  curve,  three  uaree  pvto  or  tte 
portions  are  to  be  distinguished,  viz. :  the  ascending  branch,  ^^^^'^ 
the  descending  branch,  and  that  immediately  about  the 
summit 

The  resistance  of  the  atmosphere  to  the  motion  of 
bodies  in  it,  is  found  to  vary  as  the  square  of  the  velocity 
of  the  moving  body,  and  some  idea  of  the  intensity  of  this 
resistance  may  be  formed  from  the  fact,  that  a  twenty-four  nag*  in 
pound  shot,  projected  under  an  angle  of  45°,  in  vacuo,  JJ^<*p*»««««^ 
with  a  velocity  of  2000  feet  a  second,  would  have  a  range 
of  125000  feet,  while  the  same  ball,  projected  under  the 
same  circumstances  in  the  atmosphere,  would  only  attain 
to  the  range  of  7800  feet ;  about  one-seventeenth  of  the 
former. 


Tacuo. 


§  174.— The  laws  of  the 
centrifugal  force  may  be  il- 
lustrated experimentally  by 
means  of  the  whirling'tabk. 

This  consists  of  a  frame- 
work upon  which  are  mount- 
ed two  vertical  axes.  Upon 
the  top  of  each  axis  is  &str 
ened  a  circular  Wock  B,  B, 
having  a  groove  cut  in  the 
circumference  for  the  recep- 
tion of  an  endless  cord  C^  (7, 
(7,  which  also  passes  round 
a  wheel  W    This  wheel  is 


Fig.  124. 


Wbirllng4able  tp 
Ulnatrate 
eentriftagil  fbree; 
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arrangement  of 
the  parts  of  the 
table; 


■caleand 
moveable 
weights ; 


example  flnt; 


provided  with  a  crank  and  handle  H,  for  the  puipoK 
of  communicating  motion  to  the  whole.  The  circokr 
blocks  are  so  made,  that  their  circumferences,  aromsi 
which  the  cord  passes,  may  be  varied  to  change  the  velo- 
city of  rotation.  A  piece  of  wood  d  d^  is  mounted  upon  eai 
of  the  circular  blocks,  by  means  of  screws,  to  support  twc* 
poUshed  horizontal  metallic  bars  &,  5,  along  which  a  sd&J 
stage  S  may  slide  with  as  little  friction  as  possible.  Tui^ 
stage  is  connected  with  an- 


Fig.  1S4. 


other  S\  which  slides  freely 
on  a  pair  of  vertical  bars  h\  ft', 
by  means  of  a  piece  of  flex- 
ible catgut  passing  over  the 
pulley8p,i>',  in  such  manner 
as  to  lift  the  stage  S'  m  9k 
vertical,  when  motion  is  com- 
municated to  /S  in  a  hori- 
zontal, direction. 

The  stage  aS'  is  placed 
with  its  centre  immediately 
over  the  axis  of  motion. 

On  the  piece  dd  is  a  grad- 
uated linear  scale,  having  its 

zero  in  the  axis,  for  the  purpose  of  measuring  the  distance 
of  the  stage  S  from  the  centre  of  motion.  A  series  of 
weights  TT',  W\  in  the  shape  of  small  circular  plal«; 
complete  this  part  of  the  apparatus.  The  weights,  bring 
perforated  in  the  centre,  are  kept  in  place  by  a  vertid 
pintle  rising  from  the  middle  of  each  stage. 

Example  IsU  Load  one  of  the  stages  /S^  with  the  weigb 
5,  and  place  it  over  the  division  8  of  the  scale ;  load  tte 
other  stage  S  with  the  weight  2,  and  plape  it  over  the  di- 
vision 5 ;  make  the  circumference  of  the  first  circular  block 
double  that  of  the  second.  The  angular  velocity  of  the 
first  being  FJ,  that  of  the  second  will  be  2  Fi.  When 
motion  is  communicated,  the  centrifrigal  forces  wiD, 
Eq.  (68),  be,  respectively, 
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5  X  8  7i*   and   2x5x4  Vi, 


or 


40  Vi     and    40  V^] 


that  is  to  say,  the  centrifugal  forces  will  always  be  equal  result; 
to  each  other.    Hence,  if  the  stages  aS"  be  loaded  equally, 
they  will  be  drawn  up  simultaneously. 

Example  2d.  Betaining  the  same  ratio  as  before  between  ezampio  tooond: 
the  angular  velocities,  viz.,  Vi  and  2  T^,  load  one  of  the 
stages  S  with  weight  6,  and  place  it  over  the  division  8  of 
the  scale ;  load  the  other  stage  S  with  weight  3,  and  place  it 
over  the  division  7.  When  rotation  takes  place,  the  cen* 
triftigal  forces  will  be,  respectively, 

6  X  8  Fi"  =  48  Fi", 
8  X  7  X  4  F,'  =  84  FA 

the  ratio  of  which  is 

48  12 


84         21  ' 

and  hence,  if  the  first  stage  S'  be  loaded  with  12  weights,  ,^^1,. 
and  the  second  with  21,  they  will  rise  together,  and  with  a 
Iktle  care  may  be  kept  suspended  by  properly  regulating 
the  motion. 

If  the  particles  of  which  a  body  is  composed  may 
move  among  each  other,  that  is,  if  the  body  be  soft,  a 
change  may  be  effected  by  the  action  of  this  force  in  its 
figure. 

Such  a  body  of  a  spherical  form,  revolving  about  one  whenarototing 
of  its  diameters,  acquires  a  flattened  shape  in#the  direction  ^  of^l^h^ricai 
of  this  diameter  or  axis,  because  the  parts  that  lie  in  the  figure,  it  acquires 
plane  of  the  greatest  circumference  which  can  be  drawn  *  *^^°    *  *^' 
perpendicular  to  the  axis,  that  is,  in  the  plane  of  the  body's 
equator,  have  the  greatest  centrifiigal  force,  while  those 

15 
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experimental 
UluBtnlion. 


Fig:  ISa 


in  the  neighborhood  of  the  poles  have  the  leasit;  the 
former  will,  therefore,  recede  from  and  the  latter  approach 
the  centre.  Hence  the  inference  in  regard  to  the  causes 
of  the  |lattened  figure  of  the  earth. 

Example  Sd.  On  the  vertical  axis  a  6,  is  an  armillary 
sphere,  composed  of  elastic  wires,  fitting 
round  the  axis  by  means  of  a  ring, 
which  holds  them  all  together.  By 
this  contrivance  it  is  possible  for  the 
elastic  wires  to  assume  an  elliptical 
figure,  having  a  shorter  vertical  diame- 
ter. Screw  this  apparatus  into  the 
middle  of  the  circular  block  of  the 
whirling  table,  and  give  to  the  whole 
a  rotatory  motion;  the  wires,  instead 
of  their  original  •  form  represented  by 
the  dotted  lines,  will  assume,  in  conse- 
quence of  the  centrifugal  force,  the  figure  shown  in  the 
dark  lines. 


Principle  of 
the 


Fig.  181. 


§  175.— When  a  body 
mftves  with  uniform  mo- 
tion, it  passes  over  equal 
spaces  in  equal  times. 
Thus,  suppose  the  body 
to  start  from  A,  and  to 
move  uniformly  in  the 
direction  from  A  to  B;  the 
line  A  B  being  divided 
into  equal  spaces  A  m', 
m'  m",  m"  m'",  &c.,  these 
spaces  will  be  described 
a  body  in  motion  in  equal  timcSk    If  the  several  points  of  division  be  joined 

^tol  ^nt^'°°  ^^  ^°y  P^^^*  ^  ^»  ^^  *^®  ^^^®»  ^  series  of  triangles  A  Cm\ 
force;  wIOwl^  m"(7m'",  &c.,  will  be  formed,  all  having  a  com' 

mon  vertex  and  equal  bases  lying  in  the  same  straight  line. 

The  areas  of  these  triangles  will,  therefore,  be  equal,  and 


KECHANICS    OF    SOLIDS.  227 


will  have  been  described  in  equal  times  during  the  motion 
of  the  body  by  the  line  joining  it  with  the  point  0, 

K  when  the  body  arrives  at  m\  it  receive  an  impulse 
in  the  direction  from  m'  to  (7,  which  would  cause  it,  if 
moved  from  rest,  to  describe  the  path  m'  n^  in  the  same 
time  that  it  would  have  described  m'  m"  if  unmolested, 
then  will  it  describe,  in  the  same  time,  the  diagonal  m'  m^^  the  forces  fini 
of  the  parallelogram  constructed  upon  m' n,  and  m'm"  *"P"*"*''®' 
as  sides.  The  line  m"  m^^  being  parallel  to  m'  (7,  the 
•  triangles  C m' m"  and  Cm' m,,  will  have  the  same  base 
C  m\  and  equal  altitudes ;  their  areas  will  therefore  be 
equal ;  hence  the  triangles  C Am'  and  C m' m^,  will  be 
equal.  In  like  manner,  if  when  the  body  arrives  at  tw^^, 
it  receive  another  impulse  directed  towards  C^  which 
would  cause  it  to  describe  m^^n^^,  in  the  time  it  would 
have  described  m^^  0  =  m'  m^^  if  undisturbed  at  m^^,  it  will 
describe  the  diagonal  m^^  m^^,  of  the  parallelogram  con- 
structed upon  m^^  0  and  m,^  n,^  as  sides ;  the  triangle 
Cm^,  m^^,  will  be  equal  to  the  triangle  Cm^^  0  =  Cm'  m^^ 
=  CAm'.  These  equal  triangles  are  described  in  equal 
intervals  of  time  by  the  line  joining  the  moving  body 
with  the  centre  C  If  now  the  impulses  towards  C  be 
applied  at  intervals  of  time  indefinitely  small,  the  force 
may  be  considered  incessant,  the  sides  of  the  polygon  then  incewam. 
A  7n',  m'  w^^,  m,^  w^^„  &c.,  will  become  indefinitely  small, 
and  the  polygon  itself  will  not  differ  from  a  curve.  The 
line  which  joins  the  body  and  the  centre  C,  is  called  the 
radius  vector;  and  the  incessant  force  acting  in  the  direction  ra<uu«  vector, 
of  this  line  towards  the  centre,  is  called  the  cmtripetal  force. 

Whence  we  conclude^  that  when  any  body  having  received  areas  describes 
a  motion,  is  acted  upon  by  a  centripetal  force,  of  ivhich  the  ^^  "***"*  "^^^^^ 

\  -r  ,7  ^  J         1    J  ^     proportional  to 

direction  is  cblique  to  that  of  the  motion^  its  radius  vector  will  the  time  of 
describe  equal  areas  in  equal  times,  eBcription, 

And  conversely,  if  the  radius  vector  of  a  body  moving  in 
a  curve,  be  found  to  describe  equal  areas  in  equal  times  about 
a  fixed  point,  the  body  must  be  urged  towards  this  fixed  point 
by  a  centripetal  force,   for  the  equality  of  the  triangles 
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point; 


converaely,  the       O w!  m"     and      G  w!  m^^,  Fig.  181. 

arewbeingeqal^  /)     and      Cm^^m,,,, 

in  equal  times,  ''  "      "" 

the  force  must     &c.,   depends    upon   the 

tend  to  the  fixed,  i*    ^„  *v»"-vi        n  ,r^         \r^ 

being  respectively  paral- 
^  lei  to  m'  (7,  m^^  (7,  &c., 
drawn  from  the  positions 
in  which  the  body  re- 
ceives the  deflecting  im- 
pulses to  the  centre  G, 

Denote   the  area  by 
J.,    and    the     time    in 

which  it  is  described  by  t;  the  ratio  of  J.  to  <i  must, 
from  what  has  just  been  shown,  be  constant  Denote  this 
constant  by  a,  and  we  shall  have 


ratio  of 
the  times. 


to 


—  =  a. 


or 


A  =^  at 


(74)'; 


and  making  t  equal  to  unity,  we  find 

A  =  a; 

from  which  we  conclude,  that  a  denotes  the  area  described 
in  the  unit  of  time. 


§  176.— Let  a  body  de- 
scribe the  curve  A  B  under 
Measoroofthe  the  actiou  of  a  Centripetal 
centripetiibn*;  ^^^^  directed  to  the  Cen- 
tre G ;  and  suppose  m  and 
m!  to  be  two  positions  of 
the  body  very  near  to  each 
other.  Draw  the  tangent 
m  Q  to  the  curve  at  the  place 


Fig.  182. 
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m,  and  draw  m'  Q  parallel  to  the  radius  vector  (7  m,  and 
m'  n  parallel  to  the  tangent.  K  the  centripetal  force  had 
ceased  to  act  at  m,  the  body  would  have  described  m  ^  in 
the  time  that  it  has  actually  described  m  m'.  Again,-  if  the  conipoaentfl  or 
body  had  been  moved  from  rest  at  m  by  the  centripetal  ^J^"!^ 
force  alone,  it  would  have  described  the  path  mn  =  m'Q, 
in  the  same  time ;  the  path  m  n  is,i  therefore,  the  path  due 
to  the  action  of  the  centripetal  force.  The  places  m  and  m' 
being  very  near  each  other,  the  centripetal  force  may  be 
considered  as  constant  during  the  passage  of  the  body  from 
the  one  to  the  other.  Denote  the  velocity  which  the  cen- 
tripetal force  can  generate  in  the  body  at  m,  in  a  unit  of 
time,  by  v^,  then,  Eq.  (7),  will 


• 

mn  =  i  V;  <*, 

whence 

2mn 

but,  Eq.  (74)', 

• 

a 

and  substituting 

this  for  t,  we  find 

2a*  X  mn 

V/     =                    A2            ' 

value  of  the 
aooeleration  due 
to  the  centripetal 
force; 


Multiplying  both  members  by  the  mass  of  the  moving 
body,  denoted  by  M,  we  have 

,^  2Mc?  X  mn 

^^s    =   35 • 

Draw  from  m',  the  line  m'  h  perpendicular  to  Cm,  then, 
because  A  is  the  area  of  the  triangle  Cmm\  will 

-4.  =  J  Cm  X  m'  7i, 
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whicli  in  the  above  equation  gives 


the  intensity  of 
the  centripetal 
force; 


Mv^  =  Sifa^  X 


m,n 


a 


Cm    X  m'K 


.     (74)". 


Tersed  sine ; 


altitude  of  the 
sector  J 


value  of  the 
IntenBity  of  the 
force  in  words. 


Fig.  182. 


The  distance  mn  is  called 
the  versed  sine  of  the  arc 
m  m',  and  m'  h  the  altitude 
of  the  sector ;  the  first  mem- 
ber, or  Mv/j  is  the  quantity 
of  motion  which  the  centrip- 
etal force  can  generate  in 
a  unit  of  time,  and  there- 
fore measures  its  intensity; 

whence  we  conclude  that,  the  intensity  of  the  centripetal 
force  by  which  a  body  is  made  to  describe  a  curve,  is  altoays 
equal  to  eight  times  the  mass  of  the  body  into  the  square  of  the 
area  described  by  its  radius  vector  in  a  unit  of  time,  multiplied 
by  the  versed  sine  of  the  elementary  arc  and  divided  by  the 
square  of  the  radius  vector  into  the  square  of  the  alJtitude  cf 
the  sector. 


XII. 


Phenomena  of 
tlie  heavenly 
bodies ; 


MOTIONS  OP  THE  HEAVENLY  BODIES. 

§  177. — The  phenomena  of  the  heavenly  bodies  may 
be  divided  into  three  classes :  the  first,  comprehending  the 
motion  of  revolution  round  the  sun ;  the  second,  the  mo- 
tion of  rotation  about  their  respective  centres  of  inertia; 
and  third,  their  figure  and  the  oscillations  of  the  fluids  on 
their  surfaces.    It  is  only  proposed  to  consider  the  force 

which  produces  the  motion  of  revolution,  and  the  orbits 

■ 

which  the  bodies  would,  if  undisturbed,  describe. 

Observation  has  established  three  laws  respecting  the 
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motion  of  the  planets,  which,  from  their  discoverer,  areiawsofKepier: 
ea.lled  Kepler's  laws,  viz. : 

1st.  The  planets  rnove  in  plane  curves,  and  the  radiWi«iiaw; 
sector  of  eacfi  describes  round  the  centre  of  Hie  sun,  areas 
2^roportional  to  the  times  of  their  description. 

2d.  The  orbits  of  the  planets  are  ellipses  wiHi  Hie  ce7itre  o/*  adiaw; 
t/ie  sun  in  one  of  the  foci. 

Sd.  Tlie  squares  of  the  times  of  revolution  of  the  different  3d  law ; 
jylanetty  are  to  one  another  as  the  cubes  of  their  Tnean  distances 
yrom  the  sun  or  semi-rnxxjor  axes  of  their  orbits. 

These  laws  relate  only  to  a  motion  of  translation,  and  only  relate  u> 
must,  therefore,  be  limited  to  the  motion  of  the  centres  of  r*'".?".i°' 
gravity  of  the  planets. 


§  178. — ^From  the  first  of  these  laws,   and  the  prin- 
ciple of  areas  proportional  to  the  times,  explained  in  §  175, 
it  follows  that,  the  centripetal  force  which  keeps  the  planets  in  coiueque&ces  of 
their  orbits  is  directed  to  the  centre  of  the  sun,  and  that  this       *^' 
bodi/  is,  therefore,  the  centre  of  the  system. 

The  consequence  of  the  second  law  relates  to  the  varia- 
tion which  takes  place  in  the  intensity  of  the  centripetal 
force  arising  from  a  change  in  the  body's  place,  and  may  be 
determined  thus.    Let 
m  and  m',  be  two  con-  ^^'  ^^*' 

sccutive  places  of  the 
planet  moving  in  an 
ellipse  of  which  C  A 
and  CB  are  the  semi- 
transverse  and  semi- 
conjugate  axes,  and 
having  the  sun,  towards 
which  the  centripetal 
force  is  directed,  in  the 

focus  S.  Draw  m'  n  parallel  to  the  tangent  m  Q^  and  pro- 
duce it  till  it  meets  m  CJ  drawn  to  the  centre  of  the  ellipse, 
in  the  point  v ;  let  fall  the  perpendicular  m'  h  upon  the 
radius  vector  Sm;  join  the  body  at  ?m  with  the  other  focus 


that  of  the  Mieond 
dedneed; 
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S\:  draw  S' N  SLud  CD 
parallel  to  the  tangent 
m  Q,  and  produce  m  C 
to  the  curve  at  Q, 
The  tangent  Q  Q' 
conBirnction  of    makes    cqual    angles, 

QmS  and  Q'mS\ 
with  the  line  drawn 
from  the  place  m  to 
the  foci,  and  because 
>S"  iV  is  parallel  to  this 
tangent,    the    triangle 


the  figure ; 


mS' Nis  isosceles,  making  S'm  =  Nm;  and  because  CD 
is  parallel  to  S'  N,  and  OS  is  equal  to  OS',  the  distance 

NL  is  equal  to  LS;  hence  mi;  =  ^^?^—  is  equal 

to  the  semi-transverse  axis  GA  =  A.    Denote  the  semi- 
conjugate  axis  by  B. 

In  the  similar  triangles  mnv  and  mLO,  we  have, 

mn    :    mv    :  :    mL    :    m  C; 
whence,  writing  A  for  mi,  we  have 


vftlue  of  the 
versed  sine ; 


mn  = 


A.Tnv 
mG 


Again,  drawing  m  F  perpendicular  to  i?  (7,  we  have, 
from  the  similar  right-angled  triangles  mLF  and  m' h n, 

m  h     :    m'n     : :    m^     :    mli ; 
whence,  writing  A  for  mi,  we  have 


value  of  the 
altitude  of  sector ; 


m'  A    = 


— r~8      — 
m  n   X  m 


T 


A* 
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and,  dividing  the  last  equation  by  this  one,  we  have 


mn  At         ''^'^  ^  »«uoofUie 

jH     =    Ar    X    -7f    X  2 %*  Tersert  nne  to  the 

TTl'A  W  (•  m' n     y,    m  F  square  of  ulUtude 


of  MCtor ; 


The  equation  of  the  ellipse,  referred  to  the  conjugate 
diameters  Cm  and  CD;  gives,  because  the  points  n  and  v 
will  sensibly  coincide  for  consecutive  places  of  the  body, 


CI7 


m'n    =  ^^-,  X  mv  X  vG; 
Qm 


which,  substituted  for  m'  n  above,  we  find 

^^      _      J3  ^^ the  Mine,  in  other 


and,  because  the  rectangle  of  the  semi-axes  is  equivalent 
to  the  parallelogram  constructed  upon  the  semi-conjugate 
diameters  CD  and  (7m,  we  have 

.   G^  X  'mF^  -^  J^  X  jB*; 

moreover,  the  points  m  and  trC  being  contiguous,  Qv  will 
not  differ  sensibly  &om  2  Gm.  Making  these  substitutions, 
the  above  equation  reduces  to 

7n,n  A 

and,  multiplying  both  members  by    .     ^ , 

JSm 


8ifa'X_"^"— .:=    ^^^'^  X      ^ 


nirV  X  Sla  B'  "SW* 


284 


NATUBAL    PHILOSOPHY. 


value  of  the 
force; 

consequence  of 
the  lecond  law ; 


to  find  the 
consequence  ol 
the  third  law ; 


The  first  member  we  have  seen,  Eq,  (74)",  is  the  intenshj 
of  the  centripetal  force  at  m.  Calling  this  force  F  and 
writing  r  for  the  radius  vector  Sm,  we  finally  have 


F  = 


>'V 


Every  thing  being  constant  in  the  second  member  bo: 
r,  it  follows  that,  the  force  which  urges  a  planet  toioards  5^ 
sun,  varies  inversely  cw  the  square  of  the  ph/net^s  distajuxfp.'< 
that  body. 

The  consequence  of  the  third  law  is  not  less  impomiit, 
and  may  be  evolved  thus.  Multiply  both  members  of  i; 
last  equation  by  it^A^B'j  and  we  have 

F*^A^B^  =  4flr« ifaM^  X   ^] 

divide  both  members  of  this  equation  by  Fcf^  and  theit 
will  result 


^A^B^ 


a' 


4«^if        ,.        1 


periodic  time ; 


Now,  *AB  is  the  area  of  the  entire  ellipse;  a  is  the  are- 
described  by  its  radius  vector  in  a  unit  of  time;  heiK'? 


^AB  . 


is  the  number  of  units  of  time  in  one  entire  reTo:i:' 


a 


tion  of  the  planet,  called  the  periodic  time.    Denote  ^ 
by  r,  and  substitute  it  for ,  and  we  get 


the  value  of  its 
square; 


y«  = 


F 


^•^^ 


In  like  manner  for  any  other  planet,  whose  mass  k 
M\  mean  distance  A\  radius  vector  r',  periodic  time  T 
and  centripetal  force  F\  we  have 
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and  dividing  this  equation  by  the  one  above 


jv 


If'F.r»         AT 
MF'.r'»  ^   A'' 


nUooflbe 
•qnaretof 
periodic  tiniM ; 


But,  by  the  third  law, 

T^  _  A^ 
T*   -  aF' 


whence 


or 


MF'r'*  ~  •^' 


F         .  _   F'         ^ 
M^  M'  ^  ^  ' 


centripetal 
aooeleraUoD ; 


F 

Now  —  is  the  velocity  which  the  centripetal  force  can 

generate  in  one  unit  of  time,  or,  which  is  the  same  thing, 
it  is  the  measure  of  the  acceleration  due  to  the  force 

which  acts  upon  the  planet  M;  so,  likewise,  -r^  is  the 

acceleration  due  to  the  centripetal  force  which  acts  upon 
tbe  planet  M' ;  and  resolving  the  above  equation  into  the 
proportion 


il 


M' 


1^ 


r'*' 


conaeqnenoe  of 
the  third  law; 


we  see  that  the  forces  which  urge  two  different  planets 
towards  the  sun,  are  to  each  other  in  the  inverse  ratio  of 
the  squares  of  the  distances ;  so  that  the  same  law  which 
regulates  the  intensity  of  the  force  in  a  single  orbit,  also 
extends  to  different  planets  revolving  in  different  orbits. 
If  r  be  made  equal  to  r\  then  will  the  accelerations  due 
to  the  centripetal  force  be  equal ;  that  is  to  say,  if  all  the 
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at  lame  dlstanoe, 
the  centripetal 
acc«IenitioD0  are 
equal; 


Newtonian 
hypothesis  of 
universal 
ffravitation ; 


consequences  of 
this  hypothesis ; 


the  orbits  might 
hare  been 
ellipses, 
parabolas,  or 
hypert>ola8. 


planets  were  brought  to  the  same  distance  fromhsz 
each  unit  of  mass  would  be  urged  towards  that bodjK. 
the  same  intensity ;  and  as  the  different  planete  mignt  > 
inverted  in  respect  to  the  order  of  their  distances  i'^ 
the  sun,  without  the  relation  of  the  periodic  tiny^ .» 
expressed  by  the  third  law  being  affected,  it  follow?  •  * 
the  force  which  acts  upon  all  the  planets  is  absoluttj:.* 
same  in  kind,  and  is  only  qualified,   in  intensity,  I5 : 
change  of  distance.     These  considerations  led  Newtn: 
adopt  the  celebrated  hypothesis  which  laid  the  founditi : 
of  physical  astronomy,  viz. :    that  all  bodies  attract  r: 
other  toith  an  energy  tohich  is  directly  proportiarud  ^.'  "• ' 
masses  and  inversely  proportional  to  the  squares  of  their '.  - 
tancesfrom  each  other. 

Starting  from  this  hypothesis,  it  is  easy  to  solve  ty . 
process  not  suited  to  an  elementary  work  like  tlik  - 
converse  problem  of  that  which  led  to  the  consequence 
the  second  law,  and  to  show,  that  a  heavenly  bodv  cu; 
describe  any  one  of  the  conic  sections  having  the  sci  '^ 
one  of  the  foci,  depending  upon  the  relation  which  subs^'i 
between  its  velocity  afid  the  energy  with  which  the  !»> ' 
and  the  sun  attract  eaxjh  other.  The  orbit  will  be  a  ]•*■' 
bola,  an  ellipse,  or  hyperbola,  according  as  the  square  of  ti- 
body's  velocity  is  equal  to,  less,  or  greater  than,  twice  t:-* 
attractive  force,  multiplied  by  the  distance  from  the  sui 


Fig.  184. 


The  angular 
▼eloeity ; 


§  179.— Let  (7  mm'  be 
the  sector  described  in  the 
unit  of  time :  take  the  dis- 
tance Ob  equal  to  unity, 
and  describe,  with  C  as  a 
centre  and  (76  as  radius, 
the  arc  bd  =  s^,  which  will 
measure  the  angular  velo- 
city. With  {7  as  a  centre, 
and  (7m'  =  r  as  radius,  describe  the  arc  m'  A';  then riH 

m'A'  =  rs,. 
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Supposing  the  unit  of  time  smaU,  in  which  case  m'  wiU 
be  very  near  to  m,  m'A  will  be  sensibly  equal  to  to' A', 
u  Otorn'  C,  and  we  have  for  the  area  of  the  sector  Cmm', 


^  Cm  X  m'h'  =  if'Sf  =  a; 


whence 


»/  = 


2a 


Itortlm; 


Fig.  185. 


from  which  we  find  that,  the  angular  velocity  of  a  planet  i^'^  or  if 
about  the  sun,  varies  inversely  as  the  square  of  its  distance  or  ^^■'^*'****' 
radiiis  vector. 

Supposing  the  planet 
to  describe  the  ellipse 
ABPD,  havitig  the  sun 
at  the  focus  aS,  the  ex- 
tremities A  and  P  of  the 
transverse  axis  are  call- 
ed, the  former  the  Aj^- 
lion^   and    the   latter  the 

Perihelion.      The    angular 

velocity  of  the   planet  is 

the  least  at  aphelion  and 

greatest  at  perihelion. 
Again,  denote  the  angle 

Cw  Q  by  a,  and  suppose 

the  motion  of  the  body  on 

the  small  arc  m  m'  uniform, 

^vhich  we  may  do  without 

sensible  error,  the  length  of 

m  w'  will  measure  the  ve- 
locity of  the  planet  at  Tn, 

since  it  is  described  in  a 

unit  of  time.    Hence 


Fig.  186. 


aphelioa; 


perih«lioii; 

uigu]ur  Telocity 
greatastat 
perihelion  and 
least  at  aphetton ; 


abaolotereloeitj; 


w  m'  sin  a  =  7»'  A  =   F.  sin  a , 
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and  the  area  of  the  triangle  or  sector  Omm'  wiZ's 
\  F.  sin  Of  X  r;  whence 


V.  r  sin  a 


=  a. 


or 


ralue  of  the 
absolute  velocity ; 


F  = 


2  a 


r  .  sin  a 


Draw  the  tangent  m  ^  to 
the  curve  at  the  point  m, 
and  from  G  let  fall  the  per- 
pendicular C  Qj  then  in  the 
right-angled  triangle  C  Qm, 
will 


Fig.  136. 


C  Q  =  r  .  sin  a  =  jo, 


the  same  in 
dUferenttermt; 


which  substituted  above  gives 


7  = 


2a 


its  law  of 
variation ; 


greatest  at 
perihelion  and 
least  at  aphelion. 


that  is  to  say,  the  velocity  of  a  planet  in  its  orbil^  van-^ " 
versely  as  the  length  of  the  perpendiailar  let  fall  fro^'^  '■ 
centre  of  the  sun  upon  the  tangent  drawn  to  the  orbit  a'  '^ 
body's  phice. 

From  this  it  follows  that  the  velocity  of  the  planet  ^ 
be  greatest  at  perihelion  and  least  at  aphelion. 


§  180. — ^It  will  be  found   convenient  when  ve  o^c 

to  discuss  the  nature  of  light,  to  know  that  when  a  1***. 

Centripetal  force  dcscribcs  an  cUipsc  Under  the  action  of  a  force  diri''-" 

t'mreofwi  *     towards  the  centre  of  that  curve,  the  force  will  ^^7 

eiupticai  orbit;    directly  as  the  length  of  the  radius  vector,  and  tbat'f' 

periodic  time  will  be  the  same  for  all  ellipses,  great  af^' 

small. 
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Fig.  187. 


Let  the  body,  under 
the  action  of  a  force  di- 
i-ected  to  the  centre  (7, 
describe  the  ellipse  of 
which  CA  and  GB  are 
the  semi-axes,  denoted 
respectively  by  A  and 
B;  and  suppose  m  and 
7rt'  to  be  two  of  its  con- 
secutive places.  Draw 
the  tangent  7?i  Q  at  the 

point  m,  and  parallel  to  this  tangent  draw  the  diameter 
Z>  D\  perpendicular  to  which,  draw  from  m  the  line  m  K. 
From  w'  draw  m'  n  parallel  to  the  tangent  till  it  meets  the 
radius  vector  Cm  in  ti,  and  let  fall  upon  the  same  radius 
vector  the  perpendicular  m'  h. 

The  equation  of  the  ellipse,  referred  to  its  conjugate 
diameters  Cm  and  (72>,  gives 


to  find  tb«  law: 


CD 


m* n    ^ 7  X  mn  X  nO; 

Cm' 


whence 


m  w  = 


m' n     X  Cm 
-QB'  X  nQ' 


yalue  of  the 
Tened  Bine ; 


Because  m'w  and  m'A  are  respectively  perpendicular  to 
the  lines  m  K  and  m  CJ  the  angles  hm'  n  and  Cm  K  are 
equal,  and  the  angles  at  K  and  h  being  right  angles,  the 
triangles  m' nh  and  OmK  sj:e  similar,  and  give  the  pro- 
portion 


— r-« 
m  n 


m'  h 


(7m 


m 


J^7 


whence 


— j-rri        m  n    X  m  K 

m  h    =  =1^ ; 

Cm 


value  of  the 
tquare  of  eector^t 
altitude: 
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dividing  the  last  equation  by  this  one,  we  have 


ratio  of  the     '  ^^ 


Cm 


versed  sine  to  TTTTT^ 

equaro  ol 
altitude ; 


,_  ,  m'A         CD'  X  mK"  X  nQ 

equaro  of  aector^s 


But  the  rectangle  of  the  semi-axes  is  equivalent  to  tie 
parallelogram  described  upon  the  semi-conjugate  diaIEs^ 
ters,  hence 

moreover,  n  G^  is  sensibly  equal  to  2  Cm;  making  these 
substitutions  above,  there  will  result 


same  in  different  m  71  Cm 


8 


multiplying  both  members  by  8  Mc?^  and  dividing  bj 
Cm,  we  have,  Eq.  (74)", 

8Ma^  X  ^=5 j-  =  F  =  X   Cm, 

Cm    X  ^^  A^B^ 

in  which  M  is  the  mass  of  the  body.    Finally,  writing  f 
for  Cm,  we  find 

ralueofthe  et  4:  M  C? 

centripetal  force;  A?  B^    ^    '  f 

the  law  of  Its       that  is  to  say,  the  centripetal  force  which  mU  cause  a  body  to 
variation;  describe  an  ellipse  when  directed  to  the  centre  of  that  cuntj 

varies  directly  as  the  radius  vector. 
tonndthe  Multiply    both    members   of   the    last    equation   bv 

perlodhJ  time;       ^2 ^2^3^  ^ud  WC  haVC 

F.'K^A^B^  =  4ir»ifa«  X  r. 

Dividing  both  members  of  this  equation  by  Fc?,  and  we 
have 
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•  =  4^X-^; 


periodic  time  =  T,  we  find 


i  -jTj.  IB  the  measure  of  the  acceleration  due 

to  the  centripetal  force,  which  we  have  just  found  to  vary 
directly  as  the  radius  vector.  This  makes  the  radical  ex* 
preaaion  constant;  hence  T  must  also  be  constant. 

Whence  we  coodade,  generally,  that  when  any  number 
of  bodies  are  solicited  towards  a  fired  point  by  forc^  which 
vary  directly  as  the  distances  0/ the  bodies  from  that  point,  they 
will  describe  ellipses,  or  circles,  one  of  the  varieties  of  the 
ellipse ;  and  that  they  wiU  all  perform  their  revolutions  m  the 
same  time. 


THE    PENDULDIf. 

§  181. — A  body  MQN,  suspended 
from  a  horizontal  axis  A,  aboat  which 
it  raay  swing  with  freedom  under  the 
action  of  its  own  weight,  is  called,  in 
general,  a  compound  pendulum.  When 
the  body  is  reduced  to  a  material 
lieavy  point,  and  the  medium  of  con- 
nection with  the  axis  is  without 
weight,  it  is  called  a  simple  pendu- 
lum. 
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has  no  real 
existence ; 


effect  of  fHctlon 
and  resietanoe 
of  air; 


flguro  of 
pendulum  and 
mode  of 
■uspenslon ; 


knife^dge  and 


The  simple  pendulum  is  but  a 
mere  conception,  and  yet  the  ex- 
«pression  for  its  length,  which  may 
easily  be  found  in  a  manner  soon 
to  be  explained,  is  of  great  prac- 
tical importance. 

When  the  pendulum  is  at  rest, 
in  such  position  that  its  centre  of 
gravity  G  is  below  and  on  the  ver- 
tical line  passing  through  the  axis 
-4,  it  will  be  in  a  state  of  stable  equi- 
librium, §  151 ;  but  as  soon  as  it  is 
deflected  to  one  side,  as  indicated 
in  the  figure,  and  abandoned  to 
itself,  it  will  swing  back  and  forth 
about  the  position  of  equilibrium, 
into  which  it  will  finally  settle  in 
consequence  of  the  resistance,  of 
the  air  and  friction  on  the  axis. 
If  these  causes  of  resistance  were 
removed,  the  pendulum  would  con- 
tinue its  motion  indefinitely;  but 
this  cannot  be  a({pomplished  in 
practice,  and  hence  such  figure  and 
mode  of  suspension  are  resorted  to 
as  to  give  these  impediments  the 
least  possible  influence. 

The  pendulum  is  usually  mount- 
ed upon  a  knife-edge  -4  as  an  axis, 
resting  upon  a  well-polished  plate 
of  metal,  or  other  hard  substance, 
B;  and  the  figure  of  the  pendulum 
is  that  of  a  flat  bar  Q  supporting 
at  its  lower  end  a  heavy  lenticular- 
shaped  mass  2>,  called  a  hob. 

One  entire  swing  of  the  pen- 
dulum,  by  which    its    centre    of 


Fig.  in. 

i 


I 
t 
I 


I 


a-/ 


Fig.  140. 


Fig.  141. 


^  sUt 
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gravity  is  carried  from  the  extreme  limit  ff  of  its  path, 
on  one  side  of  the  vertical  AL,  io  Cf"  on  the  other,  is 
called  an  oscillation. 

To  find  the  time  of  lo 

a  single  oacillation,  call  ^-  ^*^-  ^ 

the  weight  of  the  entire 
pendulum,  W;  its  maes, 
Af;  its  angular  velocity 
at  an;  instant,  Vi ;  its 
moment  of  inertia  with 
reference  to  the  axia  of 

suspension,  /;   the  dis-  "i 

tance   of  its  centre  of  ^ 

gravity  from  the  axis, 
D ;  the  vertical  distance 
PQ',  through  which  the 
centre  of  gravity  most 
descend  from  its  highest  point  (7  to  arrive  at  any  point 

The  living  force  of  the  pendulum  when  the  centre  of 
gravity  reaches  the  point  ff'  will,  §  159,  be 

and  the  quantity  of  work  of  the  weight  will  he 

Wy  =  Mgy,  ; 

and  hence 

IV,'  =  2Mgy. 

The  point  C  on  the  line  ^  6"  at  the  unit's  distance  from 
A,  will,  during  the  motion,  describe  an  arc  similar  to 
(?  (?',  and  the  vertical  distance  ff,  P„  denoted  by  y„ 
through  which  this  point  will  fall  while  Q  is  passing  to 
(?',  will  be  given  by 

y  =  ^y-i  'I 
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and  this,  in  the  above  equation,  gives 


whence 


/.  Fi«  =  2MgDy,; 


■qoAre  of  the 
aogulArTeloeitj; 


F,»  = 


M.D 


^9y,' 


Denoting  by  s,  the  small  distance  described  bj  the 
point  G  during  the  very  short  interval  t,  succeeding  th' 
instant  at  which  the  angular  velocity  is  V^  we  shall  hare 

whichf  in  the  preceding  equation^  gives 


8 


I 


M.D 


^gVii' 


whence 


Bqaaraoftti« 
time  required  to 
deMfibe  a  rorj 
uullare; 


fi  = 


to  And  the  arc 
described  in  the 
•matt  time; 


Taking  A  Jf  equal  to 
unity,  let  OB  G"  be 
the  arc  described  in 
one  oscillation  by  the 
point  M^  and  MNih^ 
small  arc  s^  described 
in  the  time  %  immedi- 
ately succeeding  the 
instant  at  which  the 
angular  velocity  is  T^. 
Draw  ME  perpendi- 
cular to  the  vertical 


s. 


M.D    2gy: 


Fig.  US. 
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A  JBj  and  NQ  perpendicular  to  MJE:  then,  in  the  similar 
triangles  A  ME  and  MN  Q,  we  have 

QN   :    EM   ::    MN   :    AM; 

and  because  A  Mis  unity,  and  MN  is  s^, 

QN 

8,    = 


one  yalne  fiir 


EM'  the  arc; 

But  from  the  property  of  the  pirde 

EM  =^y/2AB.EB  -  EB^"  =:\/2EB  -  EB\ 

and  if  we  take  the  arc  OB  C  very  small,  the  versed  sine 
EB  will  be  a  very  small  fraction,  and  its  second  power 
may  be  neglected  in  comparison  with  the  first    Whence 

EM=  V  2  EB; 

which,  in  the  value  of  ^^  above,  gives 


8.   = 


QN     ^  another  Tslne  for 


and  this,  in  the  value  for  <■,  gives 

I             1           QN^  another  T«lne  for 

^   ^    "iT — r\  '   "a —  •   r>  ry*  ***•  square  of  the 

M.JD    ^g     y,BE  ^iJ? 

Upon  BD  2A  2^  diameter,  describe  a  semi-circumference 
BmnBj  and  through  the  points  if  and  JV,  the  extremities 
of  the  arc  5^,  draw  the  horizontal  lines  Mm  and  Nn,  cut- 
ting this  semi-circumference  in  the  points  m  and  n.  Draw 
the  radius  Om,  and  the  vertical  nq.  From  the  property 
of  the  circle  we  have 


m  E 


'*  =z  BE  X  ED  =  BE  X  PM  =^  BE  X  y,; 
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Pig.  148. 


whence 


rertical  distance 
>om  last  point ; 


J 


BE  = 


in  JE 


Vi 


which,  substituted  for 
BE  in  the  equation 
above,  gives 


ralue  of  the 
element  of  the 
time; 


<•  = 


_/ 1_    QN* 


and,  taking  the  square  root, 


*y  Q.M.J)  ^  mK 


The  two  triangles  m  OJE  and  mqn  are  similar,  and  gire 


qn  =  Qlf   :    mS    ::    nm    :     0 m; 


whence 


QN 

771  E 


and  this  substituted  above  in  the  value  of  ^  gives 


proportional  to  Such  is  the  valuc  of  the  time  required  to  describe  the 
I^rrthfli^ie  elementary  arc  MN,  which  we  see  is  proportional  to 
whose  diameter  the  arc  m'A,  OP  to  the  ppojcctiou  of  MN  on  the  sisd- 
arc  of  oscuution;  circumference  described  upon  JDB  dia  sl  didmeter,  every 
other  quantity  in  the  second  member  of  the  equation  being 
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jonstant;   and  hence,  the  time  required  to  describe  the 
ft' hole  arc  GMB^  which  is  obviously  the  sum  of  all  the  the  time  of 
elementary  times  of  describing  the  elementary  arcs  MN^  Mmi^JcuiaUon 
fee,  must  be  equal  to  found; 


*    y  g.M.D  ^    Om' 


into  the  sum  of  all  the  projections  of  ifiVJ  &c,  on  the 
semi-circumference  DmB;  but  this  sum  is  the  semi- 
circumference  itself;  and  denoting  the  time  from  Oio  B, 
or  that  of  a  semi-oscillation,  by  ^  Tj  we  have 

/       /  DmB 


itSTBlue; 


but 


^^^  =  r  =  3.1416, 


Om 
the  ratio  of  the  circumference  to  the  diameter;  whence. 


^='\/^3^  •  •  •  ^''> 


time  of  a  sini^le 
owUlation ; 


From  this  formula  we  see  that  the  duration  is  inde- 
jHjndent  of  the  amplitude  of  the  oscillation,  when  this 
amplitude  is  small;  and  a  pendulum  slightly  deflected 
from  its  vertical  position  and  abandoned  to  itself,  wUl 
oscillate  in  equal  times  whatever  be  the  magnitude  of  the  i 
arc,  provided  it  be  inconsiderable.  Such  oscillations  are  ifloehroiiai 
said  to  be  IsockronaL  **"*' 

If  the  number  of  oscillations  performed  in  a  given  in- 
terval, say  ten  or  twenty  minutes,  be  counted,  the  duration 
of  a  single  oscillation  will  be  found  by  dividing  the  whole  time  of  a  single 

,  oecUIation  found 

interval  by  this  number.  from 

Thus,  let  A  denote^  the  time  of  observation,  and  N  the  observation; 

number  of  oscillations,  then  wUl 
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T  = 


6 


=  W: 


g.M.JJ' 


and  if  the  same  pendulum  be  made  to  oscillate  at  som? 
other  location  during  the  same  interval  ^,  the  force  o: 
gravity  being  different,  the  number  N'  of  oscillations  w2 
be  different;  but  we  shall  have,  as  before,  g'  being  tke 
new  force  of  gravity. 


the  same  for  a 
eeoond  place ; 


I       I 


Squaring  and  dividing  the  first  by  the  second,  we  find 


(76); 


force*  of  gravity   that  is  to  Say,  the  intensities  of  the  force  of  gravity,  ai 

^m^"^  **    different  places,  are  to  each  other  as  the  squares  of  tht 

oBciiiaUoDB  In      numbcF  of  oscillations  performed  in  the  same  time,  by  the 

same  pendulum.     Hence,  if  the  intensity  of  gravity  at  one 


station  be  known,  it  will  be  easy  to  find  it  at  others. 


Simple 
pendulum ; 


§  182, — ^Eesuming  the  general  value  for  ij  Eq.  (65),  ve 
have 


/  =  /i  +  D^M; 

which  value  of  j?J  in  Eq.  (75),  gives 


T  ^  ^  ^ 


\  +  D^M 


g  .M.D 


.  (r7> 


If,  now,  we  suppose  the  entire  mass  of  the  pendulum  w 
•togie°p^nt;  ***  ^®  Concentrated  into  a  single  point,  and  this  point  con- 
nected with  the  axis  by  a  medium  without  weight,  we 
have 
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j^   =    Smf'   =    0|  momam  01  inertia 

In  reference  to 
the  centre  of 

since  the  centre  of  gravity  must  also  go  to  that  point,  and  gravity; 
r  =  r'  =  r"  =  &C.  =  0 ;  whence,  writing  I  for  the  new  value 
assumed  by  D,  which  now  becomes  the  distance  &om  the 
«,'xi8  to  the  single  heavy  point,  we  have 


^='\/T 


I  time  of  osciUation 

—       •      •      .      •      V  • ")  5        **'  ***•  simple 
9  pendulum ; 


wliich  is  the  expression  for  the  time  of  oscillation  of  a 
simple  pendulum  of  which  I  is  the  length. 

If  the  time  of  oscillation  of  the  simple,  be  the  same  as 
tliat  of  the  compound  pendulum,  we  shall  have,  from  Eqs. 
(75)  and  (78), 


•' V75^  =  ^  Vt^ 


or 


iu  which  case  I  is  called  the  equivalent  simple  pendulum;  equivalent timpie 
that  is  to  say,  the  length  of  a  simple  pendulimi  which  will  p**"*****""** 
oscillate  in  the  same  time  as  a  compound  pendulum  whose 
moment  of  inertia  in  reference  to  the  axis  of  suspension  is 
I^  whose  mass  is  M^  and  of  which  the  axis  of  suspension  is 
at  a  distance  from  the  centre  of  gravity  equal  to  D, 

The  point  situated  on  a  line  drawn  through  the  centre  centre  of 
of  gravity  of  the  pendulum,  perpendicular  to  the  axis  of  °*'*"»**<>'*' 
suspension,  and  at  a  distance  from  that  axis  equal  to  Z,  is 
called  the  centre  of  oscillation ;  and  is  that  point  of  which 
the  circumstances  of  oscillation  would  in  nowise  be  altered 
were  the  entire  pendulum  concentrated  into  it,  or  were  it 
disconnected  from  the  other  points  of  the  pendulous  mass, 
its  connection  with  the  axis  being  retained. 
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§  183. — A  line  dravm  ikrough  the  centre  of  osciUation^  aiid 
Axes  of  parallel  to  the  axis  of  siLspension,  is  called  the  aocis  qfosdikr 

oroMrtUaUon"**     ^^^'     ^^  ^^"^^^^  of  suspenstou  and  of  oscillation  are  redpnxai 
reciprocal;  Let  D'  deilbte  the  distance  of  the  axis  of  oscilLitioa 

from  the  centre  of  gravity;  then  will 

Z  =  2>  +  jy. 

Invert  the  pendulum,  and  make  the  axis  of  oscillation  the 
axis  of  suspension,  take  V  for  the  new  equivalent  simple 
pendulum,  then  will 

new  equivalent  I\    +   M  D^ 

•Imple  I     =    j^ — jy ; 

pendulum;  -^  •  -^^ 

but  we  have,  from  the  foregoing  equation, 

ly  =  I  -  D; 

and  this,  in  the  prece^ng  value  for  V,  gives 


,  _  >/,  +  M{1-  Df 
M.{1  -  D)    ' 


Again,  from  £q.  (79),  we  have 


I-  D  =     ^' 


MD  ' 


substitating  this  in  the  above  value  for  I',  we  finallj  get 


theilmple  Jj  +   MB*  . 

pendulum  the  C     —    Tr~f^ ^    Ij 

•ame;  ^^ 


that  is  to  say,  when  the  axis  of  oscillation  is  taken  as  tne 
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axis  of  suspension,  the  old  axis  of  suspension  becomes  the 
new  axis  of  oscillation.    In  other  words,  these  axes  are  oonciusioii; 
reciprocal.     This  furnishes  an   experimental  method  for 
finding  the  length  of  any  equivalent  simple  pendulum,  equivalent 
which  is  the  more  valuable  in  view  of  the  great  difliculty  J^nd^i^m  "^"™ 
of  computing  the  moment  of  inertia  of  a  compound  pendu-  experiment; 
lum  by  the  ordinary  calculus,  owing  to  the  peculiar  forms 
of  that  instrument  rendered  necessary  by  the  circumstan- 
ces under  which  it  is  employed.     But  before  proceeding 
to  the  explanation  of  thia  method,  it  will  be  proper  to 
premise,  that  the  time  of  oscillation  of  a  compound  pendu- 
lum will  be  a  minimum,  when,  in  Eqs.  (78)  and  (79), 


■kr   ^    -^  Tslueof 


=    ^  equivalent  simple 

MD  D  pendulum ; 

/ 

is  the  least  possible ;   or  replacing  ~  by  its  value  JT'*, 
deduced  from  Eq.  (66)"  by  making  2)  =  0,  the  expression 

K^  +  i?« 

must  be  the  least  possible. 

But  it  may  easily  be  shown,  either  by  trial,  or  by  a 
simple  process  of  the  calculus,  that  this  expression  is  a 
minimum  when 


r  =  A 


and  consequently 


I   =    2  K' ;  '  length  ofthe 

■bortest 
equivalent  simple 

that  is  to  say,  the  time  of  oscillation  of  a  pendulum  will  pendulum; 
be  the  least  possible  when  the  axis  of  suspension  passes 
through  the  principal  centre  of  gyration,  and  the  length 
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usual  form  of  the 

compound 

pendulum; 


of  the  equivalent  simple  pendulum  is  twice  the  principal 
radius  of  gyration. 

Let  A  and  A'  be  two  acute 
parallel  prismatic  axes  firmly  con- 
nected with  the  pendulum,  the 
acute  edges  being  turned  towards 
each  other.  The  oscillation  may 
be  made  to  take  place  about  either 
axis  by  simply  inverting  the  pen- 
dulum. Also,  let  if  be  a  sliding 
mass  capable  of  being  retained  in 
any  position  by  the  clamp-screw 
device  to  change  H.     FoF  any  Bssumcd  positiou  of 

Ihe  niT'     ^^»  *®*  ^^®  principal  radius  of  gyra- 

gravuj ;  tiou  bc  Q  0;  with  ff  as  a  centre, 

0  Gas  radius,  describe  the  circum- 
ference GSS\  From  what  has  been  explained,  the  time 
of  oscillation  about  either  axis  will  be  shortened  as  h 
approaches,  and  lengthened  as  it  recedes  firom  this  circum- 
ference, being  a  minimum,  or  least  possible,  when  on  it 
By  moving  the  mass  J/j  the  centre  of  gravity,  and  there- 
fore the  g}Tatory  circle  of  which  it  is  the  centre,  may  le 
thrown  towards  either  axis.  The  pendulum  bob  being 
made  heavy,  the  centre  of  gravity  may  be  brought  so  near 
one  of  the  axes,  say  A'j  as  to  place  the  latter  within  the 

poeition  of         gyratory  circumference,  keeping  the  centre  of  this  circum- 

centre  of  gravity;  (qj^q^q^  between  the  axcs,  as  indicated  in  the  figure.    In 

this  position,  it  is  obvious  that  any  motion  in  the  mass  M 
would  at  the  same  time  either  shorten  or  lengthen  the 
duration  of  the  oscillation  about  both  axes,  but  unequally, 
in  consequence  of  their  unequal  distances  from  the  gyra- 
tory circumference, 
pendulum  made  The  pcndulum  thus  arranged,  is  made  to  vibrate  about 
each  axis  in  succession  during  equal  intervals,  say  an  hour 
or  a  day,  and  the  number  of  oscillations  carefully  noted; 
if  these  numbers  be  the  same,  the  distance  between  the 
axes  is  the  length  I  of  the  equivalent  simple  pendulum; 


to  oscillate  during 
mme  time ; 
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if  not,  then  the  weight  M  must  be  moved  towards  that 

axis  whose  number  is  the  least,  and  the  trial  repeated,  till 

the  numbers  are  made  equal.    The  distance  between  the  distanoeiMiwMB 

axes  may  be  measured  by  a  scale  of  equal  parts.  ::„^, 

From  this  value  of  Z,  we  may  easily  find  that  of  the 
simple  secoTui^ 8  pendulum;  that  is  to  say,  the  simple  pendu-  simple  mooiki** 
lum  which  will  perform  its  vibration  in  one  second.  Let  ^  "™* 
N  be  the  number  of  vibrations  performed  in  one  hour 
by  the  compound  pendulum  whose  equivalent  simple 
pendulum  is  I;  the  number  performed  in  the  same  time 
by  the  second's  pendulum,  whose  length  we  will  denote  by 
l\  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence,  from  Eq.  (78), 


1*  ,  _        fT~ 


3600 

and  because  the  force  of  gravity  at  the  same  station  is 
constant,  we  find,  after  squaring  and  dividing  the  second 
equation  by  the  first, 

^'  =  pooo^ ^^^^'    ""^"" 

Such  is,  in  outline,  the  beautiful  process  by  which  Ka.ter 

determined  the  length  of  the  simple  second's  pendulum 

at  the  Tower  of  London  to  be  39.18908  inches,  or  3.26159  Tsiue  at  London; 

feet. 

As  the  force  of  gravity  at  the  same  place  is  not  sup- 
posed to  change  its  intensity,  this  length  of  the  simple 
second's  pendulum  must  remain  for  ever  invariable;  and,  bMisofthe 
on  this  account,  the  English  have  adopted  it  as  the  basis  ©f  weights  and 
of  their  system  of  weights  and  measures.     For  this  purpose,  measures; 
it  was  simply  necessary  to  say  that  the  y-yirr?"*  P^rt  of 
the  simple  secmid's  pendulum  at  the  Tower  of  London  shall 
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English  linear 
foot; 

tbe  gallon ; 


avoirdupois 
ounce; 


apparent  force 
of  gravity  at 
London ; 


be  one  English  foot,  and  all  linear  dimensions  at  onoe  ^ 
suit  from  the  relation  they  bear  to  the  foot ;  that  the  ^aEs:. 
shall  contain  ^ri^^  ^^  *  cubic  foot,  and  all  measures  c^' 
volume  are  fixed  by  the  relations  which  other  voIud):? 
bear  to  the  gallon;  and  finally,  that  a  cubic  foot  of  disturi 
water  at  the  temperature  of  sixty  degrees  Fahr.  shall  wei^i 
one  thousand  ounces^  and  all  weights  are  fixed  by  the  rela- 
tion they  bear  to  the  ounce. 

It  is  now  easy  to  find  the  apparent  force  of  gravity  a: 
London ;  that  is  to  say,  the  force  of  gravity  as  affected  bj 
the  centrifugal  force  and  the  oblateness  of  the  earth.  The 
time  of  oscillation  being  one  second,  and  the  length  of  tie 
simple  pendulum  3.26159  feet,  Eq.  (78)  gives 


1  =  r 


3^26159 


whence 


^  =  *«  (3.26159)  =  (3.1416/ .  (3.26159)  =  32.1908  feet 
From  Eq.  (78),  we  also  find,  by  making  T  one  s«»nd, 


g  ^  ^l, 


and  assuming 


length  of  tbe 

simple  aecond^a 

pendulum,  a 

function  of  the      WC  haVO 

latitude ; 


I  z=z  X  +  y  cos  2  ^I'l 


X=x  +  ycos2^^.     .    .     .    (81). 


Now  starting  with  the  value  for  g  at  London,  and 
causing  the  same  pendulum  to  vibrate  at  places  whose 
latitudes  are  known,  we  obtain,  from  the  relation  given  is 
Eq.  (76),  the  corresponding  values  of  ^,  or  the  force  of 
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gravity  at  these  places;   and  these  values  and  the  cor- for«eofg«yity 

found  ai 
places; 


responding   latitudes    being   substituted   successively   in  ^^^^  *'  diiforvDt 


Eq.  (81),  give  a  series  of  equations  involving  but  two  un- 
known quantities,  which  may  easily  be  found  by  the  method 
of  least  squares. 

In  this  way  it  has  been  ascertained  that 

*».«  =  32.1808    and    *«.y  =  -  0.0821; 

whence,  generally, 

/ 

g   =    32.1803    -    0.0821  cos  2  4.     .      .      (81)' ;  Force  of  gravity 

in  any  latitude ; 

and  substituting  this  value  in  Eq.  (78),  and  making 
T  =  1,  we  find 

/ 

I   =    3.26058    -    0.008318  cos  2  >}.  .      .      (82).     length  of  simple 

■econd^s 
pendalum  in  any 

Such  is  the  length  of  the  simple  second's  pendulum  at  latitude; 
any  place  of  which  the  latitude  is  4-. 

K  we  make  -^  =  40°  42'  40",  the  lai^tude  of  the  City- 
Hall  of  New  York,  we  shall  find 

ft'  in,  length  at  City 

I  =  3.25938  =  39.11256.  HaiiofNew 

York; 

The  principles  which  have  just  been  explained,  enable 
lis  to  find  the  moment  of  inertia  of  any  body  turning 
about  a  fixed  axis,  with  great  accuracy,  no  matter  what  its  moment  of  inertia 
figure,  density,  or  the  distribution  of  its  matter.     If  the  o71!iin*te°**"* 
axis  do  not  pass  through  its  centre  of  gravity,  the  body  pendulum; 
will,   when  deflected  firom  its  position  of  equilibrium, 
oscillate,  and  become,  in  fact,  a  compound  pendulum ;  and 
denoting  the  length  of  its  equivalent  simple  pendulum  by 
Z,  we  have,  Eq.  (79), 

M.D.I  =  // 
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or,  Since 


M  = 


W 


tts  ralue ; 


w 


.D.l  =  I 


(8S); 


in  which  W  denotes  the  weight  of  the  body, 
simple  second's         Knowing  the  latitude  of  the  place,  the  length  V  of  tte 

^om tTu^r'' ^™P^®  second's  pendulum  is  known  from  Eq.  (82);  ani 
counting  the  number  N  of  oscillations  performed  by  tk 
body  in  one  hour,  Eq.  (80),  gives 


the  body*9 
equivalent 
simple 
pendulum ; 


distuioefh>m 
centre  of  gravity 
to  axis  foimd ; 


rolae  of  the 
moment  of 
iuertia; 


I   = 


_  V .  (3600)» 


To  find  the  value  of  I>,  which  is  the  distance  of  the 
centre  of  gravity  from  the  axis,  attach  a  spring  or  other 
balance  to  any  point  of  the  body,  say  its  lower  end,  and 
bring  the  centre  of  gravity  to  a  horizontal  plane  througi 
the  axis,  which  position 
will  be  indicated  by  the  F«g.  145. 

maximum  reading  of  the 
balance.  Denoting  by  a  the 
distance  from  the  axis  G 
to  the  point  of  support  E, 
and  by  b  the  maximum  in- 
dication of  the  balance,  we 
have,  from  the  principles 
of  moments, 

6  a  =   WD. 

The  distance  a  may  be  measured  by  a  scale  of  equal  parte 
Substituting  the  values  of  WD  and  I  in  the  expression 
for  the  moment  of  inertia,  Eq.  (83),  we  get 


b .  a .  r .  (seooy  _ 

g.N* 


(84> 
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If  the  axis  pass  through  the  centre  of  gravity,  as,  for  th.nK»«uor 

avv^-^i^   -•*  *^''  ^-. --1--1   A  1      -m       y*--^*  Inertia  found 

when  the  axis 

/:   -4-   Af7}«  paaw.  through 

_    ^l   T  JUJ^  theoentre^of 

M  D         '  gravity ; 


example,  in  the  fly-wheel,  take  Eq.  (79), 


;=:= 


whence 


It  =  M.B.I  -MD' 


(85). 


Fig.  146. 


Mount  the  body  upon  a 
parallel  axis  J.,  not  pass- 
ing through  the  centre  of 
gravity,  and  cause  it  to  vi- 
brate for  an  hour  as  before ; 
from  the  number  of  these 
vibrations  and  the  length 
of  the  simple  second's  pen- 
dulum, the  value  of  I  may 
be  found  as  before ;  M  is 
known,  being  the  weight 

TF  divided  by  ^;  and  2>  may  be  found  by  direct  measure- 
inent,  or  by  the  aid  of  the  spring  balance,  as  aheady 
indicated ;  whence  /j  becomes  known. 


example  of  tha 
fly-wheel ; 


§  184.— When  a  body, 
BQ2iO  receives  a  motion 
of  rotation  about  an  axis 
-4,  which  is  here  supposed 
perpendicular  to  the  plane 
of  the  paper,  each  elemen- 
tary mass  771,  will  develop 
a  force  of  inertia  whose  di- 
rection is  perpendicular  to 
the  shortest  line  connecting 
It  with  the  axis,  and  whose 
intensity  Avill  be  measured  by 


Kg.  147. 


Find  the  point  of 
application  of  the 
resultant  Inertia 
of  a  rotating 
body; 


17 


m.r.-^j 


inertia  exerted  by 
an  elementary 
maaa  during  an 
elementavy  Ume ; 
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notation ; 


co-ordinate 
planes; 


in  whicli  r  is  the  distance  Kg.  147. 

of  m  from  the  axis,  and  Vi 

the  elementary  amount  of 

angular  velocity  generated 

in  the  very  small  portion 

of  time  denoted  by  t 

Through  the  axis  J., 
pass  two  planes  at  right 
angles  to  each  other,  and 
let  their  traces  on  the  paper 
\>Q  A  X  and  A  y.  Deno- 
ting the  co-ordinates  Ap  and  J.  j  of  m,  referred  to  these 
planes,  by  x  and  y,  respectively,  we  shall  have 

A  ^ 

QOATTlAp    =    — , 

T 


QOsmA.q 


Aa  =  K 


Kesolve  the  force  of  inertia,  above  given,  into  two  compo- 
nents in  the  directions  of  these  planes.  The  component 
parallel  to  the  plane  of  which  the  trace  is  A  y,  will  be 


eomponentofthe 
inertia  parallel  to 
tbe  plane  A$; 


F,     a:  F, 

m  T  •  -— -  •  —  =  m  ,  X  — , 
t       T  t 


and  that  parallel  to  the  plane  whose  trace  is  J.  x,  will  be 


that  parallel  to 
the  plane  ^x; 


F,     y 


y^. 


mr  '  —--•  —  =  my  '  -r 


t      r 


t  ' 


the  same  for 
other  elementaiy 


and  for  other  elementary  masses  m',  m",  &c.,  of  which  the 
co-ordinates  are  x'y\  x"y",  &c.,  we  shall  have  the  com- 
ponents 

m'x'.  ^,        m"x"5,  &c., 
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raraltantofthe 
components 
parallel  toJiy, 


rwoltant  of  thoie 
parallel  to  Jlx; 


the  resultant  of  the  components  parallel  to  the  plane  A  y, 
will  be 

^{mx  +  m'x'  +  m"x"  +  &c.)  =  ^Mx,, 

and  of  the  components  parallel  to  the  plane  A  x, 

^{my  +  m!y'  +  m"y''  +  &c.)  =  yi^y,; 

in  which  M  denotes  fhe  entire  mass  of  the  rotating  body, 
and  x^  and  y^  the  co-ordinates  of  its  centre  of  gravity. 
And  the  intensity  of  the  general  resultant  will,  from  the 
parallelogram  of  forces,  be 

in  which  D  represents  the  distance  of  the  centre  of  gravity 

Qy  of  the  whole  mass,  from  the  axis.     The  direction  of  itadireouon: 

this    resultant    will    be    perpendicular    to    -^1  ff ,    drawn 

through  the  centre  of  gravity  perpendicular  to  the  axis, 

as  will  readily  appear  by  reference  to  its  components 

parallel  to  the  planes  A  y  and  A  x  found  above. 

The  moment  of  this  force,  with  reference  to  the  axis, 
will  therefore  be  its  intensity  multiplied  into  some  dis- 
tance as  J.  0  =  X,  on  this  line,  or 

—  J/  .  x/  •  xy#  its  moment; 

But,  Eq.  (63),  the  sum  of  the  moments  of  aU  the  forces  of 
inertia  actually  exerted,  in  reference  to  the  axis  A^  is  equal 
to  the  product  of  the  entire  moment  of  inertia  /,  multiplied 

hy  the  ratio  — ,  therefore 

V 

i. 
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or 


L  = 


M.D 


(86); 


point  at  which 
the  resoltaat 
inertia  of  a 
rotating  mais  it 
exerted; 


■hock 
experienced 


whence  we  conclude  that,  the  point  at  which  the  resuUaxi 
inertia  of  a  rotating  mass  is  exerted,  is  an  a  line  draim 
through  its  centre  of  gravity  perpendicular  to  the  axis,  and  ji 
a  distance  from  the  axis  equal  to  the  moment  (^inertia  divided 
by  the  product  of  the  mass  into  the  distance  of  the  oerdrt  of 
gravity  from  the  aacis. 

This  being  understood,  suppose  a 
force  F  applied  at  the  point  f7  in  a  di- 
rection perpendicular  to  the  line  A  0, 
and  immediately  opposed  to  the  direc- 
tion of  the  motion ;  this  force  would 
obviously  tend  to  bend  the  line  A  0, 
the  point  A  being  retained  by  the 
axis,  and  the  point  0  being  urged 
onward  by  the  inertia  concentrated 


Fig.  14& 


byTe  axis  when  »*  i*'    '^  *^®  ^^^  ^  Suddenly  ap- 


thebodjia 
•truck; 


plied,  the  axis  must  receive  a  shock, 
and  to  estimate  its  intensity  JS,  de- 
note by  X  the  distance  A  C;  then,  fix)m  the  principles  of 
parallel  forces  already  explained,  we  have 


L    :    L-  X   ::    F    :    S; 


whence 


S=  F> 


L-  X 


=  ^(1  -  f)   •    •    (87) 


or,  substituting  the  value  of  i,  Eq.  (86), 


iteutenslty; 


s 


MD 


^F(l-^-.x).     .     .    (88> 


If  we  suppose  the  body  at  rest,  and  desire  to  apply  the 
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force  2^  so  83  to  communicate  no  shock,  we  make 
a  condition  that  can  only  be  satisfied  by  making 


the  blow  applied 
■oasto 

Gommunleate  no 
shook  to  the  axle ; 


whence 


l_:^xX=Oi 


x  = 


MB 


=  L  =  AO. 


distance  from  the 
axia  at  which  it 
muat  be  applied ; 


Fig.  149. 


There  being  no  shock  to  the  axis,  it  can  oppose  no  resist- 
ance to  the  motion  of  rotation,  and  hence  we  infer  that 
this  latter  will  be  the  same  as  though  the  body  were  per- 
fectly free.  The  point  0  is,  on  this  account,  called  the 
centre  of  percussion,  which  may  be  defined,  that  point  of  centre  of 
a  body  retained  by  aJUced  aa^,  at  which  it  rmty  be  struck  in  a  ^^ 
direction  perpendicular  to  the  plane  of  the  centre  of  gravity 
and  axcis  unthout  communicating  any  shock  to  the  axis. 

The  centre  of  per- 
cussion may  be  found 
experimentally  thus : — 
lay  the  axis  G  upon  a 
support  A  Aj  and  per- 
mit the  body  to  fall  up- 
on a  moveable  edge  j5, 
resting  on  a  horizontal 
plane;  when  this  edge 

is  placed  in  such  position  that  the  axis  0  will  not  move 
when  the  body  falls  upon  it,  the  centre  of  percussion  will 
be  immediately  above  the  point  struck.  Since  the  dis- 
tance of  the  centre  of  percussion  from  the  axis  is  equal  to 


oentreof 
percussion  found 
experimentally ; 


I 

MD' 
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to  pat  a 
pendulum  in 
motioOf  the 
f(Hice  should  be 
applied  to  centre 
of  uBdllation. 


The  shock  may 
be  positive, 
nothing,  or 
negative; 


centre  of 
spontaneous 
rotation ; 


it  must  be  at  the  centre  of  oscillation.  To  moTe  a  pen- 
dulum without  communicating  action  to  its  axis,  the  force 
must  be  applied  at  the  centre  of  oscillation. 


Fig.  150. 


§  185.— Eesuming  Eq.  (87), 
we  see  that  the  shock  upon  the 
axis  A  will  be  positive,  that  is  to 
say,  will  act  in  the  direction  of 
the  impressed  force  F,  as  long  as 
-Z"  is  less  than  L:  when  Xis  equal 
to  Lj  there  will  be  no  shock; 
when  X  is  greater  than  L,  there 
will  again  be  a  shock,  but  with  a 
negative  sign,  which  indicates 
that  it  will  be  exerted  in  a  direc- 
tion opposite  to  that  of  the  im- 
pressed force.    Now  these  shocks 

in  opposite  directions,  with  a  neutral  point  J.,  can  only 
arise  from  an  effort  of  the  particles,  which  are  situated  on 
opposite  sides  of  the  axis,  to  move  in  contrary  directions 
when  the  body  is  struck  at  the  centre  of  oscillatiou ;  and 
as  the  effect  upon  the  neutral  point  A  is  the  same  in  this 
latter  case,  whether  the  body  be  retained  by  an  axis  or  a 
force,  it  follows  that  every  jfree  body,  when  struck,  in  gen- 
eral, begins  to  move  for  the  instant,  but  only  an  instant, 
about  a  single  point.  This  point  is  called  the  centre  of 
spontaneous  rotation.  If  the  blow  be  impressed  at  any 
point,  as  0,  the  centre  of  spontaneous  rotation  will  be  upon 
the  axig  corresponding  to  the  point  0  as  a  centre  of  oscil- 
lation, and  hence  its  distance  from  the  latter  will  be  given 

by 


distance  of  centre 
of  spontaneous 
rotation  Arom 
direction  of  Mow; 


L  = 


MD 


(89); 


and  since  the  centre  of  oscillation  and  axis  of  suspension 
are  reciprocal,  /  will  denote  the  moment  of  inertia  taken 
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w^ith  reference  to  an  axis  throngli  the  point  0,  and  D  the  rauuon  or 
distance  of  the  latter  from  the  centre  of  gravity.  *^''"  **' 

o  J  spontaneous 

Referring  to  Eq.  (88),  if  the  axis  be  supposed  to  pass  rotation  to  centra 
through  the  centre  of  gravity,  2?  will  be  equal  to  zero,  and  ^  ^     **"* 

S  =  F; 

that  is  to  say,  no  matter  where  the  force  F  be  applied,  its  the  entire  ahoek 
entire  effect  will  be  communicated  to  the  centre  of  gravity,  ''^*^  ,     ^ 

C3  */  1  communicated  to 

Yrhich  is  a  confirmation  of  the  result  given  in  §  146.  centre  of  gravity ; 

If  the  line  of  direction  of  the  force  pass  through  the 
centre  of  gravity,  i?,  in  Eq.  (89),  will  be  zero,  and  the  dis-  ir  direction  of 
tance  of  the  centre  of  spontaneous  rotation  will  be  at  an  }™p^'  p^ 

^  through  centre 

infinite  distance  firom  the  point  of  impact ;  in  other  words  of  gravity,  the 
the  body  will  not  rotate,  which  is  another  result  of  §  146.  ^|^7^"  ^^^ 


§  186.— Let  Q  be  a  body 
suspended  from  an  axis  A 
perpendicular  to  the  plane 
of  the  figure.    This  body  be- 
ing at  rest,  suppose  it  to  be 
struck  at  the  point  T  by  an- 
other body  P,  moving  in  the 
direction  TL  at  right  angles 
to   the   surface  of  contact, 
and  in  a  plane  perpendicu- 
lar to  the  axis  A,    Denote 
by  m  and  w  the  mass  and 
weight    of    the    impinging 
body,  and  by  V  its  velocity 
before  the  impact.     At  the 
instant  of  meeting  there  will 
be  developed  a  force  of  com- 
pression F,  which  will  act 

equally  upon  each  body  along  the  line  TL^  but  in  oppo- 
site directions.  The  pressure  upon  both  bodies,  which  is 
nothing  when  they  begin  to  touch  each  other,  will  aug- 


CoUlaion  of  a 
body  having  a 
motion  of 
translation 
against  anoUier 
retained  bv  « 
fixed  axis; 


264 


NATURAL    PHILOSOPHY. 


the  aetf on  uA     ment  b  J  degrees  as  they  ap- 

reaetton  Trimble;  p^^^j^  ^  ^^^  ^^  ^^  ^^^ 

est  compression ;  so  that  F, 
although  always  represent- 
ing a  number  of  pounds 
weight,  is,  nevertheless,  not 
a  fixed,  but  a  variable  quan- 
tity. We  may  disregard  for 
a  moment  the  body  Q,  and 
suppose  the  force  F  applied 
to  the  body  P,  considered  as 
free;  the  force  will  deprive 
this  body  of  a  series  of  small 
degrees  of  velocity  denoted 
by  V,  each  in  the  small  time  . 
tj  so  that  its  measure  at  any 
instant  will,  Eq.  (39),  be  given  by 


Fig.  151. 


measure  of  the 
force  of  reaction; 


F  = 


mv 


moment  of  action 
equot  to  moment 
of  renetion: 


But  the  force  F  also  acts  upon  the  body  Q,  and  turns  it 
about  the  axis  A,  generating  in  it,  during  the  same  in- 
terval of  time  tj  an  angular  velocity  v,;  and  the  forces  of 
inertia  thence  arising,  must  be  in  equilibrio  with  the  force 
F;  in  other  words,  the  sum  of  the  moments  of  the  first  in 
reference  to  the  axis  A,  must  be  equal  to  the  product  of 
the  force  F  into  the  perpendicular  A  G,  drawn  from  the 
axis  to  the  line  of  direction  TL.    Hence,  Eq.  (68), 

F.AO=  J.'^; 

and  substituting  the  value  of  F  above,  and  dividing  bj 
A  Gj  which  we  will  represent  by  the  single  letter  2>, 


m .  V 
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:>r,  finallj, 


p  ,  m  .V  =  I,v,. 


raiiilt  for  a  single 
Instant  of  time ; 


Denote  by  v',  v",  v'",  &c.,  the  small  degrees  of  velocity 
lost  by  the  body  P,  during  the  first,  second,  third,  &c., 
intervals  of  time  t,  supposed  to  be  always  of  the  same 
length ;  and  by  v/,  v/',  v/",  &c.,  the  angular  velocities  ac- 
quired by  the  body  Q  during  the  same  intervals;  we 
sliall  have 


p  ,m    v"  =  Iv/', 
&C.    *  =    &c. ; 


the  same  for 
other  instants  of 
time; 


by  taking  the  sum  of  the  whole, 

2>  (t;'+  !;"+  t;-+  v^  +  &c.)  m  =  /(i;/+  t;/'+  vr+  &c.);  ^l^"""^ 

and  denoting  by  U  the  whole  velocity  lost  by  the  body 
JPy  and  by  Fi  the  whole  angular  velocity  gained  by  the 
body  Q  during  the  entire  action,  we  shall  have 


U  =  v'  +  v''  +  v'"  +  v^  +  &c., 
Vi  =  v/+  v/'+  v/"+  v/"  +  &C.; 


whence,  by  substituting  above, 


velocity  lost; 

angular  Telocit j 
gained; 


result  for  the 
p  »  m  ,  T7  =    IVi      •      •      .      •      (90).        entire  duration 

of  the  impact ; 

If  the  bodies  be  not  elastic,  it  will  only  be  necessary  to 
consider  the  impact  from  the  instant  in  which  they  first 
come  in  contact,  to  that  in  which  the  body  P  has  lost  its 
excess  of  velocity  over  that  part  of  Q  into  which  it  be- 
comes imbedded ;  for,  as  soon  as  the  body  P  has  taken  the 
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If  the  bodies  be 
not  elastic,  they 
will  ultimately 
constitute  a 
single  one ; 


angular  velocity  of  the  other  about  the  axis,  there  will  be 
no  effort  to  regain  lost  figure,  and  the  two  bodies  will 
turn  about  A  as  though  they  constituted  but  a  ^gk 
one. 

But  the  angular  velocity  of  Q  about  A  being  Fi,  tk 
velocity  of  P  will  be  p  T^,  and  we  shall  have 

substituting  this  value  of  U  in  Eq.  (90),  we  find 


angular  velocity 
generated  by  the 
impact. 


whence 


pm{V  -  pVi)  =  /Fi; 


_  p  .m  .V 


•   (91); 


which  gives  the  angular  velocity  of  the  body  struck,  after 
the  impact,  in  terms  of  its  moment  of  inertia,  the  mas 
and  velocity  of  the  impinging  body,  and  the  distance  from 
the  axis  to  the  path  described  by  its  centre  of  gravity. 


Application  to  §  187. — In  artillery, 

S,'«  tlie  initial  velocity  of 
projectiles  is  ascertained 
by  means  of  the  halistic 
pendulum^  which  consists 
of  a  mass  of  matter  sus- 
pended from  a  horizon- 
tal axis  in  the  shape  of 
a  knife-edge,  after  the 
manner  of  the  compound 
its  construction;  pcudulum.  The  bob  is 
either  made  of  some 
unelastic  substance,  as 
wood,  or  of  metal  pro- 
vided with  a  large  cavity 


Fig.  162. 
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filled  with  some  soft  matter,  as  dirt,  which  receives  the 
projectile  and  retains  the  shape  impressed  upon  it  by  the 
blow. 

Denote  by  Tand  m,  the  initial  velocity  and  mass  of  the 
ball ;  Vi  the  angular  velocity  of  the  balistic  pendulum  after  douuiob; 
the  blow,  /  and  M  its  moment  of  inertia  and  mass.     Also 
let  r  represent  the  distance  of  the  centre  of  oscillation  of 
the  pendulum  from  the  axis  A,     That  no  motion  may  be 
lost  by  the  resistance  of  the  axis  arising  from  a  shock,  the  the  pendulum 
ball  must  be  received  in  the  direction  of  a  line  passing  ^]|||J^J*^'*™*^  ** 
through  this  centre  and  perpendicular  to  the  line  A  0,  oucuiMHoa; 
This  condition  being  satisfied,  we  have 

l>  =  n 


and  Eq.  (91)  becomes 


__      rm  V 


mr«  +  /' 


fix)m  which  we  find 

Y  =   .i d—i.      .      .      ,      (92) ;        Telocity  of 

f^T  prctlecUto; 

the  velocity  V  becomes  known,  therefore,  when  Fi  is 
known,  since  all  the  other  quantities  may  be  easily  found 
by  the  methods  already  explained.  To  find  "FJ,  denote 
by  H  the  greatest  height  to  which  the  centre  of  gravity 
of  the  pendulum  is  elevated  by  virtue  of  this  angular 
velocity ;  then,  since  the  moment  of  inertia  of  the  ball  is 
mr^^  we  have,  fix)m  the  principle  of  the  living  force. 


(/  +    m  r»)  Ft*   =    2  (if  +    m)g  H;  equation  of  liting 

force; 


whence 
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Denoting  by  T  the  time  of  a  single  oscillation  of  ± 
pendulum  after  it  receives  the  ball,  we  have,  Eq.  (75), 


time  of  a  aingle 


oflCllUUlon of  /        I  -f-    Wr* 

^^  '  V  (If  +  ot)  2?  .  a' 


D  being  the  distance  £rom  the  axis  to  the  centre  of  grar- 
ity;  whence, 

/  +  mi^    _  i?r\ 

(if  +  m)  ^    ""      c«    ' 

and  this  value,  substituted  in  the  equation  of  the  liring 
force,  gives 

T)rp% 


whence 


angular  velocity 
or  the  pendulum ; 


also 


moment  of  Inertia 
(tf  the  whole ; 


I  +   m'T    =^    i jL£ ; 


and  because,  Eq.  (78), 

time  of  oecillation 

of  the  equivalent  rp  .^  a  /      ' 

simple  jC    —    r    ^  ^, 

pendulum ; 

we  find 

length  of  this  T^  Q 

pendulum ;  "~"        ^ 


Substituting  these  values  of  "Fi,  /+  mr*  and  r  in  Eq.  (92), 
we  find 
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or,  replacing  the  masses  by  the  weight  divided  by  the 
force  of  gravity, 

T  w 


■iin]>ler  Tilue  for 
Telocity  of 
proJecUte; 


Fig.  168. 


ijD  which  W  and  w  denote  the  weights  of  the  pendulum 
and  ball  respectively. 

Observe  that  H  is  the  height  to 
which  the  centre  of  gravity  rises  in 
describing  the  arc  of  a  circle  of 
w^hich  D  is  the  radius.  Let  OQ*  K 
be  half  of  the  circumference  of 
which  this  arc  is  a  part,  Q  and  (?' 
the  initial  and  terminal  positions  of 
the  centre  of  gravity  during  the 
ascent;  draw  Q* R  perpendicular  to 
KQ.  Then,  because  AQ^D,  and 
GIi  =  ff,we  have,  from  the  proper- 
ty of  the  circle, 

RG'  ^  Vif(2  2>  -  H)] 

and  if  the  pendulum  be  made  large,  so  that  the  arc  Q  G' 
shall  be  very  small,  which  is  usually  the  case,  H  may  be 
neglected  in  comparison  with  2  D,  and  therefore 


to  flnd  the  rwlleal 

pftrtofthia 

TalQ«; 


BG'  =  V2H.  D; 


TalMoTnuUeal 
part  found; 


V2HD  is  half  the  chord  of  the  arc  described  by  the 
centre  of  gravity  in  one  entire  oscillation.  Denoting  this 
chord  by  (7,  and  substituting  above,  we  have 

From  this  equation,  we  may  find  the  initial  velocity  V; 
and  for  this  purpose,  it  will  only  be  necessary  to  have  the 


Tdoclty  of 
projectile  in 
terms  of  the 
chord  of  the  we 
of  yihration ; 
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to  And  the 
▼ibration ; 


duration  of  a  single  oscillation,  and  the  amplitude  of  thf 
arc  described  by  the  centre  of  gravity  of  the  pendulan 
The  process  for  finding  the  time  haa  been  explained.  To 
arc  of  find  the  arc,  it  will  be  sufficient  to  attach  to  the  lower  ei- 
tremity  of  the  pendulum  a  pointer,  and  to  fix  on  a  penLi- 
nent  stand  below,  a  circular  graduated  groove,  whcs^e 
centre  of  curvature  is  at  A;  the  groove  being  filled  w.:. 
some  soft  substance,  as  tallow,  the  pointer  will  mark  o: 
it  the  extent  of  the  oscillation.  Knowing  thus  the  a::. 
denoted  by  ^,  and  the  value  of  D^  found  as  alreadj 
described,  §  183,  we  have 


its  Talue  found; 


RG'  =  i(7=  i>.sinj^; 


whence 


(7=  2  i?.  sin  J  ^; 


and  finally 


final  yalue  of 
relocity. 


F  = 


-Ts'  If  • Sin  ^  4  . 


T 


w 
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A  machine 
defined. 


§  188. — A  machine  is  any  device  by  which  the  actioi 
of  a  force  is  received  at  one  set  of  points  and  transmitteJ 
to  another  set,  where  it  may  either  balance  or  overcome 
the  action  of  one  or  more  opposing  forces  and  perform  i\s 
effective  work.  The  force  impressed  is  usually  called  t/ti 
power,  and  that  overcome,  the  resistance.  We  proceed  to 
discuss  the  simple  machines,  so  named  because  some  one 
or  more  of  them  enter  as  elements  into  the  composition  of 
all  machinery. 
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XIV. 


FUNICULAR    MACHINE. 


§  189. — Tliis  consists  of  an  assemblage  of  cords  or  bars;  Funicular 
the  former  united  by  knots,  and  the  latter  by  joints  or  "**®*'**'«J 
liinges.     The  cords  are  supposed,  for  simplification,  per- 
fectly flexible,  the  bars  perfectly  rigid,  and  both  inexten- 
sible,  without  weight,  and  devoid  of  inertia.     The  weight 
and  inertia  of  the  several  parts  of  every  machine,  are 
usually  small  when  compared  with  the  intensity  of  the  weight  and 
power  and  resistance ;  and  when  this  is  not  the  case,  they  *"®'^^*  ■™*''  ■• 

•^  '  ^  ^  ^   compared  with 

may  be  estimated  and  taken  into  the  account   by  the  the  power  and 
methods  already  explained.     The  hypothesis  of  inextensi-  "»»'«•*»'■»»; 
bility  is  also  admissible,  because  when  a  cord  or  bar  is  ex-  inexiensibmtj 
tended  or  the  latter  compressed  under  the  action  of  one  or  •dmuaiwe; 
of  several  forces,  the  maximum  change  of  dimensions  is 
soon  attained,  after  which  the  figure  remains  unaltered 
during  the  subsequent  action. 

Let  the  extremities 
of  the  straight  cord 

A  5  be  solicited  by  ^^'  ^^ 

several  forces.  Each 
force  may  be  resolved 
into  two  components, 
one  in  the  direction 
of  the  cord,  the  other 

at  right  angles  to  it.    Since  the  cord  is  perfectly  flexible, 
if  it  be  in  equiUbrio,  the  perpendicular  components  at  each  condUioM  of 
end  must  destroy  each  other,  otherwise  they  would  pro-  •^i^"***'*""? 
duce  flexure.    The  components  in  the  direction  of  the 
cord  must  reduce  to  two  forces,  which  are  equal  in  in- forces  muataet 
tensity  and  immediately  opposed.     They  must  also  act  to  *°^7**^  **** 
stretch  the  cord,  for  compression  would  only  bend  it,  and 


^ 


r>f  I  rpiftM  II  iTTTmrT»< case  of  a  tiiigle 

cord; 
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in  the  case  of  a 
bar,  the  forces 
may  also  act  to 
compress  it ; 


action  of  the 
molecular 
springs ; 


the  tension  the 
same  throughout, 
except  when 
vertical ; 


cords  never 
equally  strong 
throughout ; 


in  practice,  cords 
and  bars  are 
weaker  as  they 
are  longer. 


the  action  of  one  force  could  not  be  transmitted  to  die 
point  of  application  of  the  other. 

If  instead  of  a  cord  we  suppose  a  bar,  the  oondidcos 
of  equilibrium  will  be  the  same,  only  that  the  bar  being 
inflexible,  the  forces  in  the  direction  of  its  length  may  aa 
either  to  stretch  or  to  compress  it  By  recalling  what  wae 
said  of  the  physical  constitution  of  bodies,  we  may  regari 
the  molecular  forces  as  so  many  springs  which,  as  soon  a 
an  eflfort  is  made  to  disturb  the  particles  fix>m  their  posi- 
tions of  rest,  are  extended  or  compressed  everywh^t 
equally  by  the  equal  and  contrary  forces  which  act  at  tht 
ends  of  the  cord  or  bar.  Hence  the  tension^  that  is,  the 
eflfort  by  which  any  two  consecutive  elements  are  urged  to 
approach  each  other  or  to  separate,  in  the  direction  of  th« 
cord  or  bar,  must  be  equal  throughout,  and  equal  to  oe€ 
of  the  equal  forces  in  question,  except  when  the  cord  or 
bar  is  vertical;  in  which  case,  the  tension  at  any  poini 
is  increased  by  the  weight  of  all  the  particles  below  it 

When  a  cord  or  bar  is  subjected  to  a  force  of  tractioL, 
it  stretches,  and  may  even  break.  If  it  be  equally  strong 
throughout,  the  rupture  ought  to  take  place  simulta- 
neously at  all  its  points,  and  yet  this  is  never  found  to  be 
the  case  in  practice,  and  it  is  because  bars  and  coids 
are  not  homogeneous,  and  break  at  the  weakest  point 
When  two  pieces  of  cord  of  the  same  kind,  are  of  the 
same  length,  no  reason  can  be  assigned  why  one  should 
break  rather  than  the  other  under  the  same  resistance: 
but  when  of  unequal  length,  the  chance  of  rupture  is 
greater  for  the  longer ;  and  this  is  the  reason  why  cords 
and  ropes,  which  to  all  external  appearances  are  the 
same  in  kind,  are  generally  found  to  be  weaker  as  thej 
are  longer. 


§  190. — We  have  seen  that  when  forces  which  act 
upon  the  extremities  of  a  cord  are  in  equilibrio,  the  re- 
sultant of  those  acting  at  one  end,  must  be  equal  and 
directly  opposed  to  that  of  those  acting'  at  the  other ;  and 
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Fig.  165. 


ilJJJJJ^^K'^J  J  iJ  J  33P»^ 


that  their  common  line  of  direction  must  coincide  with 
that  of  the  cord.     The  work  of  these  resultants  must 
be  equal,  and  hence  we  conclude  that  the  work  of  the 
forces  which  act  at  one  end  of  a  cord  is  equal  to  the 
work  of  those  which  act  at  the  other.     The  work  of  each 
resultant  must  also  be  equal  to  that  of  the  tension  of  the 
cord  at  any  one  of  its 
])oints,  as  0;  and  to 
find  the  value  of  this 
work,  it  is  only  neces- 
sary to  multiply  this 
tension    by  the   path 
described  by  the  point 
C  in  the  direction  of 
the  tension.     Thus  the 

quantity  of  vxrrk  of  several  forces  applied  to  one  end  of  a 
cord^  is  equal  to  the  quantity  oj  toork  of  its  tension.  In  the 
example  of  the  common  device  for  ringing  large  bells, 
it  is  usual  to  attach  to  one  end  ul  of  a  rope,  which  con- 
nects with  the  ma- 
chinery of  the  bell, 
several  cords  C,  upon 
each  of  which  a  man 
may  pull.  It  would 
be  diflBcult  to  estimate 
the  work  performed 
bv  each  man,  because 
his  effort,  as  well  in 
intensity  as  direction, 
varies  at  each  instant ; 
but  there  is  a  general 
tension  exerted  upon 
the  main  rope,  and  the 

quantity  of  work  of  this  tension  is  equal  to  the  sum  of  the 
effective  quantities  of  work  of  the  several  men.  The  effort 
of  each  man  is  resolved  into  two  components,  one  in  the 
direction  of  the  main  rope  A  B,  the  other  perpendicular  to 


TIm  work  of  the 
foroM  which  nd 
at  the  ends  of  a 
cord  must  be 
equal; 


qaaatttyoTwork 
of  tbeforoee 
applied  to  one 
end  of  a  cord  Is 
equal  to  that  of 
the  tension ; 


Fig.  166. 


example  of  the 
bell-ropes ; 
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effector 


it.     The  perpendicular  components  must  be  in  equilibno, 
while  the  parallel  components  are  alone  effective  in  pro- 
ducing useful  work.     The  perpendicular  components  onlj 
produce    fatigue,   and 
exhaust  uselessly  the 

strength  of  the  men.  Fig.  167. 

And,  although  the  to- 

perpendicular  to    ^al  quantity  of  WOrk  IS 

the  main  rope  of  transmitted  to  the  main 

the  bell ; 

rope,  yet  the  disposi- 
tion of  inclined  cords 
is  a  source  of  real  loss, 
which  is  the  greater  in 
proportion  as  the  incli- 
nation is  greater.  It 
is  for  this  reason  that 
eflbetortbooi».  a  rigid  hoop  mn  is.  so 
introduced  as  to  sepa- 
rate the  cords,  and  give 

the  portions  to  which  the  efforts  are  immediately  applied 
parallel  directions. 


Equillbriam  or 
several  corda 
meeting  la  a 
point; 


§  191. — ^When  several  forces  act  upon  cords  which  me*^ 
in  a  point  and  are  united  by  a  knot,  the  tension  of  any 
one  is  equal  to  the  resultant  of  the  efforts  exerted  upon 
the  others,  and  the  equilibrium  requires  that  this  same 
tension  shall  be  equal  and  directly  opposed  to  the  force 
which  solicits  the  cord  in  question.  Hence,  when  forces 
are  applied  to  cords  which  meet  in  a  knot,  the  condition 
of  their  equilibrium  requires  that  the  effort  of  any  one 
shall  be  equal  and  directly  opposed  to  the  resultant  of  all 
the  others. 

When  a  force  P  is  applied  to  a  point  J9,  which  mj 

slide  along  a  cord  whose  ends  A  and  B  are  fixed,  die 

eqaiiibriiunofa  equilibrium  of  the  point  D  requires  that  the  direction  of 

the  force  P  shall  bisect  the  angle  ADB  formed  by  tk 

portions  of  the  cord  separated  by  the  bend  at  D;  for 


iUdingknot; 


MECHANICS    OF    SOLIDa 


276 


the  force  P  must  be  equal  and  directly  opposed  to  the 
resultant   of  the  tensions  on  D  A  and  D  B ;   but   the 
-whole  cord  J.  i)  5  be- 
ing   continuous,  these 
tensions  must  be  equal,  pig.  15a 

since  the  tension  is  the 
same  throughout;  if,  ^ 
therefore,  the  distance 
Z>G  be  laid  off  on 
JP  D  produced,  pro- 
portional to  the  inten- 
sity P,  and  fix)m  CJ  the 
lines  Cm  and  On  be  |p 

drawn  parallel  to  DB 
and  DA  respectively, 

the  figure  CmDn  will  be  a  rhombus,  because  Dm  and 
D  n,  which  represent  the  tensions,  must  be  equal. 

An  example  of  this  mode  of  action  is  furnished  by  the 
manner  of  suspending  a  common  lantern  L  from  a  small 
pulley  -D,  of  which  the 
groove  receives  the 
cord  A  D  By  whose 
ends  are  fastened  to 
hooks  at  A  and  B. 
The  weight  of  the  lan- 
tern will  cause  the  pul- 
ley to  move  till  the 
direction  of  the  weight 
bisects  the  angle  made 
by  the  branches  of  the 
cord;  the  pulley  will 

then  come  to  rest  and  remain  in  a  state  of  stable  equilib- 
rium. The  equilibrium  will  be  stable  because,  being  a 
heavy  system,  the  centre  of  gravity  is  the  lowest  possible; 
and  to  show  this,  it  will  be  sufi&cient  to  remark  that  the 
length  of  the  entire  cord  being  constant,  the  point  D  will, 
when  in  motion,  describe  an  eUipse  of  which  A  and  B  are  the 


direction  of  the 
force  applied  to 
the  knot,  must 
bisect  the  angle 
of  the  two  parts 
of  the  cord ; 


example  In  the 
mode  of 
■uspending  the 
common  lantern* 


the  pulley  will 
be  in  stable 
equilibrium  when 
at  the  lowest 
point; 
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Fig.  159. 


posUioD  of  the 

horizontal 

taogent; 


when  the  poD^ 
18  replaced  by  a 
knot; 


tension  will  not 
be  the  same 
throog^oat ; 


Fig.  160. 


the  cooditiona  of 
the  equilibrium 
will  be  the  same 
at  thoae  of  three 
oblique  forces ; 


foci,  and  as  the  diicc- 
tion  P  C[  of  the  weight 
of  the  lantern,  bisects 
the  angle  ADB^  it  will 
be  perpendicular  to  the 
tangent  to  the  carve  at 
Z>,  which  must  therefore 
be  horizontal,  and  no 
point  of  the  curve  can 
lie  below  it 

If  the  pulley  be  re- 
moved and  the  lantern 
be  attached  by  a  knot 
arbitrarily  to  some  point 
as  Z>,  the  freedom  of 
motion  will  be  destroyed, 
the  tension  will  no  lon- 
ger be  the  same  through- 
out, and  the  conditions 
of  equilibrium  will  be 
those  of  forces  applied 
to  three  cords  meeting 

at  a  single  point  Produce  the  vertical  P2),  and  lay  off 
DO  to  represent  the  weight  of  the  lantern.  Denote  its 
weight  by  W;  the  tension  on  DA  by  a,  and  that  on  DB 
by  b;  the  angle  ADB  by  9,  and  ADC  hy  6;  tbea 
drawing  Cn  and  (7m,  parallel  respectively  to  DA 
DBj  we  have,  £rom  the  parallelogram  of  forces. 


W   :    a    : :    sin  9    :    sin  (<p  —  ^),' 
W   :    b    : :     sin  9    :    sin  4 ; 


whence 


tension  on  one 
branch; 


^   Tr.8in((p-<) 
sin  ip 


.   (9i). 
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b   = 


W .  sin  d 
sin  9 


(96). 


tenBion  on  the 
other; 


If  4  be  less  than  (^^^^  a  will  be  greater  than  h;  that  is 
to  say,  the  tension  ivill  be  the  greater  upon  that  branch  with  branch  most 
which  the  direction  of  the  weiqht  makes  t/ie  least  angle.  ^^^  ined  ha»  the 

J  iJ  -^  greatest  tODBion ; 

If  the  cord  A  DB  be  drawn  into  a  straight  horizontal 
line,  <p  will  become  equal  to  180°,  the  sine  of  which  is  zero, 
and  the  tensions  a  and  b  will  become  infinite;  in  other 
words,  there  is  no  force  sufficiently  great  to  bring  the  no  force  saffident 
whole  cord  to  a  horizontal  position.  ^  ^^\  "*®  *^"* 

*  horizontal. 


Kg.  161. 


To  find 
conditions  of 
equilibrium  of 
the  AinicuJar 
polygon ; 


§192.— Let  US 
now  consider  a 
polygon  A  j5C1>, 
composed  of  an 
assemblage  of 
cords  or  bars,  and 
acted  upon  at  the 
angular  points  by 
the  forces  P,  Q^ 
Rj  S.  Moreover, 
let  N  and  N'  be 
two  forces  draw- 
ing on  the  points 
A  and  i>,  in  the 

directions  A  A'  and  DD\  respectively;  these  latter  forces 
will  represent  the  efforts  exerted  at  the  two  extremities 
where  the  polygon  is  attached  to  fixed  supports.  The  con- 
ditions of  equilibrium  about  each  of  the  several  angles  are 
tlie  same  as  in  the  preceding  case,  and  the  figure  formed  by 
the  sides,  in  turning  about  the  angular  points  to  satisfy 
them,  is  called  a  funicular  polygon.  This  figure  must  be 
such  that  the  equilibrium  will  subsist  at  each  angle.  If,  equilibrium  must 
therefore,  any  one  of  the  forces,  as  i?,  be  resolved  into  two  ""*"!*?  *'  ^** 

angle  ^ 

components  in  the  directions  of  the  sides  D  C  and  B  (7, 
a^ijacent  to  its  point  of  application,  these  components  will 
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length  of  Bides ; 
and  will  sulMiat 
when  the  sides 
are  zero: 


be  equal  and  directly  opposed  to  the  tensions  of  the 
Is  Independent  of  sides.  The  equilibrium  is  entirely  independent  of  r'-it 
length  of  the  sides,  and  will  subsist  when  these  are  r> 
duced  to  zero,  in  which  case,  all  the  forces  and  tensi  li 
will  be  transferred  parallel  to  their  primitive  directions  :.^ 
the  same  point ;  and  as  each  side  is  drawn  by  two  q'a 
and  contrary  tensions,  these  latter  will  disappear  or 
destroy  each  other,  so  that  the  conditions  of  equilibri::iii 
of  several  forces  applied  to  a  funicular  polygon  is,  tlu^  tU-^- 
forces  shall  remain  in  equilibrio  when  transferred  paraM  ::• 
their  primitive  directions  and  applied  to  a  single  point. 


conditions  of 
equilibrium  in 
words. 


§  193.— K  all  the  forces  P,  Q,  R,  &c.,  be  weights,  and 
the  polygon  in  equilibrio,  since  the  force  R  will  be  in 
the  plane  of  the 
sides    B  C  and 

CD,  adjacent  to  Fig-  i«2. 

the  angle  C;  the 
force  Q  equally 
in  the  plane  of 
the  sides  B  G  and 


When  the  forces    AB;     the     sidcS 
are  pamUel,  the        ,    y,       t>  /y  j 

polygon  and  ^  ^>     B  L,      and 

iirecUon  of  forces  (JJ)^    ^1    \^    Jq 
are  in  same 

plane;  the  plane  of  the 


the  polygon  a 
collection  of 
keavy  bars; 


parallel  forces  Q 

and  R     In  the 

same  way  it  may 

be  shown  that  the 

entire      polygon 

and    the    forces 

applied  to  it  are 

in  the  same  plane.     If  the  polygon  be  a  collection  of 

heavy  bars,  each  side  will  be  solicited  by  its  own  weigh 

in  addition  to  the  weights  applied  to  the  angles.    Denote 

by  w  the  weight  of  the  bar  AB;  this  weight  must  f«*' 

through  the  centre  of  gravity  of  A  B.    Eesol  ve  it  into  two 
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components  acting  at  the  extremities  of  the  bar.    If  the. 

bar  have  the  same  cross  section  throughout  and  be  of 

homogeneous  density,  the  components  at  A  and  B  will  be 

J  tf\     In  like  manner,  if  u;'  be  the  weight  of  the  side  BC^  weiffbi of  Bidet 

the  components  at  B  and  0  will  be  J  w\  and  so  on  for  the  J^j^, 

other  sides.     Thus  the  angles  B  and  C  will  be  acted  upon  componeDts: 

by  the  weights  ^{w  +  w')  and  i  {w'  +  w")  respectively, 

that  is,  by  the  half  sum  of  the  weights  of  the  adjacent 

sides.     The  extreme  ends  will  each  be  acted  upon  by  half 

the  weight  of  the  adjacent  side ;  and  thus  we  have  but  to 

consider  the  polygon  as  without  weight  and  solicited  by 

forces  applied  to  its  angular  points.     Since  all  the  weights 

P,  Qj  i?,  S,  and  the  weights  w,  w\  w'\  &c.,  are  maintained 

in  equilibrio  by  the  reaction  N  and  N*  of  the  fixed  points, 

which  are  equal  to  the  tensions  of  the  sides  A*  A  and  DB^ 

respectively,  the  resultant  of  these  tensions  must  be  equal  rMoitant  of 

and  directly  opposed  to  that  of  all  the  weights.     K,  there-  e'^^"^^"'**'"*' 

fore,  the  Unes  A  A*  and  DD'  he  produced,  their  inter- opposed  to  that 

section  0  will  give  one  point  through  which  the  resultant  height** 

of  the  weights  P,  Q,  B,  S,  and  that  of  the  polygon,  will 

pass;  and  this  resultant  being  vertical,  if  the  distance  OM 

be  laid  oflF,  by  any  scale  of  equal  parts,  so  as  to  contain  as 

many  linear  units  as  there  are  pounds  mP+  Q  +  B'{-S  + 

ic  -I-  j^'  +  w'\  &c.,  and  two  lines  MU  and  MVhe  drawn  vaiae  of  extreme 

through  M  parallel  respectively  to  A  A'  and  DD\  the  dis-    '**^'"  **'"  • 

tances  0  V  and  0  U  will  give,  by  the  same  scale,  the 

tensions  at  A'  and  D\  or  the  values  of  N  and  N\ 

If  the  polygon  be  only  subjected  to  the  action  of  its 
own  weight,  the  line  OM  may  be  drawn  vertically 
through  its  centre  of  gravity. 

§194, — It  is  often  of  great  practical  importance  to  Method  of  flnding 

■x  t         .         •  ii  •!  n         n    ■  *      ^  1  the  tensions  of 

know  the  tensions  on  the  sides  of  a  funicular  polygon  y^^^^^. 
subjected  to  the  action  of  weights,  in  order  to  proportion 
the  dimensions  of  its  several  parts. 

Let  J.  jB  CD  J&  be  a  polygon  in  equilibrio,  under  the 
action   of   the    weighte  P,    Q,  R^  S,   T,    including   the 
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Fig.  108. 


weights  of  the  sides,  and 

the    extreme   forces    N 

and  N\  of  which  the  di- 

funicuiar polygon  rcctions    are  A  A'    and 

!x°drtliri^tion  ^-^'^  respectively.     De- 
of  weights;         notc  the  tcnsion  of  the 

side  AB  by  ^,  that  of 
5(7 by  ^  thatof  (7J9by 
t^  &c.  Since  the  equi- 
librium   subsists    about 

each  angle,  as  A  for  example,  the  force  N  which  acts  &oa: 
-4  to  J.',  is  equal  and  directly  opposed  to  the  resultant  •>: 
the  two  forces  P  and  ^ ;  and  if  A  w  be  taken  on  the  pr- 
long^tion  of  A'  J.  to  represent  JVJ  the  parallelogram  Ap  ••  ■. 
constructed  on  ^n  as  a  diagonal,  will  give  Ap  for  ib^ 
deterroinauon  of  Weight  P,  and  p  u  foF  the  valuc  of  the  tension  ^i.  Thi> 
a liDgto  tension;  |^gj^g  understood,  draw  the  horizontal  line  a'e,  upon  wbi-ij 

lay  oflFthe  distances  a' a^  ab,  be,  cd,  de,  proportional  to  the 
weights  P,  Q,  i2,  aSJ  and 
T.     From  the  point  a' 
draw  a' S  perpendicular 
to  A  A',  and  proportional 
in  length  to  the  tension  iVJ 
and  join  S  with  the  sev- 
eral points  a,  &,  c,  rf,  and 
e;  then  will  aS,  bS,  c/SJ 
dSj  and  caSJ   represent, 
respectively,     the     ten- 
sions tiy  t^  ^,  (4,  and  N\ 
For    the    two    triangles 
-4^71  and  a*  Sa  are  sim- 
ilar, because  a' S  and  a'  a  are  respectively  perpendicular  w 
A  n  and  Ap;  hence  the  angles  /S^a' a  and  j5  4  n  are  equal: 
moreover,  the  sides  about  these  equal  angles  are  propor- 
tional by  construction  and  we,  therefore,  have 


Fig.  164. 


general 

construction  for 
flnding  the 
tensions ; 


-4  n  =  JV    :    pn  =  <i 


a'S    :    Sa; 
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and  ifa'  S  represent  the  tension  N,  Sa  must  represent  the 
tension  ^.     For  the  same  reason,  a  b  being  proportional  to  demoMtraUon ; 
Q,  the  third  side  bS,  of  the  triangle  aSb,  will  be  propor- 
tional to  ^  since  the  three  forces  ^,  Q,  and  t^  are  in 
equilibrio  about  the  point  B.    Finally,  since  a  a'  and  a'  *S^ 
are  perpendicular  to  the  directions  A  p  and  J.  n  of  the 
forces  P  and  A",  a  S  will  be  perpendicular  to  the  side  A  B 
of  which  it  measures  the  tension  i-^.    It  will  be  the  same 
oi  BC  and  b  S,  and  so  on.     Therefore,  when  a  funicular  nnes  which 
polygon  is  in  equilibrio  under  the  action  of  weights,  if  a  '®p'*«®"'  ^*»® 
series  of  distances  be  taken  on  a  horizontal  hne  proper-  perpendicular  to 
tional  to  these  weights,  the  lines  drawn  through  the  points  1^1^^^*°^^^* 
of  division  perpendicular  to  the  corresponding  sides  of  polygon; 
the  polygon  wiU  meet  in  a  point,  and  the  lengths  of  these 
perpendiculars,  included  between  the  common  point  of 
intersection  and  the  horizontal   line,   will  measure  the 
tensions  of  the  sides  of  the  polygon.     The  point  S  is  pointoftengioM. 
called  the  point  of  tensions. 


§  195. — The  sides  of  the  polygon  may  be  very  short 
and  only  subjected  to  the  action  of  their  own  weight.  The  catenary; 
which  would  be,  the  case  with  a  heavy  chain  A  GB  sus- 
pended   from    its 
extremities.      The 
polygon    of   equi- 
librium   then    be- 
comes    a     curve, 
called  the  catenary. 
This  curve  is  em- 
ployed    to     give 
form  to  arches  and 
domes.      The  use 
of  the  catenary  for 
such  purposes  may 
he  illustrated    by 
conceiving  a  series 
of  equal  spherical  balls  held  together  by  mutual  attrac- 


its  use  in  the 
arts; 
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illuBtration  by  a 
itring  of  balls ; 


Bidet  of  the 
polygooi  the 
chorda  of  the 
balli; 


the  airing  of  balls 
reversed; 


pointa  of  contact 
extended  to 
tangent  planes ; 


arch-«tone8  or 
Toussoirs ; 


tions,  but  with  perfect  freedom  to  slide  the  oae  over  tk 
other.    Such  a  collection  of  balls  would  resemble  a  stiio^ 
of  beads,   and   if 
supported   at   the 
ends  would,  under 
the  action  of  their 
own   weights,    as- 
sume  the  form  of 
the    catenary,    or 
rather      funicular 
polygon,  of  which 
the  sides  would  be 
the  chords  of  the 
spheres  joining  the 
points  of  contact. 
If  the   whole   ar- 
rangement  be  re- 
versed, and  the  balls,  instead  of  being  suspended,  be  sup- 
ported upon  the  ends  as  fixed  points,  after  the  manner  in- 
dicated in  A'  C  B\  the  figure  will  remain  unchanged  aci 
the  balls  will  still  be  in  equilibrio ;  for,  the  action  of  the 
weights  will  be  the  same  as  before,  and  the  reciprocal  action 
of  the  balls  upon  each  other  will  simply  be  changed  finom  a 
force  of  extension  to  one  of  compression.    K  we  now  suppose 
the  points  of  contact  to  be  extended  into  tangent  planes, 
and     the     spaces 
between  filled  up 
with  solid  matter, 
as  wood,  stone,  or 
metal,     we     shall 
have  a  perfect  sys- 
tem   of   voussoirs 
or    arch-solids    in 
equilibrio      under 
the  action  of  their 
own    weight,    re- 
quiring no  aid  from  friction  or  any  other  principle  of  sup- 


Fig.  166. 


«» 
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port.     The  tangent  planes  or  joints  of  the  voussoira  will  be  poeiuon  or  the 
normal  to  the  curve.     The  catenary  is  also  employed  in  ^°^* 
suspension-bridges  supported  upon  two  or  more  parallel  aiao  used  to 
chains  stretched  across  a  river.     In  the  construction  of  J|JJJ!^**^ 
8i]Cb  catenaries  it  is  important  to  determine  the  tension  at 
thd  f  nds,  in  order  to  secure  an  adequate  resistance  at 
ihosQ  points. 


Fig.  167. 


§  196. — The  catenary  A  GB^  suspended  from  two  cenend 
points  A  and  B^  is  nothing  more,  as  we  have  seen,  than  ^^^?  ^ 
a  heavy  polygon  in  equilibrio,  and  whose  sides  are  indefi- 
nitely small;  so  that,  if  upon  a  horizontal  line,  a  length 
-dL'  -B '  be  taken  proportion- 
al to  its  weight,  and  this 
length  be  divided  into  a 
number  of  equal  parts, 
there  will  exist  a  certain 
point  S  such,  that  all  the 
right  lines  drawn  from  it 
to  the  points  of  division, 
will  be  perpendicular  to 
the  small  successive  sides 
or  elements  of  the  cate- 
nary, and  that  the  lengths 
SA',  SF\  SC\  &c.,  of 
these  lines,  are  propor- 
tional to  the  tensions  of 
the  same  elements.  Of  all 
the  tensions,  the  least  is 
given  by  the  line  S  0\ 
drawn  perpendicular  to 
the  horizontal  line  A^  B\ 
But  the  element  of  the  cat- 
enary to  which  this  tension 
corresponds  being  itself 
horizontal,  it  will  occupy 
the  lowest  point  of  the  curve.   This  length  becoming  greater 


eoutraction  to 
And  the  tenflion 
of  the  different 
points  of  the 
catenary; 


leaat  tension  at 
loweat  point ; 
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tension  greater 
as  the  element  is 
at  a  greater 
fliatanoe  from  the 
lowest  point ; 


Fig.  167. 


elements  of  equal 
tensions  form 
equal  angles  with 
the  vertical 
through  lowest 
point ; 


catenary 
symmetrical  in 
reference  to  this 
line; 


on  samp  level  the 
extreme  tensions 
are  equal ; 
position  of  the 
point  of  te  isions. 


and  greater  in  proportion  sus  the  oblique  lines  SF\  k^\ 
recede  from  the  perpendicular  SC,  the  tensions  oil 
elements  of  the  catenary  will  increase  in  proportioD 
they  are  at  a  greater  distance  from  the  lowest  [•:: 
Whence  it  follows,  that 
the  tension  is  the  greatest 
possible  at  the  extremi- 
ties A  and  B,  Two  equal 
tensions  SF'  and  S  G', 
appertain  to  two  elements 
equally  distant  from  the 
lowest  point  C:  moreover, 
these  elements  form  equal 
angles  with  the  vertical 
L  0  passing  through  this 
point;  hence,  these  ele- 
ments, M  and  iVJ  are  situ- 
ated on  the  same  horizon- 
tal line  J/iVj  and  the  chord 
MNj  as  well  as  all  similar 
chords,  will  be  divided 
equally  by  this  vertical 
line.  The  catenary  is, 
therefore,  a  symmetrical 
curve  in  reference  to 
a  vertical  line  passing 
through  its  lowest  point. 
It  follows,  also,  that  when 

the  extremities  or  attached  points  A  and  J8  are  on  tk 
same  horizontal  line,  the  extreme  tensions  are  equal,  and 
that  the  point  of  meeting  which  determines  the  tensions 
is  upon  the  perpendicular  drawn  through  the  nw^'' 
of  the  horizontal  line  A'  B\  which  is  proportional  to 
the  weight  of  the  catenary.  A  and  I)  being,  for  exam- 
ple, the  two  points  of  suspension,  and  A*  D*  being  the 
length  proportional  to  the  weight  of  the  catenary  i  ^^' 
SG\  perpendicular  to  A'  D'  and  passing  through  tie 


^/^!L^  Y  'C^! 
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point  S,  will  divide  J.'2>'  into  two  equal  parts  -4' C" 
and  C'D\ 

9 

§  197. — ^Two  catenaries,  (last  figure),  A  CB  and  ach  simiiw 
are  similar  when  the  points  of  suspension  A  and  B  of  the  "*®°~^*»» 
one,  and  a  and  b  of  the  other,  are  situated  upon  parallel 
right  lines,  and  when  their  lengths  A  CB  and  ach  are 
proportional  to  the  distances  A  B  and  a  6,  between  their 
points  of  suspension.     If  the  equilibrium  subsists  in  the 
catenary  ACB^  this  equilibrium  will  not  be  disturbed  if  the 
length  of  its  elements  and  its  other  dimensions  be  propor- 
tionally diminished  indefinitely,  §  192.     Therefore,  when  equilibrium 
A  C B\&  reduced  to  the  size  ach^  the  equilibrium  will  not ^^^p^'^^^^'^*' 
only  exist,  but  there  will  be  no  one  of  its  parts  which  will 
not  be  parallel  and  proportional  to  the  corresponding  part 
of  the  original.     But  since  the   elements  of  the  smaller 
catenary  ach  are  parallel  to  those  of  the  larger  A  CBj 
all  the  tensions  of  the  former  are  comprised  within  the 
angle  A'  SB\  which  contains  the  different  tensions  of  the 
latter.     We  have,  then,  but  to  find  in  this  angle,  the  posi-  tensionflofone 
tion  of  a  line  a'V  parallel  to  A' B\  which  represents  the  ^"^J^"^**, 
weight  of  the  smaller  catenary,  as  A' B'  represents  the  ■imiiaron©; 
weight  of  the  larger,  and  the  slightest  consideration  will 
show  that  the  two  tensions  Sf  and  SF^  situated  upon  the 
same  line  converging  to  S  will  appertain  to  parallel  ele- 
ments of  the  two  curves.     These  are  called  homogeneous  homogeneoui 
tensions.     But  because  A' B*  and  a'h'  are  parallel,  we  ^"**°"** 
have  the  proportion 


Sf    :    SF'    ::    a'h'    :    A'B'; 


whence  we  conclude  that,  in  two  similar  catenaries,  the  ten-  tensioni  of 
sions  of  elements  similarly  situated  are  to  each  other  as  the  *f^|^{"  situated 
weights  of  the  catenaries,  are  aa  the  wetghu 

of  tbe  entire 
curves. 
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§  198.— Let  A'B' 

To  construct  the     be  a  horizontal  line  pro- 
catenary  from  Its  . .         1  X     xi_  •    i_x 

weight,  length,     portional  to  the  weight 
and  the  point  of   of  the  catenaTj,  S  the 

tensions;  •    .      /•  x  t\- 

point  of  tensions.  Di- 
vide the  line  A'  B\  and 
the  length  of  the  cate- 
nai'y  into  the  same  and 
a  great  number  of  equal 
parts;  those  of  the  cate- 
nary may  be  regarded 
as  its  elements,  and 
those  of  A^  B^  their 
corresponding  weights. 


Fig.  168. 


to  draw  a  tangent 
to  any  point  of 
the  catenary. 


Draw  the  lines  SA,  Sl\  S'2\ 
SS' . .  .  SB\'  these  will  be  perpendicular  to  the  difftren; 
elements  of  the  catenary.  From  any  point  Aj  on  ^i. 
draw  A  1  perpendicular  to  SA  and  equal  to  an  demei; 
of  the  catenary ;  from  the  point  1  draw  1-2  perpendiculr 
to  SV  and  equal  to  an  element;  again  2-5  perpendicular 
to  S2\  and  equal  to  an  element,  and  so  on  to  the  eu 
The  polygon  A-1-2-S  . .  .  JB,  will  approximate  to  the  in- 
quired catenary  the  nearer  in  proportion  as  the  number  d 
divisions  is  greater. 

The  point  of  ten- 
sions S  gives  the  means 
of  drawing  a  tangent 
,to  the  catenary  at  any 
point.  Let  U  be  the 
given  point,  and  let  ^'  e 
represent  the  weight  of 
the  portion  A  Eo{  the 
catenary ;  through  e 
and  S  draw  the  indefi- 
nite line  e  (?,  and  from 
JE  draw  BQ  perpen- 
dicular toeS^  E  G  will 
be  the  tangent  line. 
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Fig.  no. 


§  199.— The  point 
of  tensions  in  the  cate- 
nary depends  upon  the 
intensity  and  directions 
of  the  extreme  ten- 
sions.   For  A' B'  being 

the  horizontal  line  proportional  to  the  weight  of  the  entire 
catenary,  if  from  the  extremities  A'  and  B'  arcs  be  de- 
scribed with  radii  proportional  to  the  extreme  tensions, 
their  intersection  S  will  give  the  point  of  meeting. 

The  process  for  find- 
ing the  extreme  ten- 
sions must  of  course 
depend  upon  the  data 
given.  Let  us  first  sup- 
pose the  catenary  A  CB 
to  be  given  and  traced 
out.  It  is  evident  from 
the  conditions  of  equi- 
librium, that  the  verti- 
cal 0  Z  drawn  through  the  intersection  0  of  the  extreme 
tangents  A  0  and  J5  0,  will  pass  through  the  centre  of 
gravity  of  the  catenary.  If,  therefore,  a  distance  0  0  h^ 
taken  on  this  line  to  represent  the  entire  weight  of  the 
catenary,  and  the  parallelogram  05'  ©J.'  be  constructed 
upon  the  tangents,  the  sides  0 A'  and  OB'  will  represent 
the  tensions  at  A  and  B  respectively. 

But  if  only  the  two 


DetenninaUon  of 
the  point  of 
tentloDt; 


to  find  the 
extreme  tension* 
from  the  cur>  e 
traced; 


points  A  and  B  of 
suspension,  the  weight, 
and  entire  length  of  the 
catenary  be  given,  the 
process  for  finding  the 
extreme  tensions  is  as 
follows,  viz.:  Take  a 
small  chain  and  sus- 
pend it  against  a  ver- 


Rg.  172. 


to  find  the 
extreme  tensionf 
fyom  the  points 
of  support,  the 
weight,  and 
length  of  the 
curve; 
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Fig.  172. 


figure  found  by 
means  of  a  small 
chain : 


the  tensions 
found  by 
oonstruction ; 


tical  plane  from  two 
points  a  and  &,  situated 
upon  a  right  line  paral- 
lel to  AB,  and  whose 
distance  apart  shall  be 
to  the  distance  from  A 
to  B,  as  the  length  of 
the  smaller  chain  is 
to  the  length  of  the 
longer.  The  smaller 
chain  being  thus  sus- 
pended, measure  by- 
means  of  a  spring  balance  the  tension  exerted  at  the  poins 
a  and  6.  The  tensions  on  the  points  A  and  B  produced  hr 
the  larger  chain,  will  be  equal  to  the  tensions  at  a  and  k 
multiplied  by  the  number  of  times  which  the  weight  of  tie 
larger  chain  contains  that  of  the  smaller.     §  197. 

Instead  of  meafluring  with  a  spring  balance  the  teiisioEs 
at  the  ends  of  the  catenary,  we  may  proceed  as  foflows: 
Draw  through  the  low- 
est point  of  suspen- 
sion a,  a  horizontal 
line  cutting  the  oppo- 
site branch  of  the  small 
chain  in  the  point  d. 
Upon  a  horizontal  line 
take  the  distance  a'  V 
to  represent  the  weight 
of  the  entire  chain,  and 
lay  oflfthe  distance  a'  d' 
proportional  to  the 
length  acd.  The  por- 
tion acd  oi  the  cat- 
enary   would    be    in 

equilibrio  if  the  point  d  were  fixed  and  the  remainder  rf?" 
removed ;  the  point  of  tensions  for  acd^  and  therefore  foi 
acb^  will,  from  what  has  already  been  explained,  befo^Q'^ 
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curve. 


somewhere  on  the  perpendicular  C*  K'  drawn  to  the  mid- 
dle of  a'  6! ;  assume  it  at  0,  and  by  means  of  this  point 
and  the  line  a'  h\  oonstruct  a  catenary  after  the  manner  constnicuon  of 
of  §  198,  and  let  a  e  be  the  resulting  distance  between  its  I^.t!^"''^""^ 
points  of  support.  Through  0  draw  a  perpendicular  to 
C"  K\  and  lay  off  upon  it  from  the  point  0,  the  distance 
Og  =  ae  —  a  6,  to  the  right  when  a  6  is  greater  than  a  6, 
and  to  the  left"  when  the  reverse  is  the  case.  Assume 
another  point  as  0'  below  0,  and  do  the  same  as  before ;  we 
sliall  find  a  new  point  g\  say  to  the  left  of  (7-  JT';  repeat 
the  process  with  points  between  0  and  0'  several  times, 
and  pass  through  the  points  g^  g\  g'\  &c.,  thus  determined, 
a  curve;  its  intersection  8  with  0'  K'  will  be  the  true 
point  of  tensions.  The  distances  Sa'  and  SV  will  repre- 
sent the  extreme  tensions. 


§  200. — ^We  have  seen  that  in  the 
catenary  the  tensions  at  the  different 
points  are  different,  and  that  the  small- 
est tension  is  at  the  lowest  point.  This 
is  still  true  when  the  catenary  becomes 
a  vertical  chain  loaded  with  a  weight. 
For  the  lowest  link  supports  only  the 
attached  weight  Q ;  the  link  (7'  only 
supports  the  weight  Q  and  link  (7, 
and  so  on  to  the  topmost  link,  which 
supports  all  below  it ;  so  that  if  the 
chain  were  proportioned  to  the  tension 
of  its  different  parts,  it  would  be  made 
stronger  above  than  below. 

§  201.— The  point  S  being 
the  point  of  meeting  of  the 
tensions,  and  A*  B'  a  hori- 
zontal line  representing  the 
weight  of  the  catenary,  we 
have  seen  that  the  tension  at 

19 


Fig.  114. 


Fig.  175. 


Tbe  smftllest  and 
greatest  tension 
of  a  vertical 
chain. 


Direct  measure  <tf 
the  tension  on 
any  point  of  tbe 
catenary; 
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coiiBtraction ; 


the  tension  at  anj 
point  is  the 
hypothenuse  of  a 
right-angled 
triangle ; 


tension  in 
)iori2ontal 
direction ; 


inyertical 
direction; 


Fig.  176. 


afTect  of  these 
tensions  on  piers. 


D  is  represented  by  the  length  D'  S,  and  thai  at  C, 
the  lowest  point,  by  SO',  perpendicular  to  A'B\  the 
lengths  A'  D '  and  D '  C  representing,  respectiTely,  tk 
weights  of  the  portions 
AD  and  DC  of  the 
curve ;  that  is  to  say, 
the  tension  at  any 
point  J9,  is  represent- 
ed by  the  hypothe- 
nuse of  a  right-angled 
triangle,  of  which  one 
side  represents  the,  ten- 
sion at  the  lowest  point 
of  the  curve,  and  the 
other  the  weight  of 
that  portion  of  the  cate- 
nary included  between 
the  lowest  point  and  the 
point  whose  tension  is 
to  be  found.  Hence,  Uie 
tension  at  any  point  of 
the  curvCj  estimated  in  a 
horizontal    direction,    is 

constant  and  equal  to  the  entire  tension  at  the  hioest  jpoint: 
and  estimated  in  tJie  vertical  direction,  is  equal  to  ike  weigU  (J 
that  portion  of  the  catenary  included  between  this  point  and  tk 
lowest  point 

The  horizontal  tensions  at  A  and  B  are  therefore  the 
same,  although  they  may  be  situated  on  very  diflferent 
levels.  K  the  catenary  be  suspended  from  the  tops  of 
piers,  the  vertical  components  will  promote  their  stability 
by  pressing  them  down,  while  the  horizontal  components 
will  tend  to  overturn  them. 


§  202. — ^It  is  comparatively  easy  to  compute  the  ex- 
treme tensions  of  the  catenary  when  the  versed  sine  of  its 
arc  is  small.    Let  A  OB  be  a  catenary,  of  which  OB,  the 
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distance  of  the  lowest  point  below  the  horizontal  line  BA^  To  flnd  extreme 

n        rm_  i-    •  'ti-    •        x1  •    tensions  when 

IS  very  small.     The  cnrve  being  in  eqninbno,  the  ©q^- the  versed  sine  of 

the  cuTTe  Is 
small; 


Hbriom  of  the  part  B  C  will  not  be  disturbed  by  taking  the 
point  G  as  fixed,  and  regarding  it  and  the  point  B  as  the 
points  of  suspension.  But  because  of  the  smallness  of 
D  (7,  the  curvature  must  be  very  small,  and  the  centre  of 
gravity  oiBO  may,  without  sensible  error,  be  regarded  as 
at  the  middle  point  O,  The  tangents  CHsmd  B0\  at  the  notation; 
points  of  suspension,  will  intersect  at  G'  on  a  vertical  line 
drawn  through  the  point  0.  Denote  by  TJ  the  tension  at 
B;  by  7J,  the  tension  at  C;  and  by  jp,  the  weight  of  the 
portion  B  C, 

Because  the  three  forces  j?,  jT,  and  7J,  are  in  equilibrio 
about  the  point  (?',  we  have 


BE   :    HQ\ 
BE   :    BQ'; 


whence 


EO' 
^o'^P'  -BE' 

BQ' 
T  =:  p 


BE  '  IK>int; 

Observe  that  BE  is  the  versed  sine,  which  denote  by/; 
and,  because  BG  G  may  be  regarded  a  right  line,  E G'  is 
half  the  semi-space  jBZ>,  which  semi-space  denote  by  L 
Then,  since  the  triangle  BG' E  is  right  angled, 


tension  at  lowcrt 
point; 

tension  at  hlgfaMt 


BG' 


=  ^bh'  +  Q'S"  =  yy^^. 
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hoiiscMital 
taoafam  or  ttinnt; 


Substituting  these  quantities  in  the  above 
find 

^*~   27' 


teDslon  wl  highest 
point. 


=  4.V7TI=.v/ 


/ 


1  + 


4/» 


Application  to 

•uspenflion- 

bridge; 


The  first  expresses  the  tension  at  the  lowest  pointy  vL  _ 
we  have  seen  is  equal  to  the  horizontal  thrust  at  the  poLii 
of  suspension.     The  second  gives  the  entire  tension  at  i-. 
same  points,  which  must  be  known  in  order  to  adjust  ilr 
dimensions  of  the  chain. 

§  203. — To  conclude  the  subject  of  the  catenaiy,  mhI 
show  the  application  of  the  preceding  principles^  take 
case  of  a  bridge    suspended  from  two  parallel   ch 
extended  from  one  bank  of  a  river  to  the  other. 

To     the     different 


points,  -4,  jB,  CJ  &c., 
of  the  catenaries,  or 
rather  to  the  angles  of 
the  funicular  polygons 
thus  formed,  are  attach- 
totpendingrodB;  ed  vertical  Suspending 
rods,  which  are  united 
at  the  bottom  in  pairs 
by  transverse  pieces 
called  sleepers ;  these 
receive  a  set  of  longi- 


Kg.  178. 


T — T 


u 


a 


JoliU; 


•ectioos; 


tidinsl  joists,  which,  in  their  turn,  support  the  floor  plank. 
The  distances  between  the  suspending  pieces  in  longitudi- 
nal  direction  are  supposed  equal.  These  equal  portions 
of  the  roadway  included  between  two  consecutive  sleep- 
ers, are  called  sections.  Each  sleeper  is  loaded  with  half 
the  section  which"  precedes  and  half  that  which  follows  it ; 
that  is  to  say,  with  the  weight  of  an  entire  section.     This 
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Fig.  1*79. 


weight  is  known,  and 
determines  the  cross  sec- 
tion of  the  suspending 
rods.  The  weight  of  the 
suspenders  being  small 
compared  with  that  of 
the  roadway,  may  be 
neglected,  and  thus  the 
weight  of  the  bridge 
will  be  equally  distribu- 
ted. 

Draw  a  horizontal 
right  line,  and  take 
uv  proportional  to  the 
weight  of  the  bridge; 
let  aS^  be  a  point  such 

that  Su  shall  be  perpendicular  to  the  side  J7-4,  and 
proportional  to  its  tension.  Take  upon  u  v,  the  portions 
Ma,  ab,  &c.,  proportional  to  the  weights  supported  at  the 
angles  A,  -B,  &c.;  the  converging  lines  aS,  bS^  &c.,  will  be 
proportional  to  the  tensions  on  the  sides  A  B,  &c.,  and  the 
perpendicular  Sd,  to  the  tension  on  the  horizontal  side  of 
the  polygon.  First,  find  the  difference  of  level  between  any 
two  consecutive  angles,  as  A  and  B,  Draw  the  horizontal 
line  jB-4",  and  the  two  triangles  A  A'^B  and  Sady  will  be 
similar  and  give 


each  pair  of 
stiBpendiag  rods 
supports  the 
weight  of  one 
iection; 


tensions  on  the 
sides  of  the 
funicular 
polygon ; 


AA 


n 


whence 


A"B 


ad 


Sd; 


A  A"  = 


A"B 

Sd 


ad. 


difference  of  level 
between  two 
consecutiye 
angles; 


Because  of  the  equality  of  distances  between  the  sus- 
pending rods,  A'^ B  will  be  constant  Moreover,  ad  and 
Sd  being  proportional  respectively  to  the  weight  of  the 
portion  A* D\  and  the  tension  ^  upon  the  horizontal  side, 
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if  we  denote  by  w  the  weight  of  a  unit  of  length  of  the 
bridge, 


ratio  of  weight  of 
htilf  the  bridge  to 
the  horizontal 
tension ; 


ad 

Sd 


which  in  the  preceding  gives 


A  A"  = 


uA"B.A'D' 
to 


valae  of  the 
diflbrence  of  level 
of  two 
consecutiYe 
angles  s 


but  (^  A"  B  is  the  weight  of  a  section  of  the   bridge: 
Denoting  this  by  py  we  have 

A  A''  =  ^  .A'  D'; 

and  denoting  the  constant  ratio  of  the  weight  j7  to  the 
tension  ^  at  the  lowest  point  by  A, 

A  A''  =  k.A'D'; 

from  which  we  conclude,  that  the  difference  of  level 
of  two  consecutive  angles,  is  equal  to  the  constant  ratio 
A,  multiplied  by  the  horizontal  distance  of  the  higher  of. 
the  two  angles  from  the  lowest  angle  of  the  funicular  poly- 
gon. Denoting  by  I  the  constant  length  of  a  section, 
and  beginning  at  the  lowest  angle  K^  the  horizontal 
distances  will  be  successively  Z,  2  Z,  3  Z  .  .  .  n  i^  for  the 
1*',  2«*,  8**,  .  .  .  71***,  angle  to  the  right  and  left.  Thus  the 
difference  of  level  between  the  lowest  angle  K  and  the 
next  in  order  OJ  is  Aj  I;  between 
G  and  jB,  2  A  I;  between  B  Fig.  180. 

and  Ay  3  4  Z,  &c.    The  heights 

difference  of  level  of   the    angles    CJ    By   Ay    &C., 

ttV  poiTg^oT  ""^    above  the  lowest  point  Ky  will 
above  the  lowert  be  respectively  kly  A;Z  +  2  AZ, 

kl  +  2kl  +  Zkly  kl  •\-  2kl  + 

3  A;Z  +  4:kly  and,  in  general, 


angle; 
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If  there  be  n  sections  between  the  lowest  angle  and  that  un- 
der consideration,  the  height  of  the  latter  above  the  former 
will  be  given  by  the  expression 


iZ  (1  +  2  +  8  +  4 +  n)  =  hl. 


n 


w  +  1 


height  of  the  nth 
angle  abore  the 
lowest  one ; 


In  this  expression,  if  we  make  successively  n  =  1,  n  =  2, 
?i  =  3,  n  =  4,  &C.,  we  have  i  i,  8  A  Z,  6  A  Z,  10  A  Z,  &c., 
for  the  heights  of  1"*,  2*^,  8^,  4***,  &c.,  angles  above  the 
horizontal  side  of  the  funicular  polygon. 

The  locus  of  all  these 
angles  is  a  parabola,  for 


Fig.  181. 


if  y  =  JrP  =  if  J7  de- 
note the  height  of  one 
of  these  angles  above 
the  lowest  point  K^  n 
being  the  number  of  its 
place  fix)m  the  latter,  we 
have 


the  loeua  of  the 
angles  is  a 
IMmiboIa; 


XTjIc 


y  ==  kl .  n 


n  +  1 


.    .    (96); 


and  making 


nZ  =  X  =  KM, 


n  +  V 


=K(^)«= 


|(«  +  0|i 


or 


equation  of  the 
locus  of  the 
angles; 


this  is  the  equation  of  a  parabola,  of  which  the  vertex  is 
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plSMbftiM 

yertez  of  the 
loeaii  curve ; 


to  the  right  of  the  point  K,  and  at  a  distance  firom  it 
equal  to 


I 
2  ' 


it  is  below  the  horizontal  side  by  the  distance 


HK'  ^y^^ 


kl 
8   ' 


a  quantity  so  small  that 
it  may  be  neglected  in 
practice. 

Moreover,   from    the 

property  of  the  parabola, 

the  squares  of  the  ordi- 

nates  are  to  each  other 

to  find  the  point   as  the  abscisses;  that  is 

In  which  the  . 

Tortlcal  through     ^  ^Jl 
the  vertex  cute 
the  line  of 
■upporte ; 


AP"    :    £Q'    ::    MA    :    NB; 

and  from  the  similax  triangles  obtained  bj  joining  i 
and  B, 


AP*    :    BQ'    ::    PO'  :     QO*; 


whence 


PO'    :     QO'    ::    MA    :    NB; 


or 


PO'  X  NB  =  QO*  X  MA; 


but 


PO  =  OK  -  KP  =  OK  -  MA, 


QO  ^  QK  -  OK  =  NB  -  KO, 
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which,  substituted  above,  give 


{OK  -  MA'f  X  NB  =  {NB  -  KOf .  MA; 


developing  the  squares  and  reducing,  we  get 

ro'  =  MA  X  NB. 


Fig.  188. 


That  is  to  say,  the  distance  KO^  at  which  the  vertical  line  disiaiieeorthi* 
drawn  through  the  vertex  of  the  curve  cuts  the  chord  J^*/?***^*  "** 
^oining  any  two  of  its  points,  is  a  mean  proportional  be- 
tween the  heights  of  these  points  above  the  vertex.     This 
property  furnishes  an  easy  method  of  finding  the  lowest 
point  K  on  the  level  MN.    For  this  purpose,  join  the  points 
of  suspension  U  and  T, 
by  the  cord  UV;  draw 
the  horizontal  line  UP 
through  the  lower  point 
U^  and  produce  it  till  it 
cuts  the  vertical  VN  in 
P'.    Upon  the  distance 
P'  V  describe  the  semi- 
circle VTP\  and  from 
the  point  N  draw  the 
tangent  NT;  with  N  as   . 

a  centre  and  NT  as  a  radius,  describe  the  arc  TT'  till  it 
cuts  VN  in  T\  and  through  the  point  T  draw  a  hori- 
zontal line ;  this  Une  will  cut  the  cord  J7  F  in  the  point  0, 
through  which  draw  a  vertical  line  OP,  and  its  intersection 
with  the  horizontal  side  will  give  the  lowest  point  K. 
Taking  this  point  as  the  extremity  of  the  horizontal  side, 
and  laying  off  on  the  line  MN  the  equal  lengths  of  the  and  tfie  absciwM 
sections ;   the  points  of  division  will  correspond  to  the  ^    *  ■»8rai» 

n  -|- 1 
vertical  ordinates  4Z,  8  4Z,  6  iZ,  .  .  .  n.  — ^—  hi.    This 

last  appertaining  to  the  point  C^  whose  height  h  is  given, 


GODBtnicUon  for 
finding  the 
position  of  the 
lowest  point; 


points ; 
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we  liave 


'''\+^hl  =  h; 


whence  we  have 


z.  — .  /on 

^  ="  n(n  +  1)V  •    •    •    •    V^O; 


ratio  of  the  0% 

weight  of  a 
section  to 
horizontal  tension 
found ; 

and  hence  the  lengths  of  the  several  suspenders  i  4  ^^'^ 

from  which  the      &C.,  8X6  knOWn. 
lengthsof the  ^^  ^  ^^  ^^^ 

■lupenden  are 
known ; 

to  n{n  +  l)t 

aad  therefore 


«K.hoH«»«  t,  =  "^"+^y-^--P    .    .    .   (98); 

tension  foond ;  ^  /* 

the  tension  on  the  horizontal  side  is,  therefore,  alsoknowu 
The  tension  on  the  side  next  in  order  to  the  horizonol 
side  is 

tension  on  side  '}/ti?   +   ©* 

nejU  in  order; 

that  of  the  second  in  order 

that  on  the  /  ^     i     /n — ^ 

second  in  Older;  v  lo     T   V^2>/", 

that  of  the  third 

thatoiOhiid;  V<b*    +    (3p)*, 

and  so  on  to 

thmt  on  the  nth  in 

order;  Vt^^   +   {npf^ 


MECHANICS    OF    SOLIDS.  299 


which  is  the  tension  on  the  n^  side  from  the  horizontal 
one. 

If  the  points  U  and   F  be  on  the  same  level,  it  is 
obvious  that  the  curve  or  polygon  becomes  symmetrical 
in  reference  to  the  vertical  0  K^  in  which  case  it  is  only 
necessary  to  find  the  lengths  of  the  suspenders  for  one  dataDeoessaryto 
half  the  bridge.     Having  given  the  points  of  suspension,  dimenS^M  of  the 
their  horizontal  distance  apart,  and  the  level  of  the  lowest  bridge, 
side  of  the  funicular  polygon,  it  is  easy  to  determine  the 
dimensions  of  every  part  of  the  bridge. 


XV. 

OF  BODIES  BESTIKO  UPON  EACH  OTHEB,  AND 

UPON  INCLINED  PLANES. 

§  204. — ^When  two  bodies  touch  and  compress  each  AcUonand 
other,  there  is  immediately  a  depression  or  yielding  in  a  J^I^^n^***^** 
direction  perpendicular  to  the  surfaces  at  the  point  of  »pp«reotconuct; 
contact,  which  indicates  that  the  reaction  of  the  two  bodies 
takes  place  in  the  same  direction ;  that  is  to  say,  in  the 
direction  of  the  normal  common  to  both  surfaces.    Let  us 
suppose  one  of  the  two  bodies  as  -4  to 
be  solicited  by  forces  of  which  the  re- 
sultant shall  coincide  with  this  nor-  F>fi:«  184. 
mal,  and  that  the  other  body  A'  is 
fixed;  it  is  plain  that  the  reaction  of 

the  latter  body  will  destroy  this  resul-        f   ^^""V— -^      action  and 
tant,  and  that  the  body  A  will  remain        \U  w«uonirftwo 

•^  bodies; 

at  rest.    But  the  equilibrium  will  also 

subsist  if  the  body  -A'  be  replaced  by  a 

force  equal  to  the  reaction  which  it  exerts  on  the  body  J., 

while  this  latter  body  is  perfectly  free  to  move  and  acted 

upon  by  this  new  force  in  conjunction  with  the  given  forces.  , 

This  property  of  all  bodies,  by  which  they  resist  the  re- 
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the  reaction  of 
two  bodies 
extends  to 
aerer&L 


ciprocal  action  of  each  other  in  directions  normal  tol  *: 
the  principle  of    surfaccs  at  the  common  point  of  contact,  extends  to  l- 
general  case  of  a  single  body  pressing  upon  two  or  ii- : 
bodies  at  the  same  time.    The  reaction  of  these  last  a:>:  - 
many  real  forces  which  may  be  substituted  for  the  lesl^tL . 
bodies  at  the  several  points  of  contact,  and  in  virtue  oi  ^  • 
substitution,  the  conditions  of  equilibrium  of  the  first  b  • 
will  be  the  same  as  though  it  were  free  to  move  in  r 
direction  whatever.    Let  us  examine  the  circumstances  : 
the  simple  case  of  a  body  resting  upon  a  plane,  and  Lavi:. 
first  but  one  point  of  contact,  then  two,  three,  fie. 


Fig.  185. 


iiinstration;  §  205. — ^Lct  US  cousidcr  a 

sphere  subjected  to  the  action 

of  its  own  weight,  and  rest- 
tho  bodies  having  ing  upou  a  Icvcl  plane  A  B 
^nil^tr""''   with  a  single  point  of  contact 

m.     Since  the  reaction  takes 

place  in  the  direction  of  the 

perpendicular   to   the    plane 

through  the  point  of  contact^ 

and  must  be  in  equilibrio  with  the  weight  W  of  tL? 

sphere,  the  centre  of  gravity  O  must  be  upon  a  vertki 

line,  in  order  that  the  weight  and  reaction  may  dest^T 

each  other.    In  like  manner,  when  a  body  rests  upon  arj 

plane  whatever,  and  is  solicited  by  forces,  no  matter  hoir 

directed,  their  resultant  must  be  perpendicular  to  the  plane. 

and  pass  through  the  point  of  contact ;  for  if  the  resultan; 

were  oblique,  it  might  be  resolved  into  two  components. 

one  normal,  and  the  other  parallel  to  the  plane ;  the  fe 

would  be  destroyed  by  the  reaction  of  the  plane,  while  tbe 

latter  would  put  the  body  in  motion.  In  order,  therefe* 
conditions  which  that  a  body,  supported  against  a  plane,  and  havifl^''  ^ 
r/rest^Mta^  single  point  of  contact  with  it,  shall  be  in  ^uilibrio,  it  i^ 
plane.  ncccssary,  1st,  tiiat  the  resultant  of  the  forces  which  ad  ^n/ 

it  he  perpendicular  to  tfie  2^l(ine;  and  2d,  that  this  resuliii' 

pass  through  the  point  of  contact. 
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Fig.  186. 


§  206.— But  when  the  body 
has  two  points  of  contact,  A 
aud  B,  with  the  plane,  it  is  not 
necessary  that  the  resultant  of 
the  forces  shall  pass  through 
either.  It  will  be  sufficient  if 
it  meet  the  line  A  JS  in  any 

point  between  A  and  B^  and  be  perpendicular  to  the 
plane.  For  the  reaction  of  these  points  of  support  being 
both  perpendicular  to  the  plane,  their  resultant,  which  is 
parallel  to  them,  will  also  be  perpendicular  to  it:  this 
resultant  and  that  of  the  forces  acting  upon  the  body 
must  be  in  equilibrio ;  they  must,  therefore,  be  equal  and 
directly  opposed;  in  other  words,  the  resultant  of  the 
forces  acting  upon  the  body  must  admit  of  being  resolved 
into  two  components,  respectively  equal  and  directly  op- 
posed to  the  resistances  at  the  points  of  support.  But 
these  latter  act  in  the  same  direction,  so  also  must  the  for- 
mer, and  hence  their  resultant  will  have  its  point  of  appli- 
cation between  A  and  B;  and  this  resultant  being  parallel 
to  its  components,  will  be  perpendicular  to  the  plane. 

If  the  body  be  laid  on  a  horizontal  plane,  the  equi- 
librium will  subsist  whenever  the  vertical  drawn  through 
the  centre  of  gravity  intei'sects  the  line  joining  the  points 
of  support  somewhere  between  thenL 


IT  the  body  bar* 
two  points  of 
contact  the 
iresultant  need 
not  paM  through 
either; 


it  must  be  nonnal 
to  the  plane,  and 
intersect  the  line 
joiulnff  the  points 
of  contact ; 


when  the  plane  is 
horizontal. 


§  207. — ^Now  let  us  suppose  three  or  more  points  of 
contact.    The  resistances  of  these  points  are  perpendicular  case  of  three  or 
lo  the  plane,  and  cannot  maintain  the  forces  which  act  upon  "^^^p^'*"**? 
the  body  in  equilibrio  unless  the  resultant  of  the  latter 
may  be  decomposed  into  components  which  are  respectively 
equal    and  directly  opposed   to   these  resistances;    this 
resultant  must,  therefore,  be  perpendicular  to  the  plane, 
and  as  its  components  must  act  in  the  same  direction,  resultant  suii 
its  point  of  application  will,  from  the  principles  of  parallel  ^°[J|[J|*j^** 
forces,  be  within  the  polygon  formed  by  joining  the  points  polygon  of 
of  contact.     If  the  line  of  direction  of  the  resultant,  pierce  *°"     * 
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if  the  rMultant 
pierce  the  plane 
without  the 
polygon  of 
contact,  the  bodj 
will  overturn ; 


Fig.  187. 


Kg.  188. 


effort  by  which 


the  plane  in  a  point  m,  ex- 
terior to  the  polygon  which 
connects  the  points  of  support, 
the  body  will  tend  to  overturn 
around  the  edge  a  6  of  this 
polygon  nearest  to  m  ;  if  the 
line  of  contact  be  a  curve,  the 
body  will  overturn  about  the 
tangent  nearest  to  m.  The  ef- 
fort by  which  the  body  will 
be  urged  to  overturn  is  meas- 
ured by  the  intensity  of  the 
resultant  of  the  forces,  into 
the  shortest  distance  from  its 
l^l^f.!!  ^"^^  li^e  of  direction  to  that  about 

to  overturn. 

which  the  motion  of  rotation  takes  place. 

§  208. — The  conditions  of  equilibrium  of  a  heavj 

sphere,   resting  upon   a  horizontal  plane,   have  alrea'.; 

been  considei-ed.  Let  us  ap- 
Exampiee;         ply  the    Same  principles   to 

other  examples,  and  take  first 

the   case   of  a   heavy   body 

resting  upon  a  table  having 
table  having  but  but  three  fcct.  If  the  feet  be 
three  feet:         ^^^^  ^  horizontal  plane  and 

when  the  foet  are  in  the  Same  right  line,  and  the 

vertical     line    through    the 

centre  of  gravity  be  not  in 

the  vertical  plane  passing 
wiu  overturn  through  this  line,  the  table 
^^TkL^-w?!!*  will    overturn    towards    the 

pass  through  this 

line;  sidc  ou  which  the  centre  of 

gravity  is  situated,  and  with 
an  eflFort  equal  to  the  product 
of  the  weight  into  the  distance 
Ago!  the  projection  of  the . 


In  same  right 
line; 


Fig.  19a 
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Fig.  191 


Fig.  192. 


centre  of  gravity  from  the  line  ao!  of  rotation.  This 
product  is  called  the  fnoment  of  stability.  If  the  distance 
Ag  ia  zero,  the  weight  will  pass  through  the  line  of 
SPapport,  and  there  will  be  an  equilibrium;  but  it  will 
be  unstable,  since  the  centre  of  gravity  will  be  at  the 
highest  point. 

K  the  three  feet  be  not  in  the  same  right  line,  and  the 
weight  pass  within  the  tri- 
angle formed  by  joining  the 
feet,  the  table  will  be  in 
equilibrio.  But  if  the  line 
of  direction  of  the  weight 
pass  without  the  triangle  of 
the  feet,  the  table  will  over- 
turn about  the  nearest  edge 
ab.  In  the  first  case,  the 
equilibrium  is  stable,  because 
no  derangement  can  take 
place  about  the  line  of  either 
two  of  the  feet  without  caus- 
ing the  centre  of  gravity  to 
ascend.  And,  generally,  if 
the  table  have  any  number 
of  feet,  there  will  be  stable 
equilibrium  whenever  the 
line  of  direction  of  the  weight 
passes  within  the  polygon 
formed  by  joining  them. 

The  eflfort  with  which  the 
table  or  any  other  body  wUl 
resist  a  cause  which  tends  to 
upset  it,  is  measured  by  the 
product  of  its  weight  into  the 
shortest  distance -4^  from  the 
line  of  direction  of  the  weight 
to  the  line  ah  about  which 
the  motion  is  to  take  place; 


moment  of 
•tebnUy; 


Fig.  193. 


Fig.  194. 


if  the  ftel  bo  not 
in  8Ame  right 
line; 


■Uble 
equilibrlu«  ^ 


in  ease  of  any 
number  of  feet 
the  resultant 
must  p8M  within 
the  poison ; 


elTort  by  which 
a  body  retista  a 
cauae  to  oyertnn 
it; 
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moment  of 
eUbility  of  a 
heavy  body ; 


the  same 
principles  apply 
to  solids  resting 
on  plane  faces; 


example  of  the 
cube  and  right 
prism ; 


rig.l9&. 


/ 


h^ 


Fig.  196. 


stability 

diminishes  as  the 
centre  of  gravity 
is  higher ; 


Inclined  prism ; 


and  this  effort  will  be  smaller  in  proportion  as  the  dis- 
tance Ag  \b  less.     For  this  reason,  the  moment  aj  ^Sd^.A 
of  a  heavy  body  is  the  smallest  moment  of  its  weuii' 
taken  with  reference  to  the  different  lines  of  its  polygon- 
base. 

The  conditions  are  the 
same  if  the  body  rest  upon 
a  plane  face  bounded  by  a 
polygon  or  curve.  The  equi- 
librium will  exist  when  the 
line  of  direction  of  the  weight 
passes  within  the  base.  Such, 
for  example,  is  the  case  with 
the  cube  resting  upon  a  level 
plane ;  also  with  a  right  prism, 
whatever  its  height,  only  that 
its  stability  diminishes  as  the 
height  increases ;  for,  in  pro- 
portion as  the  centre  of  grav- 
ity Q  is  more  and  more  ele- 
vated, the  angle  GAB  be- 
comes less  and  less,  and  the 
centre  of  gravity  will  not  have 
to  be  raised  so  much  above  its 
position  of  rest  when  the  body 
is  overturned  about  the  edge 

a  a\  as  it  would  if  the  angle  GAB  were  greater,  or  the 
centre  of  gravity  lower.  In  proportion  as  the  centre  cc 
gravity  is  placed  higher  and  higher  above  the  same  basr. 
the  body  will  approach  more  and  more  to  the  condition  oJ 
unstable  equilibrium. 

An  inclined  prism  will  pre-  Yig.  197. 

serve  its  equilibrium  as  long 
as  the  direction  of  its  weight 
falls  within  its  base.  The  dif- 
ficulty of  overturning  it  will 
be  less  in  proportion  as  the 


J 
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Fig.  198 


A~^ 


[ 


I 


J 


Fig.  199. 


F 


1 


distance  A  g  becomes  smaller. 
When  g  falls  without  the  base, 
the  prism  will  overturn  of 
itself.  The  Tower  of  Pisa, 
though  considerably  inclined, 
preserves  its  equilibrium  be- 
cause the  line  of  direction  of 
its  weight  passes  within  its 
base.  A  pile  of  dominos  or 
bricks,  in  which  each  one  pro- 
jects beyond  that  immediately 
below  it,  will  preserve  its 
equilibrium  till  the  line  of 
direction  of  the  weight  of  the 
entire  pile  fiills  without  the 

domino  or  brick  at  the  bottom,  when  it  will  overturn. 
We  see,  therefore,  that  the  natural  stability  of  bodies  in- 
creases as  their  bases  increase,  and  the  heights  of  their 
centres  of  gravity  decrease ;  and  that  it  is  the  greatest  possi- 
ble when  the  centre  of  gravity  is  at  the  centre  of  figure  of 
the  base.  This  is  the  reason  why  walls  are  usually  made 
of  elements  like  brick,  cut-stone,  &c.,  placed  with  their 
faces  vertical,  and  laid  upon  large  bases,  called  foundations. 
If  the  heavy  bodies  are  solicited  by  other  forces  than 
their  weights,  the  resultant  of  the  whole,  weight  included, 
must  act  in  the  direction  of  a  line  passing  within  the  base. 
The  resultant  of  the  extraneous  forces  may  unite  with  the 
weight  and  increase  the  stability  of  the  body.  Thus  an 
inclined  prism,  the  direction 
6g  o{  whose  weight  falls 
without  the  base  A  J9,  would, 
if  abandoned  to  itself,  over- 
turn ;  whereas,  if  it  were  act- 
ed upon  by  a  force  in  the  di- 
rection OE^  of  such  intensity 
as  to  give,  with  the  weight, 
a  resultant  which  intersects 


will  oTertum 
when  weight  (Uls 
wlUioat  the  b«M ; 

Tower  qK  PIm  ; 


Inclined  pile  of 
brick; 


■Ubility  Increaeee 
as  the  base 
increases  and  as 
the  centre  of 
gravity  is  lower; 


heavy  bodies 
solicited  by  other 
forces  than  their 
weights ; 


Fig.  200. 


these  may  act  to 
increase  the 
atabilily ; 
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equilibrium 
•table : 


the  base  at  0,  it  would  be 
supported,  and  the  equilib- 
rium would  be  stable.  Ee- 
ciprocally,  the  weight  W  of 
the  prism  is  opposed  to  the 
force  GI!=Ff  when  the  latter 
acts  to  turn  the  solid  about 
the  edge  A,  The  measure  of 
this  opposing  effort  is 


Fig.  2oa 


moment  of 
stability; 


W.Ag; 


principle  of 
counterforts ; 


and  in  this  view,  we  see  that  the  moment  of  the  natural 
stability  will  increase  as  ^  ^  increases. 

In  walls  destined  to  support  an  embankment  of  earth  or 

a  head  of  water,  in  order  to  resist  the  thrust  with  greater 

illustration  of  the  cffcct,  the  lowcr  cxtcrior  edge  A  is  thrown  as  &r  as  con- 

lo^lcuin  of'    venience  will  permit  from  the 
sustaining  walls ;  vertical  line  Q-goi  the  weight. 

This  is  done   either   by  an 

exterior   slope  B  A,  or    by 

masses  of  masonry  C,  called 

counterforts,  attached  to  the 

back  of  the  wall.    It  will  be 

suflScient,  in  general,  for  the 

stability  of  the  wall,  if  the 

resultant  of  its  weight  TTand 

the  pressure  against  it,  inter-  ' 

sects    the   base  A  D.      The 

moment  of  natural  stability 

of  such  structures  is  always 

equal  to  the  product  of  the 

weight  into  the  distance  Ag ; 

and  therefore  the  figure  of 

the  cross-section  of  the  wall 

may   be   varied  at   pleasure 

without    injury  to    the    sta- 


Fig.  202. 


moment  of 
natural  stabUity; 
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If  the  load  of  a  two- 
wheel  cart  be  such  that 
the  direction  of  its  weight 
does  not  intersect  the  axle- 
tree,  it  will  tend  to  overturn 
on  the  aide  of  the  weighl^ 
and  will  either  exert  a  pres- 
Bure  upon  the  horse  or  an 
effort  to  lift  him  from  the 
ground,  according  as  the 
weight  passes  in  front  or  in 
rear  of  the  axle-tree.  If  the 
centre  of  gravity  of  the  load 
be  immediately  above  the 
axle-tree  on  a  level  road, 
then,  when  the  cart  is  as- 
cending a  elope,  the  weight 
will  pass  behind,  and  the  ten- 
dency of  the  load  will  be  to 
lift  the  horse;  while,  on  the 
contrary,   when   the  cart  is 


?ig.  208. 


bility,  provided  this  product  remain  the  same.     Hence  the 
external  slope  may  be  suppressed,  if  the  thickness  of  the  " 
wall  be  so  increased  that  its  augmented  weight  shall  com-  *" 
pensate  for  the  diminution  in  A  g. 

If  the  ground  upon  which 
the  wall  reats  be  compressible, 
it  will  not  be  sufficient  that 
the  resultant  of  the  weight 
and  pressure  pass  within  the 
base;  it  must  also  pass  through 
its  centre  of  figure ;  otherwise 
there  would  be  more  pressure 
on  one  side  of  this  point  than 
on  the  other,  and  the  wall 
would  incline  in  that  direc- 


Fig.  204. 


eiMoti  loidtd 
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the  tendency  la    descending  a  slopc,  the  tendency  of  the  load  will  be  to 
hone^ ^^'^  "**  throw  a  pressure  upon  him.     If  the  centre  of  gravity  U 

on  the  axle-tree,  the  horse  will  experience  no  effort  of  ±e 

kind  referred  to. 


Fig.  207. 


§  209.— Let  ^  J?  represent 
the    section   of  an    inclined 

Inclined  plane;  plane  in  the  direction  of  its 
greatest  declivity.  Although 
the  plane  be  indefinitely  pro- 
longed, it  will  be  sufficiently 

ieflned  by  nuio    defined  by  the  relation  of  the 

.fh..gh.iob-;^^  ^  C  to  the  height  CB, 

corresponding    to    a    given 
length  A  B. 

Conceive  a  heavy  body  resting  upon  this  plane,  an«l  ■: 
which  0  is  the  centre  of  gravity.  The  equilibrium  of  tL!- 
body  requires,  1st,  that  its  weight  shall  intersect  the  plan' 
within  the  polygon  formed  by  joining  the  points  of  o.'\- 
tact;  2d,  that  the  weight  shall  be  perpendicular  to  tli- 
plane.  This  last  condition  cannot  be  satisfied  for  any  I':" 
a  horizontal  plane,  since  the  weight  is  always  verticaL  L 
the  weight  be  replaced  by  its  two  components,  one  perptr.- 
dicular  and  the  other  parallel  to  the  plane,  the  former  will 
be  destroyed  by  the  resistance  of  the  plane,  while  the  lane: 
will  cause  the  body  to  move  in  the  direction  of  its  leKjt^ 
BA,  If  the  direction  of  the  weight  meet  the  plane  with/- 
the  polygon  of  contact,  the  parallel  component  will  cau--*.' 
the  body  to  slide,  otherwise  it  will  cause  it  to  roll  TLii 
last  will  happen  in  the  case  of  a  spherical  ball,  since  tl: 
weight  will  not  meet  the  plane  in  the  single  point  of  <x>n- 
tact  m. 

Let  a  force  P  be  applied  in  the  direction  G  Sj  next  figu^ 
to  prevent  the  body  from  moving  down  the  plane.  Sine* 
the  body  must  be  in  equilibrio  under  the  action  of  its  wei^ii: 
W  and  the  force  P,  these  must  have  a  resultant,  ami  iL  ^ 
resultant  must  be  perpendicular  to  the  plane  and  inters^: 


a  body  on  an 
inclined  plane ; 


the  body  may 
•lide  or  roU ', 


conditions  of 
equiiibrium ; 
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Fig.  208. 


it  within  the  polygon  of  contact,  or  in  the  case  of  the  plane  in  which 
sphere,  at  the  point  m.    The  force  P  must,  therefore,  be  ^Y**'^."** 
applied  in  a  vertical  plane  which  passes  through   the 
centre  of  gravity,  and  which  is,  at  the  same  time,  perpen- 
dicular to  the  inclined  plane. 

Lay  off  on  the  vertical  through  the  centre  of  gravity 
0^  the  distance  0  Q'  i/o  represent  the  weight  TT,  through 
the  same   point    draw    QM 
perpendicular  to  the  inclined 
plane,  and  through  0\   the 
line  (?'  M  parallel  to  the  di- 
rection of  the  force  P;  from 
the  point  M  draw  MQ  paral- 
lel to  QG';  the  distance  G  Q 
will  represent  the  intensity 
of  the  force  P,  and  GM  that 
of  the  resultant,  -B!,'of  TFand 
P.     From  the  principle  of  the 
parallelogram  of  forces,  we  have 

intensity  of  the 

W:  S:  P::  sin  QOM  :  sin  G'  GQ  :  sin  G'GM;   rorcofoumj 

analytically ; 

but  G  G*  and  G  M  being  respectively  perpendicular  to 
A  C  and  A  B,  the  angle  A  is  equal  to  the  angle  G'  G  M, 
and  we  have 


if'  intensity  of  the 
force  found  by 
conttraction ; 


miG'GM=  sin  BA  C  = 


BC 
AB 


and  this  substitated  in  the  foregoing  proportion  gives,  after 
reduction, 

W:  B:  P.:  AB.sinQGM:  AB  .sinG' G  Q:  BC; 


from  which  we  find 


BC 


^~  ^  '  AB.  sin  QGM   '    '    ^^^^' 


value  of  the 
force; 


B  =   W  ■ 


sin  G'GQ 
BinQGM  ■ 


value  of  the 
(100),        pressure  ogainet 
the  plane ; 
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power  applied 
parallel  to  the 
plane; 


If  the  power  P  be  ap- 
plied parallel  to  the 
plane,  the  angle  Q  GM 
=  90®;  and  the  angle 
0'  Q  Q  becomes  the  sup- 
plement of  tne  angle 
A  B  C;  whence  we  have 


▼alue  of  force ; 


sin  QQM  =  sin  90»  =  1; 


AC 


sinG'  QQ  =  sin  J.  jB  C  =  -j-s\ 
which,  in  the  above  equations,  give 


P  =   W  • 


BO 
AB 


Talue  of  the 
preaaure  o^nst 
the  plane ; 


R  ^   W  ' 


AC 
AB' 


That  is  to  say,  when  the  power  is  applied  paralld  to  in 
relation  of  power,  plane^  Ist,  the  powcr  ivill  be  to  the  weight  as  the  height  oft/ic 
plane  is  to  its  length  ;  2d,  the  resistance  of  the  plane  will  be  to 
the  weight  as  the  base  of  the  plane  is  to  its  length. 
If  the  power  be  ap- 


vreight,  and 
resistance  of 
plane; 


power  applied 
parallel  to  the 
base; 


relation  of  the 
ugiea; 


plied  parallel  to  the  base 
of  the  plane,  the  angle 
Q  G  M  becomes  equal  to 
the  angle  AB  G,  because 
G  Q  and  G  MdSQ  respec- 
tively perpendicular  to 
B  G  and  A  B;  and  the 
angle  G'  G  Q  becomes 
90°,  whence 


Fig.  210. 


Bin  QGM  ^  mi  ABC  =  4-S, 

A  B 

sin  G'  GQ  =  1; 


HECHANIGS    OF    SOLIDS. 


811 


nrhich,  in  Eqs.  (99)  and  (100),  give 


P  =   W  ' 


BC 


AC 


»i 


Tdua  of  power; 


B  =   W 


AB 
AC 


preMvre  on 
plane ; 


Fig.  211. 


That  is  to  say,  when  the  power  is  applied  parallel  to  the  hose 
of  the  plane,  1st,  the  power  will  be  to  the  weight  as  t^ie  height  reiauon  of  power, 
of  the  plane  is  to  its  base;  2d,  the  resistance  of  the  plane  will  ^^!^^ 
be  to  the  weight  as  the  length  of  Hie  plane  is  to  its  base. 

In  the  application  of  the  power  parallel  to  the  plane, 
the  power  will  always  be  less  than  the  weight.     When 
applied  parallel  to  the  base,  the  power  will  be  less  than  limits  within 
the  weight,  while  the  inclination  of  the  plane  is  less  than  ^!ll^^^®  ^7^" 

o    ^  ^  will  be  leas  than 

45^.     When  the  inclination  is  45°,  the  power  and  weight  weight 
will  be  equal.     When  the  inclination  exceeds  45°,  the 
power  will  be  greater  than  the  weight. 

§  210. — ^Let  ns  now 
consider  the  motion  of  a 
heavy  body  on  the  in- 
clined plane.  The  body 
being  acted  upon  by  its 
weight  O  0'  alone,  this 
may  be  resolved  into  two 
components,  the  one  OM^ 
perpendicular,  the  other 
0  iV,  parallel  to  the  plane. 
The  first  will  be  totally 

destroyed  by  the  resistance  of  the  plane,  while  the  second 
will  be  effective  in  giving  motion.     Denote  the  weight  of 
the  body  by  TT,  the  height  B  Q  oi  the  plane  by  A,  and  its  to  and  the 
length  ABhj  I;  then,  from  the  similarity  of  the  triangles  ih^^gj^ht'^ 

parallel  to  the 
plane; 


Motion  or  a 
heavy  body  on 
an  Inclined 
plane; 


ABOand  aG'N,yna. 


W 


ON 


h 
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whence 


Its  value ; 


GN  ^  J  'W; 


and  because  the  incli- 
nation of  the  plane  is 
the  same  throughout,  the 

ratio  —  will  be  constant, 

V 

from  the  top  to  the  bot- 
tom ;  whence  we  see  that 
the  motion  is  that  the  motiou  of  the  same 

arising  from  the     ,      ■•       i  .1  ^ 

action  of  a  ^odj  down  the  plane,  is 
that  arising  from  the  ac- 
tion of  a  constant  force. 
It  will,  therefore,  be  uni- 


constant  force ; 


it  will  be 

uniformly 

varied; 


fig.  211. 


formly  varied,  and  the  circumstances  of  motion  will  :t 
given  by  the  laws  of  constant  forces. 
Substituting  Mg  for  TFJ  we  have 


GN=  jMg; 

and  making  M  equal  to  unity,  and  denoting  by  ^'  ti:^ 
corresponding  value  of  the  component  O  N^  we  find 


component  of  the 
force  of  gravity  in 
direction  of  the 
plane: 


9  =-f-^' 

Such  is  the  intensity  of  the  force  of  gravity  in  the  (liI>^'• 

tion  of  the  inclined  plane.    This  may  be  varied  at  pleasnre 

h 
by  changing  the  ratio  y ;  in  other  words,  by  altering  tlv^ 

inclination  of  the  plane.     Now,  since  the  velocities  ir> 

pressed  during  the  first  unit  of  time  on  the  same  bo^- 

the  motion  may    movcd  from  Tcst,  are  proportioual  to  the  forces  produoi  .^^ 

vm^  the    ^    them,  the  motion  may  be  made  as  slow  as  we  please  M' 

inclination  of  the  ^  . 

plane;  diminishing  y.     It  was  in  this  way  that  Galileo  discover  i 
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bodies; 


the  laws  which  regulate  the  fall  of  heavy  bodies.     These  in  thi«  way 
being  the  same  as  for  bodies  moving  on  an  inclined  plane,  diBco^rediha 
it  was  easy  so  to  regulate  the  inclination  of  the  plane  as  to  lawi  of  failing 
enable  him  to  note  and  compare  the  spaces  described,  times 
elapsed,  and  velocities  acquired,  with  each  other. 

If     the    body    be 
mounted  upon  wheels,  Fig.  212. 

as  in  the  case  of  the 
loaded  cart  referred  to 
208,  it  will  be 


m 


urged  to  roll  along  the 
inclined  plane  by  an 
effort    of   which    the 


measure  is 


when  the  body 
is  mounted  on 
wheels  it  will 
i>oll; 


example  of  the 
loaded  cart; 


W.D; 

in  which  W  denotes 

the  weight  of  the  cart 

and   its  load,  and  D 

the  perpendicular  distance  mh  from  the  point  of  contact  moment  of  the 

m,  to  the  line  of  direction  Gboi  the  weight  W.  *"'°'*  ^^  "^^^""^ 

^  rotation  Is 

produced. 


XVI.. 


"  >/ 


FRICTION    AND    ADHESION. 


§  211. — ^When  two  bodies  are  pressed  together,  expe-  Friction; 
rience  shows  that  a  certain  effort  is  always  required  to 
cause  one  to  roll  or  slide  along  the  other.     This  arises  manifested  when 
almost  entirely  jfrom  the  inequalities  in  the  surfaces  of  *^®  ^**^*'*  *"* 

,  ,  .  .     preaaed  together 

contact  interlocking  with  each  other,  thus  rendering  it  and  one  it  moved 
necessary,  when  motion  takes  place,  either  to  break  them  ®^®' "»«<>"»«""» 
off,  compress  them,  or  force  the  bodies  to  separate  far 
enough  to  allow  them  to  pass  each  other.     This  cause  of 
resistance  to  motion  is  called  findion,  of  which  we  distin- 
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sliding  and 
rolling  friction ; 


the  measore  of 
lita  intensity. 


guish  two  kinds,  according  as  it  accompanies  a  sliding  or 
rolling  motion.  The  first  is  denominated  sliding,  and  tn 
second  rolling  Jriction.  They  are  governed  by  the  saiif 
laws ;  the  former  is  much  greater  in  amount  than  tk 
latter  under  given  circumstances,  and  being  of  more  import- 
ance in  machines,  will  principally  occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measuKu 
by  the  force  exerted  in  the  direction  of  the  surface  .'i 
contact,  which  will  place  the  bodies  in  a  condition  to  resist 
during  a  change  of  state,  in  respect  to  motion  or  rest,  ohj 
by  their  inertia- 


intensity 

measured  by 
spring  balance ; 


§  212. — The  friction  between  two  bodies  may  be  m^ 
ured  directly  by  means  of  the  spring  balance.  For  ttis 
purpose,  let  the 
surface  CD  oi 
one  of  the  bod- 
ies i^  be  made 
perfectly  level, 
so  that  the  oth- 


Fig.  218. 


J4f 


-E 


the  indication  of 
the  balance,  when 
the  motion  is 
uniform  is  the 
measure; 


the  most  valuable 
•xperimenta  are 
thoteofM.Morin; 


er  body  Jf ', 
when  laid  upon 
it,    may    press 

with  its  entire  weight.  To  some  point,  as  Ey  of  the  bodj 
M\  attach  a  cord  with  a  spring  balance  in  the  manner 
indicated  in  the  figure,  and  apply  to  the  latter  a  force  f 
of  §uch  intensity  as  to  produce  in  the  body  If'  a  unifonn 
motion.  The  motion  being  uniform,  the  accelerating  ana 
retarding  forces  must  be  equal  and  contrary;  that  is  tosa}*: 
the  friction  must  be  equal  and  contrary  to  the  force  /,  of 
which  the  intensity  is  indicated  by  the  balance. 

The  experiments  on  friction  which  seem  most  entitled 
to  confidence,  are  those  performed  at  Metz  by  M.  Morin. 
under  the  orders  of  the  French  government,  in  the  years 
1831,  1832,  and  1833.  They  were  made  by  the  aid  of  a 
contrivance,  first  suggested  by  M.  Poncelet,  which  is  ^^^ 
of  the  most  beautiful   and   valuable  contributions  that 
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theory  has  ever  made  to  practical  mechanics.     Its  details  where  theie 
are  given  in  a  work  by  M.  Morin,  entitled  "iV^ouieZfes  ^'j^^®"""*' 
Ejyperiences  sur  le  FrottemeyiL"    Paris,  1833. 

The  following  conclusions  have  been  drawn  from  these 
experiments,  viz. : 

The  friction  of  two  surfaces  which  have  been  for  a  conciuaioM  trvm 
considerable  time  in  contact  and  at  rest,  is  not  only  differ-  „!^rtment«- 
ent  in  amount,  but  also  in  nature  from  the  friction  of  sur- 
faces in  continuous  motion ;  especially  in  this,  that  the 
friction  of  quiescence  is  subjected  to  causes  of  variation 
and  uncertainty  from  which  the  friction  during  motion  is 
exempt.  This  variation  does  not  appear  to  depend  upon 
the  extent  of  the  surface  of  contact;  for,  with  different 
pressures,  the  ratio  of  the  friction  to  the  pressure  varied 
greatly,  although  the  surfaces  of  contact  were  the  same. 

The  slightest  jar  or  shock,  producing  the  most  imper-  in  machinery, 
ceptible  movement  of  the  surfaces  of  contact,  causes  the  ****  '"*^**°?  *'**'^** 

,      ,  ,  Bccoinpaniefl 

friction  of  quiescence  to  pass  to  that  which  accompanies  motion  to  be 
motion.  As  every  machine  may  be  regarded  as  being  ^"'*^*"^* 
subject  to  slight  shocks,  producing  imperceptible  motions 
in  the  surfaces  of  contact,  the  kind  of  friction  to  be  em- 
ployed in  all  questions  of  equilibrium,  as  well  as  of  motions 
of  machines,  should  obviously  be  this  last  mentioned,  or 
that  which  accompanies  continuous  motion. 

The  LAWS  of  friction  which  accompanies  continuous  the  inws  of  this 
motion  are  remarkably  uniform  and  definite.     These  laws  '"^"°°  "« 

•^  *'  "^  tmifonn  and 

are:  definite; 

1st.  Friction  accompanying  continuous  motion  of  two  nntiaw; 
surfaces,  between  which  no  unguent  is  interposed,  bears  a 
constant  proportion  to  the  force  by  which  those  surfaces 
are  pressed  together,  whatever  be  the  intensity  of  the  force. 

2d.  Friction  is  wholly  independent  of  the  extent  of  the  aecondiaw; 
surfaces  in  contact. 

3d.  Where  unguents  are  interposed,  a  distinction  is  to  be 
made  between  the  case  in  which  the  surfaces  are  simply  third  uw ; 
unctuous  and  in  intimate  contact  with  each  other,  and  that 
in  which  the  surfaces  are  wholly  separated  from  one  another 
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influence  of 
unguents ; 


an  apparent 
exception  to 
■econd  law ; 


three  conditiona 
of  the  surfaces  in 
respect lo 
friction; 


fourth  law; 


remarlcable 
instance  of  the 
uniformity  of 
IhAse  laws; 


by  an  interposed  stratum  of  t/ie  unguent.     The  friction  :: 
these  two  cases  is  not  the  same  in  amount  under  the  sii 
pressure,  although  the  law  of  the  independence  of  exv: 
of  surface  obtains  in  each.    When  the  pressure  > 
creased  sufficiently  to  press  out  the  unguent  so  as  to  br  : 
the  unctuous  surfaces  in  contact,  the  latter  of  these  tu-- 
passes  into  the  first;  and  this  fact  may  give  rise  to  . 
apparent  exception  to  the  law  of  the  independence  of  r 
extent  of  surface,  since  a  diminution  of  the  surfece  of  < . 
tact  'may  sb  concentrate  a  given  pressure  as  to  remove  u 
unguent  from  between  the  surfaces.     The  excepti^m  • 
however  but  apparent,  and  occurs  at  the  passage  from  • : 
of  the  cases  above-named  to  the  other.    To  this  ex!«  .*. 
the  law  of  independence  of  the  extent  of  surface  is,  th-.:  - 
fore,  to  be  received  with  restriction. 

There  are  then  three  conditions  in  respect  to  frictLi- 
under  which  the  surfiices  of  bodies  in  contact  mar  » 
considered  to  exist,  viz.:  1st,  that  in  which  no  ungnt.:* 
is  present;  2d,  that  in  which  the  surfaces  are  simi'j 
unctuous;  8d,  that  in  which  there  is  an  interposed  strat^i 
of  the  unguent.  Throughout  each  of  these  states  tl- 
friction  which  accompanies  motion  is  always  proportioL.- 
to  the  pressure,  but  for  the  same  pressure  in  each,  vtrr 
different  in  amount. 

4th.  The  friction,  which  accompanies  motion,  is  always 
independent  of  the  velocity  with  which  the  bodies  move; 
and  this,  whether  the  surfisices  be  without  unguents  or 
lubricated  with  water,  oils,  grease,  glutinousj  liquick. 
syrups,  pitch,  &c.,  &c. 

The  variety  of  the  circumstances  under  which  tlies^ 
laws  obtain,  and  the  accuracy  with  which  the  phenoin*"  r 
of  motion  accord  with  them,  may  be  inferred  from  a  sii :-'"' 
example  taken  from  the  first  set  of  Morin's  experiinonti 
upon  the  friction  of  surfaces  of  oak,  whose  fibres  vcre 
parallel  to  the  direction  of  the  motion.  The  surfaces  of 
contact  were  made  to  vary  in  extent  from  1  to  84;  the 
forces  which  pressed  them  together  from   88  to  22'.^' 
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pounds;  and  the  velocities  from  the  slowest  perceptible 
motion  to  9.8  feet  a  second,  causing  them  to  be  at  one  time 
accelerated,  at  another,  uniform,  and  at  another,  retarded; 
3'et,  throughout  all  this  wide  range  of  variation,  in  no  result; 
instance  did  the  ratio  of  the  pressure  to  the  friction  diflFer 
from  its  mean  value  of  0.478  by  more  than  ^  of  this  same 
fraction. 

Denote  the  constant  ratio  of  the  normal  pressure  P,  to 
the  entire  friction  F^  by/;  then  will  the  first  law  of  fric-  uretiaw 
tion  be  expressed  by  the  following  equation, 


expressed  by 
equatton ; 


(101) ; 


whence 


F  =  f.R 


Fig.  214. 


This  constant  ratio  /  is  called  the  coefficient  of  friction^  eoefflcientof 
because,  when  multiplied  by  the  total  normal  pressure,  ^^^^^'^ 
the  product  gives  the  entire  friction. 

Assuming  the  first  law  of  friction,  the  coefiicient  ^f 
friction  may  easily  be  obtained  by  means  of  the  inclined 
plane.  Let  W  denote  the 
weight  of  any  body  placed 
upon  the  inclined  plane 
AB,  Eesolve  this  weight 
O  O'  into  two  components, 
one  OM  pei'pendicular  to 
the  plane,  and  the  other 
parallel  to  it.  Because  the 
angles  ff'Gif  and  BAC 
are  equal,  the  first  of  these 
components  will  be 


its  Yslue  found 
by  mesas  of  the 
inclined  plsne ; 


W .  cos  J., 


component  of  the 
weight 

perpendicular  to 
the  plane ; 
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that  parallel  to 
the  plane ; 


the  friction  on 
the  plane ; 


friction  and 
parallel 
component 
equal; 


Fig.  214. 


and  the  second, 

W .  sin  Jl, 

in   which  A   denotes    the 
angle  BAC. 

The  first  of  these  com- 
ponents determines  the  total 
pressure  upon  the  plane, 
and  the  friction  due  to  this 
pressure,  will  be 


/.  TFcos  A. 

The  second  component  urges  the  body  to  moTe  dow^ 
the  plane.  If  the  inclination  of  the  plane  be  graduall; 
increased  till  the  body  move  with  uniform  motion,  ib? 
total  friction  and  this  component  must  be  equal  an. 
opposed;  hence 


/.  W .  cos  A  =   W ,  sin  A; 


whence 


value  of  the 
coefficient  of 
friction ; 


smJ. 

/  =  7  =  tan  A. 

^        cos  A 


We,  therefore,  conclude,  that  the  unit  or  coefficient  of 
friction  between  any  two  surfaces,  is  equal  to  the  tangeui 
of  the  angle  which  one  of  the  surfaces  must  make  with  the 
horizon  in  order  that  the  other  may  slide  over  it  with  a 
constant  velocity,  the  body  to  which  the  moving  surtace 
belongs  being  acted  upon  by  its  own  weight  alone.  Tliis 
angle  of  friction;  auglc  is  Called  the  angle  of  friction  or  limiting  angk  (4 

resistance. 

The  values  of  the  unit  of  friction  and  of  the  limifki 
angles  for  many  of  the  various  substances  employed  in  the 
art  of  construction,  are  given  in  the  following  tables: 


limiting  angle  of 
reaittance ; 
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TABLE  L 

EXFERIMERTS  ON  FrICTION,  WITHOUT  UnGUERTS.      By  M.  MoRIN. 

The  surfaces  of  friction  were  raried  from  .o3336  to  a. 7987  square  feet, 
the  pressures  from  88  lbs.  to  a2o5  lbs.,  and  Hie  velocities  from  a  scarcely 
perceptible  motion  to  9.84  feet  per  second.  The  surfaces  of  wood  were 
planed,  and  those  of  metal  filed  and  polished  with  the  greatest  care,  and 
carefully  wiped  after  every  experiment.  The  presence  of  unguents  was 
especially  guarded  against. 


SURFACES  OP  CONTACT. 


} 


\ 


Oak  upon  oak,  the  direction  of  the 
fibres  being  parallel  to  the  motion 

Oak  upon  oak,  the  directions  of  thel 
fibres  of  the  moving  surface  being 
perpendicular  to  thoiie  of  the  quies-  V 
cent  surface  and  to  the  direction  of 

the  motion^  - J 

Oak  upon  oak,  the  fibres  of  both  sur- 
faces being  perpendicular  to  the 
direction  of  the  motion      .     -     -     . 

Oak   upon  oak,   the    fibres    of   the^ 
moving  surface  being  perpendicular 
to  the  surface  of  ^ontact,  and  those  » 
of  the  surface  at  rest  parallel  to 
the  direction  of  the  motion  -    -    -  ^ 

Oak  upon  oak,  the  fibres  of  both  sur-  ^ 
faces  being  perpendicular  to  the  I 
surface  of  contact,  or  the  pieces  ( 
end  to  end 

£lm  upon  oak,  the  direction  of  the 
fibres  being  parallel  to  the  motion 

Oak  upon  elm,  ditto^ 

Elm  upon  oak,  the  fiores  of  the  mov- '^ 
ing  Burface  (the  elm)  being  perpen- 
dicular to  those  of  the  quiescent 
Bur&ce  (the  oak)  and  to  tne  direc- 
tion of  the  motion 


FRIfTTlOIf   OP 
MOTIOW.* 


II 
II 


( 


0.478 


0.324 


1.336 


19a 


>.432 
,246 


17    58 


18    35 


10     52 


23       22 

i3    5o 


o.45o    24    16 


Friction  op 

QuiKSCKMCB.t 


25«>  33'  0.625 


0.540 


0.271 


0.43 

0.694 
0.376 

0.570 


f^3 


32°   x^ 


28  23 


i5  10 


a3  17 

34  46 

20  37 

29  4i 


*  The  fHction  in  this  case  varies  but  very  Blightly  fyom  the  mean. 

t  The  friction  in  this  ease  varies  considerably  IVom  the  mean.  In  ali  the  experi- 
ments the  surftices  had  been  15  minutes  in  contact. 

t  The  dimensions  of  the  surfaces  of  contact  were  in  this  experiment  .M7  s^iare  feet, 
ukI  the  results  were  nearly  uniform.  When  the  dimensions  were  diminlahed  to  .043,  a 
tearing  of  the  fibre  became  apparent  in  the  case  of  motion,  and  there  were  symptoms  of 
ihe  combustion  of  the  wood ;  from  these  circumstances  there  resulted  an  irregularity  in 
the  friction,  indicative  of  excessive  pressure. 

}  U  is  worthy  of  remarlc  thai  the  friction  of  oalc  upon  elm  Is  but  flTe-ninths  ct  that 
of  elm  upon  oak. 
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TABLE  1.— continued. 


SURFACES  OF  CONTACT. 


[ 


Ash  upon  oak,  the  fibres  of  both  sur-  \ 
face:)  being  parallel  to  the  direction  >• 
of  the  motion ) 

Fir  npon  oak,  the  fibres  of  both  sur-  \ 
&ces  being  parallel  to  the  direction  >■ 
of  the  motion ) 

Beech  upon  oak,  ditto 

Wild  pear-tree  upon  oak,  ditto     -    - 

Service-tree  upon  oak,  ditto    -    -    - 

Wrought  iron  upon  oak,  ditto*    -    - 

Ditto,  the  surfaces  being  greased  and 
well  wetted 

Wrought  iron  upon  elm 

Wrought  iron  upon  cast  iron,  the 
fibres  of  the  iron  being  parallel  to 
the  motion 

Wrought  iron  upon  wrought  iron,  the 
fibres  of  both  surfaces  being  par- 
allel to  the  motion 

Cost  iron  upon  oak,  ditto    -    .    -     - 

Ditto,  the  sur&ces  being  g^reased  and 
wetted 

Cast  iron  upon  elm 

Oast  iron  upon  cast  iron      .... 

Ditto,  water  being  interposed  be- ) 
tween  the  surfaces J 

Cast  iron  upon  brass 

Oak  upon  cast  iron,  the  fibres  of  the  \ 
wood  being  perpendicular  to  the  > 
direction  of  the  motion     -     -     -     -  J 

Hornbeam  upon  cast  iron — ^fibres  par- 
allel to  motion 

Wild  pear-tree  upon  cast  iron — ^fibres 
parallel  to  the  motion      .... 

Steel  upon  cast  iron 

Steel  upon  brass 

Yellow  copper  upon  cast  iron  -    -    - 
Ditto  oak     -    -    -    . 

Brass  upon  cast  iron 

Brass  upon  wrought  iron,  the  fibres  of 
the  iron  being  parallel  to  the  mo- 
tion      

Wrought  iron  upon  brass    -    .    -    - 

Brass  upon  brass 


f 


FmicnoN  of 
Motion. 


•mm  «« 

e 

So 


0.400 

0.355 

o.36o 
0.370 
0.400 
0.619 

0.256 

o.aSa 

0.194 

o.i38 
0.490 


o.ioS 
o.iSa 


0.161 


e  o  g 

^  a  S 


21°    49' 


19    33 


Fucnti  cv 

QSIKSCESCI. 


f  S 
"S  "3 


sS,        **=  = 


II? 


0.570    29^  - 


O.Sao    27    J, 


19  48     0.53  27  > 

20  19     0.440  a3  4' 

21  49  *  0.570  29  _ 
3i  47  !  0.619  3i  4" 


i4  32 

i4  9 

10  59 

7  52 
26  7 

If  3 

8  39 

17  26 

8  22 

ao  25 

21  3i 

23  34 

11  26 

8  39 

10  49 
3i  4i 

12  i5 

9  9 

9  46 

11  22 


0.649    ^^ 


0.194  I  10    59 


0.137 


7    -iv 


o.646j  32    :: 


0.162       9    i3 


0.617 


3 1     41 


*  In  the  experiments  in  which  one  of  the  surfhces  was  of  metal*  iniBll  particles  of 
the  metal  began,  after  a  time,  to  be  apparent  upon  the  wood,  girini;  it  a  polished 
metallic  appearance;  these  were  at  every  experiment  wiped  off;  they  indicatad  a 
wearing  of  the  metal.  The  friction  of  motion  and  that  of  quieaccnoe,  in  these  exptfri- 
ments,  coincided.    The  resulta  were  remarkably  uniform. 
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TABLE  L-^continued, 


SURFACES  OF  CONTACT. 


Black  leather  (curried)  upon  oak*    - 

Ox  hide  (such  as  that  used  for  soles  ) 
and  for  the  stuffing  of  pistons)  upon  > 

oak,  rough ) 

Ditto        ditto        ditto,    smooth 

Leather  as  above,  polished  and  har-  ) 
dened  by  hammering ) 

Hempen  girth,  or  pulley-band,  (sangle 
de  chanvre,)  upon  oak,  the  fibres  of 
the  wood  and  the  direction  of  the 
cord  being  parallel  to  the  motion  • 

Hempen  matting,  woven  with  small  ) 
cords,  ditto J 

Old  cordage  l^  inch  in  diameter,  dittof 

Calcareous  oolitic  stone,  used  in  build- 
ing, of  a  moderately  hard  quality, 
caUed  stone  of  Jaumont — ^upon  the 
same  stone    ........ 

Hard  calcareous  stone  of  Brouck,  of 
a  light  gray  color,  susceptible  of 
taking  a  fine  polish,  (the  muschel- 
kalk,)  moving  upon  the  same  stone 

The  soft  stone  menticmed  above,  upon 
the  hard  --- 

The  hard  stone  mentioned  above,  up- 
on the  soft 

Common  brick  upon  the  stone  of  Jau- 
mont     

Oak  upon  ditto,  the  fibres  of  the  wood 
being  perpendicular  to  the  surfiice 
of  the  stone 

Wrought  iron  upon  ditto,  ditto     -  '  - 

Common  bride  upoathe  stone  of  Brouck 

Oak  as  before  (endwise)  upon  ditto  - 

Iron,  ditto  ditto  •    - 


Friction  or 
Motion. 


O  O 


0.365 

0.52 

0.335 
0.396 

0.5a 

o.Sai 
o.Sa 

0.64 

0.38 

0.65 
0.67 

0.65 

0.38 

0.69 
0.60 
0.38 
0.24 


c  o  3 


i4°  5i' 

27  29 

18  3i 

16  3o 

27  29 

17  45 
27  29 

32  38 

20  49 

33  2 
33  5o 

33  2 
20  49 

34  37 


Feiction  or 

QUIBSCINCB. 


0.74 

o.6o5 

0.43 


0.64 

o.5o 

0.79 

0.74 


0.70 


0.75 
0.75 

0.65 
0.63 
0.49 


3o  58  ^0.67 


S  ^  « 


36°  3i' 
3i  II 
23  17 


20  49 
1 3  3o 


0.64 
0.42 


32  38 

26  34 

38  19 

36  3i 

35  o 

36  53 
36  53 

33  2 

32  i3 

26  7 

33  5o 
32  38 
22  47 


*  The  McUon  of  motion  was  Tery  uesrly  the  same  whether  the  surtece  of  contact 
WBB  the  inside  or  the  outside  of  the  skin.— The  etnutoMef  of  the  ooefflclent  of  the  fHciion 
of  motion  was  equally  apparent  in  the  rough  and  the  smooth  skins. 

t  All  the  above  experiments,  except  that  with  curried  black  leather,  presented  the 
phenomenon  of  a  change  in  the  poliah  of  the  sorfkces  of  fHction— a  state  of  their  sor- 
faces  necessary  Xo,  and  dependent  npon,  their  motion  upon  one  another. 
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TABLE  n. 

Experiments  oir  the  Friction  of  Unctuoub  Sjjktaces, 

Br  M.  MoRiN. 

In  these  experiments  the  surfaces,  after  haying  been  smeared  'vHk  k 
unguent,  were  wiped,  so  that  no  interposing  layer  of  the  unguent  peves:^: 
their  intimate  contact. 


SURFACES  OF  CONTACT. 


Oak  upon  oak,  the  fibres  being  paral-  > 

lei  to  the  motion    -    -    -  •  -    -    -  J 
Ditto,  the  fibres  of  the  moving  body  ) 

being  perpendicular  t«  the  motion  J* 
Oak  upon  elm,  fibres  parallel  -    -  .  - 

Elm  upon  oak,  ditto 

Beech  upon  oak,  ditto 

Elm  upon  elm,  ditto 

Wrought  iron  upon  elm,  ditto  -  - 
Ditto  upon  wrought  iron,  ditto  -  - 
Ditto  upon  cast  iron,  ditto  -  -  -  - 
Cast  iron  upon  wrought  iron,  ditto  - 
Wrought  iron  upon  brass,  ditto  -  - 
Brass  upon  wrought  iron  -  -  -  - 
Cast  iron  upon  oak,  ditto  -  -  -  - 
Ditto  upon  elm,  ditto,  the  unguent 

being  tallow 

Ditto,  ditto,  the  unguent  being  hog's 

lard  and  black  lead 

Elm  upon  cast  iron,  fibres  parallel  - 
Cast  iron  upon  cast  iron  .  .  -  . 
Ditto  upon  brass  ---*---- 

Brass  upon  cast  iron 

Ditto  upon  brass 

Copper  upon  oak 

Yellow  copper  upon  cast  iron  -  - 
Leather  (ox  hide)  well  tanned  upon  ) 

cast  iron,  wetted J 

Ditto  upon  brass,  wetted    -    -    .    . 


F&icnoiT  or 

VwacTtam 

or 

MOTXOK. 

Qcnsscn 

«n. 

efficient 
Friction. 

R  e  a 

efficient 
FrlcUoo. 

c 

,:  a 

^'S 

S<p« 

a^ 

-' 

<= 

0.108 

6°  10' 

0.390       2I=*    19 

1 

0.143 

8      9 

o.3i4 

17 

3t 

o.i36 

7    45 

0.119 

6    48 

0.420 

22 

4-' 

o.33o 

18    16 

o.i4o 

7     59 

o.i38 

7     52 

I 

0.177 

10      3 

•            • 

- 

0.118 

6 

^ 

0.143 

;  t 

0.160 

0.166 

9    a6 

0.107 

6      7 

O.IOO 

5 

43 

O.I25 

7      8 

o.x37 

7    49 

o.i35 

7    42 

0.098 

5 

55 

0.144 

8     12 

0.l32 

7    32 

0.107 

6      7 

o.i34 

7    38 

0.164 

9 

19 

0.100 

5    43 

o.ii5 

6    34 

0.229 

12    54 

0.267 

i4 

5? 

0.244 

i3    43 

The  distinction  between  the  friction  of  surfaces  to 
which  no  unguent  is  present,  those  which  are  mertly 
unctuous,  and  those  between  which  a  uniform  stratum  of 
the  unguent  is  interposed,  appears  first  to  have  been 
remarked  by  M.  Morin;    it  has  suggested  to  him  what 
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appears  to  be  the  true  explanation  of  the  difference  be- 
tween his  results  and  those  of  Coulomb.     He  conceives,  canaeofthe 
that  in  the  experiments  of  this  celebrated  engineer,  the  ^^^Z 
requisite  precautions  had  not  been  taken  to  exclude  un-  resaiu  of  MoHn 
guents  from  the  surfaces  of  contact.     The  slightest  unc-      ^       °"  ' 
tuosity,  such  as  might  present  itself  accidentally,  unless 
expressly  guarded  against — such,  for  instance,  as  might 
have  been  left  by  the  hands  of  the  workman  who  had 
given  the  last  polish  to  the  surfaces  of  contact — is  sufficient 
materially  to  affect  the  coefficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  example 
with  hard  dry  soap,  and  then  thoroughly  wiped,  so  as  to  i^u  *™^ 
show  no  traces  whatever  of  the  unguent,  were  found  by 
its  presence  to  have  lost  fds  of  their  friction,  the   co- 
efficient having  passed  from  0.478  to  0.164. 

This  effect  of  the  unguent  upon  the  friction  of  the  eflfectoffHction 
surfaces  may  be  traced  to  the  fact,  that  their  motion  upon  ^^^^^ 
one  another  without  unguents  was  always  found  to  be  at-  luiguents; 
tended  by  a  wearing  of  both  the  surfaces;  small  particles  of 
a  dark  color  continually  separated  from  them,  which  it  was 
found  from  time  to  time  necessary  to  remove,  and  which 
manifestly  influenced  the  friction :  now  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the 
consequent  wear  of  the  surfaces,  completely  ceased.     In- 
stead of  a  new  surface  of  contact  being  continually  pre- 
sented by  the  wear,  the  same  surface  remained,  receiving 
by  the  motion  continually  a  more  perfect  polish. 
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TABLE  m. 

EXFEKIMERTS  ON  FrICTION  WITH  UnGUENTS  IHTEBTOSSD.     Bt  M.  MoSOL 

The  extent  of  the  surfaces  in  these  experiments  bore  such  a  rt^ataaa.  t» 
the  pressure,  as  to  cause  them  to  be  separated  from  one  another  thrcn^bio 
bj  an  interposed  stratum  of  the  unguent 


FaicnoH 

Faicrioic 

) 

or 

or 

SURFACES  OF  CONTACT. 

Motion. 

QCIBSCBNCB. 

1  § 

UKGUEHTS. 

-5       o 

G  ®^ 

EOw 

1  s 

1  2 

Oak  upon  oak,  fibres  parallel 

o.i64 

0.440 

Dry  soap. 

Tallow. 

Ditto        ditto      -    .    -    . 

0.075 

0.164 

Ditto        ditto      -    -    -    - 

0.067 

- 

Hogs*  lard. 
TaUow. 

Ditto,  fibres  perpendicular 

o.o83 

o.a54 

Ditto        ditto      -    -    -    - 

0.07a 

- 

Hogs' lard. 

Ditto        ditto      -    -    -    - 

o.aSo 

- 

Water.                   ; 

Ditto  upon  elm,  fibres  parallel 

o.i36 

*            « 

Dry  eoap. 
Tallow. 

Ditto        ditto      -    -    -    - 

0.073 

0.178 

Ditto        ditto      ...    - 

0.066 

m                   m 

Hogs*  lard. 

TaUow. 

Ditto  upon  cast  iron,  ditto  - 

0.080 

m                 « 

Ditto  upon  wrought  iron,  ditto 

0.098 

m                   B 

Tallow. 

Beech  upon  oak,  ditto  -    -    - 

o.o55 

- 

Tallow. 

Elm  upon  oak,  ditto     .    -    - 

0.137 

O.4II 

^o^'^ 

Ditto        ditto     -    -    -    - 

0.070 

o.i4a 

Ditto        ditto     -    -    -    - 

0.060 

- 

Hogs' laid. 

Ditto  upon  elm,  ditto    -    - 
Ditto  upon  cast  iron,  ditto  - 

0.139 
0.060 

0.217 

C  Greased,  and 

Wrought  iron  upon  oak,  ditto 

o.a56 

0.649 

i  saturated  with 
/  water. 

Ditto        ditto        ditto     - 
Ditto        ditto        ditto     - 

o.ai4 
o.o85 

*           • 

0.108 

Dry  soap.              ' 

Tallow. 

Ditto  upon  elm,      ditto 

0.078 

- 

Tallow.                  , 

Ditto        ditto        ditto     - 

0.076 

- 

Hogs*  lard.            | 

Ditto        ditto        ditto     - 

o.o55 

- 

Olive  oiL 

Ditto  upon  cast  iron,  ditto  - 

o.io3 

- 

TaUow. 

Ditto        ditto        ditto     - 

0.076 

»                   m 

Hogs*  lard.             1 

Ditto        ditto        ditto     • 

0.066 

O.IOO 

Olive  oiL 

Ditto  upon  wrought  iron,  ditto 

0.082 

- 

TaUow. 

Ditto        ditto        ditto     - 

0.081 

- 

Hogs*  lard.             > 

Ditto        ditto         ditto     - 

0.070 

o.ii5 

Olive  oiL 

"Wrought    iron    upon    brass,  ) 
fibres  parallel J 

o.io3 

•                   m 

Tallow. 

i 

Ditto        ditto        ditto     - 

0.075 

- 

Hogs*  lard 

Ditto        ditto        ditto     - 

0.078 

• 

OUve  oiL 

Cast  iron  upon  oak,    ditto     - 

0.189 

«                   « 

Dry  soap.              > 
(  Greased,  and 

Ditto        ditto        ditto     - 

o.ai8 

0.646 

<  saturated  with  , 
( water.                1 

Ditto        ditto        ditto     - 

0.078 

O.IOO 

TaUow. 

Ditto        ditto        ditto     - 

0.075 

w                   m 

Hogs' lard. 

Ditto        ditto        ditto     - 

0.075 

O.IOO 

OUve  oiL 

Ditto  upon  elm,      ditto     • 

0.077 

«                   m 

TaUow.                  1 
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Cast    iron   upon   elm — ^fibres  ) 
parallel ) 

Ditto        ditto        ditto     - 

Ditto,  ditto  upon  wrought  iron 
Cast  iron  upon  cast  iron  -  - 
Ditto  ditto  -  -  -  - 
Ditto  ditto  .... 
Ditto  ditto  -  -  -  . 
Ditto        ditto     .... 

Ditto        ditto      .... 

Ditto  upon  brass .... 

Ditto        ditto      .... 

Ditto        ditto      .... 
Copper  upon  oak,  fibres  parallel 
Yellow  copper  upon  cast  iron 

Ditto        ditto      -    -    -    . 

Ditto         ditto      .... 
Brass  upon  cast  iron     ... 

Ditto        ditto 

Ditto  upon  wrouglit  iron    . 

Ditto        ditto     .... 

Ditto  ditto  .... 
Ditto  upon  brass  .  .  .  - 
Steel  upon  cast  iron  -  -  . 
Ditto  ditto  .... 
Ditto  ditto  .... 
Ditto  upon  wrought  iron  > 
Ditto  ditto  -  .  .  - 
Ditto  upon  brass  .  -  -  - 
Ditto        ditto      .... 

Ditto        ditto     .    .    -    - 

Tanned  ox  hide  upon  cast  iron 

Ditto  ditto  .... 
Ditto  ditto  .... 
Ditto  upon  brass  .  .  .  - 
Ditto  ditto  .... 
Ditto  upon  oak  .... 
Hempen  hbres  not  twisted," 
mcmng  upon  oak,  the  fibres 
of  the  hemp  being  placed  in 
a  direction  perpendicular  to  •- 
the  direction  of  the  motion, 
and  those  of  the  oak  parallel 
to  it 


Feictioh 

or 
Motion. 


9        g 

n  o  u 

I  2 


0.061 
0.091 

o.3i4 
0.197 
o.ioo 
0.070 
0.064 

o.o55 

o.ioS 
0.075 
0.078 
0.069 
0.072 
0.068 
0.066 
0.086 
0.077 
0.081 

0.089 

0.072 
o.o58 
o.io5 
0.081 
0.079 
0.093 
0.076 
o.o56 
o.o53 

0.067 

0.365 

o.i5o 
o.i33 
0.241 
0.191 
0.29 


0.332 


RKicnoH 
or 

QCIBBCBMCB. 


o.ioo 


o.ioo 
o.ioo 


o.ioo 
o.io3 


0.106 


0.108 


0.122 


0.79 


0.869 


UNGUENTS. 


Olive  oiL 

(  Hogs*  lard  and 
J  plumbago. 
Tallow. 
Water. 
Soap. 
Tallow. 
Hogs'  lard. 
Olive  oiL 

j  Lard  and 

(  plumbago. 
Tallow. 
Hogs'  lard. 
Olive  oil 
Tallow. 
Tallow. 
Hogs'  lard. 
Olive  oil. 
Tallow. 
Olive  oil. 
Tallow. 

{Lard  and 
plumbago. 
Olive  oiL 
Olive  oil 
Tallow. 
Hogs'  lard. 
Olive  oil. 
Tallow. 
Hoffs'  lard. 
Tallow. 
Olive  oil 

Lard  and 

plumbago. 

Greased,  and 

saturated  with 

water. 
Tallow. 
Olive  oiL 
Tallow. 
Olive  oiL 
Water. 


(  Greased,  and 
J  saturated  with 
(  water. 
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SURFACES  OF  CJONTACT. 


The  same  as  above,  moving 

upon  cast  iron 

Ditto         ditto      -     -     -     - 

Soft  calcareous  stone  of  Jau- 
mont  upon  the  same,  with  a 
layer  or  mortar,  of  sand,  and 
lime  interposed,  after  from 
10  to  15  minutes'  contact 


\ 


FRicno.M 

or 
Motion. 


«     a 


I 


0.194 

o.i53 


Friction 

OP 
QUIKSCBNCB. 


■2     g 
COS 

8    £ 


0.74 


UNGUBnSL 


Tallow. 
OliTe  oiL 


conclusions  in 
regard  to  olive 
oil  and  lard ; 


A  comparison  of  the  results  enumerated  in  the  above 
table  leads  to  the  following  remarkable  conclusion,  easily 
fixing  itself  in  the  memory,  that  with  the  unguents  hofi 
lard  and  olive  oil  interposed  in  a  continuous  stratum  beiwtrji 
thenij  surfaces  of  wood  on  metal,  wood  on  wood,  metal  on 
wood,  and  metal  on  metal,  when  in  m/>tion,  have  aU  of  them 
very  nearly  the  same  coefficient  of  friction,  the  value  of  that 
coefficient  being  in  all  cases  included  between  0.07  and  O.OS. 
and  tJie  limiting  angle  of  resistance  therefore  between  4* 
and  4°  35'. 
tauow  not  so  well  For  the  unguent  tallow  the  coefficient  is  the  same  cts  the 
suited  to  metal,    ^y^  ^^  evcry  case,  except  in  that  of  metals  upon  metals  ;  this 

unguent  seems  less  suited  to  metallic  surfaces  than  the  others, 
and  gives  for  the  mean  value  of  its  coefficient  0.10,  and  far  its 
limiting  angle  of  resistance  5°  43'. 


Adhesion ; 


§  213. — Besides  friction,  there  is  another  cause  of  re- 
sistance to  the  motion  of  bodies  when  moving  over  one 
another.  The  same  forces  which  hold  the  elements  of 
bodies  together,  also  tend  to  keep  the  bodies  themselves 
together,  when  brought  into  sensible  contact.  The  eflfort 
by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhesion. 
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Familiar  illustrations  of  the  existence  of  this  force  are 
furnished  by  the  pertinacity  with  which  sealing-wax,  wa- 
fers, ink,  chalk,  and  black-lead  cleave  to  paper,  dust  to 
articles  of  dress,  paint  to  the  surface  of  wood,  whitewash 
to  the  walls  of  buildings,  and  the  like. 

'  The  intensity  of  this  force,  arising  as  it  does  from  the 
affinity  of  the  elements  of  matter  for  each  other,  must  vary 
with  the  number  of  attracting  elements,  and  therefore  with 
the  extent  of  the  surface  of  contact. 

This  law  is  best  verified,  and  the  actual  amount  of  ad- 
hesion between  different  substances  determined,  by  means 
of  a  dehcate  spring-balance.  For  this 
purpose,  the  surfaces  of  solids  are  reduced 
to  polished  planes,  and  pressed  together  to 
exclude  the  air,  and  the  efforts  necessary 
to  separate  them  noted  by  means  of  this 
instrument.     The  experiment  being  often 

repeated  with  the  same  substances,  having 

different  extent  of  surfaces  in  contact,  it 

is  found  that  the  effort  necessary  to  pro- 
duce the  separation,  divided  by  the  area 

of  the   surface,   gives  a  constant  ratio. 

Thus,  let  S  denote  the  area  of  the  surfaces 

of  contact  expressed  in  square  feet,  square 

inches,  or  any  other  superficial  unit ;  A, 

the  effort  required  to  separate  them,  and 

a  the  constant  ratio  in  question,  then  will 


illostrations  of 
the  force  of   - 
adhesion ; 


Its  intensity 
depends  upon  th« 
extent  of  the 
Burfhceof 
contact; 


measured  by  the 
spring  balance ; 


Fig.  216. 


mode  of 
operatioM ; 


Jllll|l"'|!.''|l|||||l||X 


A 


or. 


A  =  a.& 

The  constant  a  is  called  the  unit  or  coefficient  of  adhesion^  coeocieutof 
and  obviously  expresses  the  value  of  adhesion  on  each*^*^**"' 
unit  of  surface,  for  making 


-S'=l, 
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we  have 


A  =  a. 


Fig.  216. 


mode  of 
ascertaining  its 
amount  In  any 
case: 


adhesion  between       To  find  the  adhesion  betweeu  solids  and  liquids,  ?23- 
liquid! :  pend  the  solid  from  the  balance,  with  its  polished  surfkee 

downward  and  in  a  horizontal  posi- 
tion; note  the  weight  of  the  solid, 
then  bring  it  in  contact  with  the  hor- 
izontal surface  of  the  fluid  and  note 
the  indication  of  the  balance  when 
the  separation  takes  place,  on  draw- 
ing the  balance  up;  the  difference 
between  this  indication  and  that  of 
the  weight  will  give  the  adhesion; 
and  this  divided  by  the  extent  of  sur- 
face, will  give,  as  before,  the  coeffi- 
cient a.  But  in  this  experiment  two 
opposite  conditions  must  be  carefully 
noted,  else  the  cohesion  of  the  ele- 
ments of  the  liquid  for  each  other 
may  be  mistaken  for  the  adhesion  of 
the  solid  for  the  fluid.  If  the  solid 
on  being  removed  take  with  it  a 
layer  of  the  fluid ;  in  other  words,  if  the  solid  has  been 
wet  by  the  fluid,  then  the  attraction  of  the  elements  of  the 
solid  for  those  of  the  liquid  is  stronger  than  that  of  the 
elements  of  the  liquid  for  each  other,  and  a  will  be  tht» 
attraction  of  fluid  Unit  of  adhesiou  of  two  surfaces  of  the  fluid.  I^  on  the 
contrary,  the  solid  on  leaving  the  fluid  be  perfectly  dxj, 
the  elements  of  the  fluid  will  attract  each  other  more  pow- 
erfully than  they  will  those  of  the  solid,  and  a  will  denote 
the  unit  of  adhesion  of  the  solid  for  the  liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the 
action  of  solids  and  fluids  upon  each  other.  A  drop  of 
water  or  spirits  of  wine,  placed  upon  a  wooden  table  or 
piece  of  glass,  loses  its  globular  form  and  spreads  itsell' 


precaution  to  be 
observed ; 


elements  for  each 
ether  and  for 
Ibofle  of  aolida ; 


diversity  in  the 
action  of  bodies 
in  this  respect ; 
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over  the  surface  of  the  solid;  a  drop  of  mercury  will  not 

do  so.    Immerse  the  finger  in  water,  it  becomes  wet ;  in 

quicjcsilver,  it  remains  dry.     A  tallow-candle  or  a  feather  illustration  of  thu 

firom  any  species  of  water-fowl  remains  dry  though  dipped    ^* 

in  water.     Gold,  silver,  tin,  lead,  &c.,  become  moist  on 

being  immersed  in  quicksilver,  but  iron  and  platinum  do 

not.     Quicksilver  when  poured  into  a  gauze  bag  will  not 

run  through ;  water  will :  place  the  gauze  containing  the 

quicksilver  in  contact  with  water,  and  the  metal  will  also 

flow  through. 

Solids  which  become  wet  on  being  immersed  in  a  fluid,  effect  of  covering 
lose  this  property  if  covered  with  any  matter  not  similarly  J]^  ^u  ^  . 
affected  by  that  particular  fluid.     A  drop  of  water  placed 
upon  a  wooden  table  or  piece  of  glass,  smeared  with  oil  or 
tallow,  will  not  spread,  but  retain  its  globular  shape  and 
roll  oS,  if  the  surface  be  sufficiently  inclined.     Pour  water 
fiom  a  clean  common  glass  tumbler  nearly  full,  and  it  will 
run  along  the  exterior  surface ;  smear  the  rim  with  hogs'  innstrated  in  the 
lard  or  tallow,  and  the  fluid  will  flow  clear  of  the  tumbler.  ^^  ''^'"*t'[ 

'  (h>m  a  tumbler ; 

The  living  force  with  which  the  elements  of  the  water  in 

contact  with  the  glass  tend  to  leave  tlie  tumbler  by  the 

pressure  from  behind,  is,  in  a  great  measure,  overcome  by 

the  attraction  between  the  glass  and  water,  and  they  are 

thus  made  to  flow  along  the  surface,  while  the  viscosity  of  explanation; 

the  water,   or  the  attraction  of  the  fluid  particles  for 

each  other,  drags  the  remote  elements  after  them ;  and  thus 

the  water,  under  the  combined  action  of  its  living  force, 

adhesion  for  the  glass  and  viscosity,  becomes  spread  out 

into  a  sheet  of  which  the  plane  is  normal  to  the  surface  of 

the  tumbler.     When  the  tumbler  is  smeared  with  grease, 

the  adhesion  is  so  much  reduced  as  to  offer  but  feeble 

opposition  to  the  living  force  with  which  the  water  reaches 

the  edge  of  the  tumbler,  it  will,  therefore,  pass  the  edge 

after  the  manner  of  a  projectile.     Quicksilver  poured  out  caw  of 

of  a  glass  or  wooden  vessel  will,  in  like  manner,  flow  clear  po„redfrom 

of  the  outer  surface ;  but  the  contrary  will  happen  if  a  tin  different  kinds  or 

vessel  be  used. 
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effect  of 
iuterpoelAg  a 
fluid  between 
surfiices  in 
contact; 


It  is  difficult  to 
find  the  adheBion 
between  the 
rubbing  surfaces 
of  machinery ; 


this  adhesion 
may  be 
disregarded ; 


except  in  watches 
and  the  like. 


Friction  on  a 
plane; 


normal 
component  of 
the  weight; 


The  adhesion  of  solids  is  apparerUly  increased  bv  iiun> 
ducing  a  liquid  between  them.  The  fluid  fills  up  the  ex- 
isting inequalities  of  the  surfaces,  and  thus,  by  incre^ 
the  number  of  points  of  contact,  increases  the  adhesion  Vf 
an  amount  equal  either  to  that  of  the  fluid  particies  fur 
each  other,  or  to  that  of  the  fluid  for  the  solid  for  wiit.: 
it  has  the  least  affinity,  depending  upon  whether  the  s* jlii 
are  wetted  or  not  by  the  interposed  fluid.  This  is  strikini.v 
exemplified  by  means  of  common  window-glass,  blocks  c 
wood,  metallic  plates,  and  the  like. 

It  is  difficult  to  ascertain  the  precise  value  of  the  for> 
of  adhesion  between  the  rubbing  surfaces  of  niachinerr. 
apart  from  that  of  friction.  But  this  is  attended  with  li:t!e 
practical  inconvenience,  as  long  as  a  machine  is  in  motii  n. 
The  experiments  of  which  the  results  are  given  in  the  toll^ 
of  §  212,  and  which  are  applicable  to  rnachinw'',  we'^ 
made  under  considerable  pressures,  such  as  those  ^"i:: 
which  the  parts  of  the  larger  machines  are  aocustome«i  to 
move  upon  one  another.  Under  such  pressures,  the  atfc 
sion  of  unguents  to  the  surfaces  of  contact,  and  the  oy^'O- 
sition  to  motion  presented  by  their  viscosity,  are  caoitj 
whose  influence  may  be  safely  disregarded  as  compare'i 
with  that  of  friction.  In  the  cases  of  lighter  machineir. 
however,  such  as  watches,  clocks,  and  the  like,  these  002- 
siderations  rise  into  importance,  and  cannot  be  neglected 

§  214. — ^Let  any  body  i/J  rest  with  one  of  its  faces  in 
contact  with  the  inclined  plane  A  B.  Denote  its  weigbt 
by  WJ  and  suppose  it  to  be  solicited  by  a  force  F  in 
the  direction  G  Q,  making  with  the  inclined  plane  tbe 
angle  Q  0  q\  which  denote  by  9.  Denote  the  inclination 
BA  0  of  the  plane  to  the  horizon  by  a.  Resolve  the 
weight  W=  G  G'  into  two  components,  Gp  and  Gp\  one 
perpendicular  and  the  other  parallel  to  the  plane.  The 
angle  G'  Gp  being  equal  to  the  angle  BAC,  the  fiist  ot 
these  components  will  be, 

W ,  coQa; 
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Fig.  217. 


and  the  second, 


TT .  sin  a. 


parmllel 
oomponeat  of 
the  weight ; 


In  like  manner,  resolve  the  force  F  =  G  Q,  into  two  com- 
ponents Gq  and  Gq\  the  first  normal  and  the  second 
parallel  to  the  plane.    The  first  of  these  will  be, 


^ .  sin  9 ; 


and  the  second 


F.  cos(p. 


normal 
component  of 
the  force ; 


Its  parallel 
component ; 


The  total  pressure  upon  the  plane  will  be 

W.  cos  a  —  jP.  sin  9; 


and  the  fnction  thence  arising 


preflflure  upon 
the  plane ; 


/(TT.cosa  —  J^.sin9); 

in  which  /  denotes  the  coefficient  of  friction.     The  force 
which   solicits  the  body  in   the   direction  of  the   plane 


corresponding 
friction ; 
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will  be, 


whole  force  In 
direction  of  the 
plane; 


^.  COS9  —    W.  sin  a. 


This  will  tend  to  accelerate  the  body;  the  friction  w: 
tend  to  retard  it.  When  they  are  in  equilibrio,  the  K»: 
will  either  have  a  uniform  motion  or  be  just  on  the  tr 
of  motion;  which  condition  will  therefore  be  expre^ed  j 

i^.cosip  —    TFsin  a  =/(TFcosa  —  F.sin^)] 


whence 


force  necessary  to 
hold  the  body  in 
Hqtiilibrio,  or  to 
keep  it  in 
unifonn  motion 
up  the  plane ; 


F  = 


W{f  COB  a  +  sin  a) 
cos  9  4-  /.  sin  9 


(lCr2> 


to  And  under 
what  angle  to  the 
plane  this  force 
may  Ije  applied 
to  greatest 
advantage ; 


Here  the  force  F  will  be  the  smallest  possible,  or  will  I' 

applied  under  the  most  advantageous  circumstances,  wb^i 

the  denominator  is  the  greatest  possible,  since  all  df 

quantities  in  the  numerator  are  constant.     To  ascenah 

the  relation  between  the  quantities  of  the   denomiim:': 

to  satisfy  this  condition, 

draw  0  Q  making  with 

the  plane  A  B  the  angle  Fig.  218. 

QOB equal  to  9 ;  from 

G  lay  off  the  distance 

0  h  equal  to  unity,  and 

draw  he  perpendicular 

to  A  B;  then  will 

Oc  ^  cos  9, 
&  c  =  sin  9. 


Take  the  distance  0  e  equal  to  f,  and  we  have 


ed  =  /sin  9. 
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Make  Oh  equal  \o  ed^  and  there  will  result 

C   =    COS9    +/.Sin(p,  denomlniuor; 

which  is  the  value  of  the  denominator  in  Eq.  (102).  Draw 
G  k  perpendicular  \k>  0  Q^  and  erect  at  A  a  perpendicular 
to  -4  jB,  then,  because  the  angle  h  0  h  \a  the  complement 
of^G^C  =  (p,  will 

hh  =  6^  A  cot  9 ; 
or,  substituting  the  value  of  Ghj  SiS  given  above, 

kh  =  /.  sin  9  .  cot  9  =  /cos  9. 

Join  k  and  6,  and  it  will  be  obvious  that  h  c  is  the  pro- 
jection of  the  line  kb  on  AB,  and  that  this  projection 
will  be  the  greatest  possible  when  kb  is  parallel  to  A B; 
that  is;  when  kh  and  be  are  equal;  which  condition  is 
expressed  by  the  equation, 

/cos  9  =  sin  9, 
or 

g2x^  m  the  value  of  the 

/=    =    tan  9:  tangent  of  this 

•'  COS  9  ^'  angle; 

that  is  to  say,  the  power  vdll  be  applied  to  the  greatest  ad-  conciiuion; 
vantage^  tuhen  its  direction  makes  with  the  inclined  plane  an 
angle  of  which  Oie  tangent  is  equal  to  the  coefficient  of  the 
friction  between  the  plane  and  the  body  on  it. 

K  the  plane  be  horizontal,  the  angle  a  will  be  zero,  and 
Eq.  (102)  reduces  to 

•TTT  r  TElae  of  the  force 

p  -_    / .  when  plane  la 

cos  9    +  /  sin  9  horizontal ; 


834 


NATURAL    PHILOSOPHY. 


when  tn  Finally,  if  the  body  is  to  be  retained  in  equilibrio :: 

evrofmouon*'     ^^®  ®^®  ^^  motion  up  the  plane,  the  condition  lor  ::-- 

down  the  plane;  purpose  is  given  by  Eq.  (102)  as  it  stands,  but  if  the  '-i  • 

librium  is  maintained  on  the  eve  of  motion  down  the  I'l.i , 

the  friction  will  act  in  aid  of  the  force  F,  and  the  eqiu: :: 

becomes 


the  value  of  the 
force; 


_    IT  (sing  —  /costt) 
cos  (p  —  /sin  9 


(lOo  ; 


whence  it  follows,  that  there  are  an  indefinite  numV-^r  : 
different  values  for  the  force  between  ^  and  F'  which  ^ 
maintain  the  body  in  equilibrio  on  the  plane.     K  the  iv . 
be  in  motion  up  the  plane,  the  force  whose  intensity  i>  ; 
Infinity  of  forces    wiU  make  it  Uniform;  if  in  motion  down  the  plane," 

iheeqiuiibrittm."  ^^^^  whosc  value  is  F'  will  make  it  uniform.     The  " 
portance  of  this  will  be  perceived  when  we  come  lo  i:- : 
of  the  screw. 


on  the  inclined 
plane; 


§  215. — The  inclined  plane  is  one  of  the  most  ii?r:^ 
machines  employed  in  the  arts,  and  facilitates  the  tra:.- 

Qaantityofwork  portatiou  of  the  heaviest  burdens  to  considerable  e]f\> 
tions.  To  build  a  stone  wall,  for  instance,  to  any  heiLb 
the  labor  of  many  men  would  be  required  to  elevate  li- 
necessary  materials  in  a  vertical  direction,  whereas  tL:^ 
of  a  few  accomplishes  the  same  end  over  a  ramp  -:: 
inclined  plane  whose  slope  is  sufficiently  gentle  to  aJ:i:  * 
the  easy  passage  of 
men,  horses,  carts,  &c. 
Burdens  are  convey- 
ed up  inclined  planes 

oaoai  direction  of  by  applying  the  power 
parallel  to  its  length, 
and  the  force  for  this 
purpose  is  given  by 
Eq.  (102),  after  ma- 
king the  angle  (p  equal 


Fig.  219. 


Che  power ; 
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to  zero,  that  is  by 

F  —     Tr(8ina    +/cOSa).  ItsYalw.; 

Multiplying  both  members  by  AB^  the  distance  through 
which  F  is  exerted,  we  have, 

F  X  AB  =  W[AB8ina  -f/.^ 5 cos  a]; 
which  reduces  to 

F  X  AB  =   W.BC  +f.W.AC..  (104).  *^,,\7"'''' 

The  first  member  is  the  quantity  of  work  performed  by 
the  power  in  moving  the  burden  from  the  bottom  to  the 
top  of  the  plane ;  and  this,  we  see,  is  equal  to  the  quantity 
of  work  which  the  weight  of  the  burden  would  have  per- 
formed if  raised  vertically  through  the  same  height,  in- thu  value 
creased  by  the  quantity  of  work  which  the  friction  due  to  ^^^^^. 
a  pressure  equal  to  the  entire  weight,  would  have  exerted 
through  a  distance  equal  to  the  horizontal  projection  of 
the  plane. 

If  the  burden  be  rolled,  in  which  case  the  friction  may 
be  disregarded,  or  if  it  be  transported  in  any  way  to  avoid 
the  fiiction,  /  would  be  zero,  and  we  should  have 

F.AB  =  w.Ba  ^;TZT, 

0 

That  is  to  say,  the  work  in  the  direction  of  the  plane  is 
equal  to  the  work  in  the  vertical  direction.     What,  then, 
is  gained  by  the  use  of  the  plane?     Why  nothing  more  advantage  of  th« 
than  the  ability,  which  it  gives,  of  putting  in  motion  by  a  ^**"*' 
feeble  power,  applied  in  the  direction  of  its  length,  a  burden 
which  the  same  power  could  not  move  vertically  upward. 
Resuming  Eq.  (104),  we  shall  find  that  what  is  true 
of  an  inclined  plant  is  equally  true  of  a  curved  surface, 


886 


NATURAL    PHILOSOPHY. 


such    as   tliat  of  a 

aU  equally  true  of  COmmon  TOad  OF  rail- 
inclined  curved  1  1    1 

snrfMcea  •  ^^^^  ^^®^  ^^  Undula- 

ting piece  of  ground. 

For,  portions  of  the 
road,as^i,i6',ft'6", 
&c.,  may  be  taken  so 
short  as  to  differ  in- 
sensibly from  a  plane, 
in    which    case    we 


Fig.  220. 


forces  on 
elementary 
portions  of  the 
Burfkce; 


shall  have,  by  denoting  the  intensities  of  the  forces  on  tha; 
several  elementary  planes  by  F\  jP",  F"\  &a 

F'  X  Ah  ^   W.bc  +  f.  W.Ac, 

F''  X  hV  =    W.Vc'  +f.W.hc', 

F"'  X  Vb"  =   W.V'c''  +f.W.b'c'\ 


&c., 


=         &c.,       -f 


&C. 


Adding  these  equations  together,  and  denoting  the  fii^ 
member,  which  will  be  the  total  amount  of  work  in  the 
direction  of  the  surface,  by  Q\  we  have 

total  quantity  of 

*orkon.nU«       Q'  =  W\bc   +   6'c'    +   h"  c"    +    &c]    +  fW  [A  C  ■{■  hi 

"•^^  +  V  c"  +  &C.]  ; 

and  supposing  the  burden  to  reach  the  highest  point  A 
we  shall  have 

he  +  Vc'  +  h"c"  +  &C.  =  LM, 
Ac  +  he'  +  Vc"  +  &0.  =  AM; 


which,  in  the  above  equation,  give 
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C'  =   W.LM  +  f.W.AM...  (105).    q««nmyofwork 

in  the  ascent; 

After  passing  the  higliest  point  i,  the  weight  acts  in 
favor  of  the  force  applied  in  the  direction  of  the  plane,  and 
the  first  terms  of  the  second  members  will  all  change  their 
signs ;  and  denoting  the  quantity  of  work  in  the  direction 
of  the  plane  fix)m  L  \x>  Bhj  Q'\  we  shall  have,  by  the 
same  process, 

q'  =  -   W.LB'  +f.  W.B'B..  {106)]  IZ^Z"^"^ 

adding  this  to  Eq.  (105),  and  denoting  the  total  quantity 
of  work  in  the  direction  of  the  planes  from  -4  to  jB  by  Q, 
we  find 


Q=  (^+^"=  WIML-LB']  +fW{AM+BR], 


or 

quantity  in  the 
Q  =     W  X    BC  +  f.W.AC  .   .   (107).        -centand 

descent ; 

Now  it  is  to  be  remarked,  that  every  trace  of  the  path 

actually  described  by  the  burden  whose  weight  is  W,  has 

disappeared  from  this  value  for  the  quantity  of  work ;  this 

latter  is,  therefore,  wholly  independent  of  this  path,  and 

for  the  same  burden,  only  depends  upon  the  difference  of 

level  from  J.  to  jB,  and  the  horizontal  distance  A  C  between 

these  points;   so  that,  the  work  would  be  the  same  as  quantity  of  work 

though  the  load  had  been  transported  from  A  \k>  B  along  |J^^^^  ^ 

one  continuous  plane.    Nothing  is  said  here  of  the  resist-  had  been 

ance  of  the  atmosphere,  which,  like  the  friction,  would  be    ^ 

a  cause  of  opposition  to  the  motion. 

§216. — ^We  are  now  prepared  to  measure  the  tension  Tenaion  of  corda; 
of  a  cord  arising  from  the  action  of  its  own  weight.    For 
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this  purpose  take  the 

cord  PA  MFy  resting 

tbe  tension  of  a    upon  any  suiface  of 

eord  arising  from       -i  •  r     a         ±.\.     v-    -l 
its  ownwiw;     ^hich  A  IS  the  high- 

est  point,  and  con- 
sider the  part  AF 
which  tends  by  its 
weight  to  move  in 
the  direction  from  A 
to  F.  Omit  the  con- 
sideration of  friction 
for  the  present,  and 
the  question  will  con- 
sist in  this,  viz.:   to* 


weighkofaglTen 
portfon; 


this  weight 
reeolved  into 
eomponents; 


find  a  force  which,  acting  in  the  direction  of  its  lengii 
will  keep  the  cord  in  equilibrio.  This  force  must  be 
equal  and  directly  opposed  to  the  tension  on  tbe  part 
A  F.  Designate  by  W,  the  weight  of  a  unit  of  lengtt 
of  the  cord ;  then  considering  the  element  whose  length  y 
MN"^  its  weight  will  be 

W.MN. 

Through  the  centre  of  gravity  0  of  this  element,  draw  tte 
vertical  0  G  to  represent  this  weight,  which  resolve  into 
two  components  G  Q  and  Q  0,  the  one  perpendicniar 
and  the  other  parallel  to  the  cord.  The  first  will  be 
destroyed  by  the  reaction  of  the  surface ;  the  second  wiD 
act  to  move  the  cord  in  the  direction  of  its  length,  and 
therefore  to  produce  tension.  Draw  MN'  perpendicular 
and  NN'  parallel  to  the  horizon ;  then  will  the  triangles 
GQ  0  and  MNN'  be  similar,  both  being  rightrangle<i 
triangles,  and  the  angle  Q  G  0  of  the  one,  equal  to  the 
angle  MNN'  of  the  other,  because  the  side  ff  ^  is  per- 
pendicular to  ifJVj  and  0(7  to  NN' ;  hence  the  pro- 
portion. 


QO    :    OG    ::    MN'    :    MK; 
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^rlience 

r,ri           00    X    MN'  component  of 

Q  U   =   =j-jr= .  weight  parallel 

■^-^  to  the  cord; 

• 

Denote  the  tension  by  t,  which  will  be  equal  to  ^  0; 
O  G  represents  the  weight,  equal  to  TFx  MN;  and  pro- 
jecting the  points  A,  M,  N,  F,  P,  upon  the  vertical  by  the 
horizontal  lines  A  a,  Mm,  Nn,  Ff,  and  Pp,  we  have 
MN*  equal  to  m  n,  and  the  last  equation  becomes, 

W  X   MN  X    mn  .-^  valueofthe 

*   =    XfJl ^^      W    X    mn.  tension  for  a 

tingle  element; 

The  second  member  is  the  weight  of  a  portion  of  the  cord 

equal  in  length  to  the  vertical  projection  mn  of  the  element 

MN.    Now  the  length  -4  jF'  is  composed  of  a  number  of 

elements,  each  one  of  which  produces,  in  like  manner,  a 

tension  equal  to  the  weight  of  a  portion  of  the  cord  of  the 

same  length  as  its  vertical  projection.     The  tension  on 

each  element  is  transmitted  in  the  direction  of  the  cord  to 

the  elements  above.    Hence,  the  entire  tension  at  any 

point  of  the  cord,  is  measured  by  the  weight  of  a  portion  tension  at  any 

equal  in  length  to  the  vertical  projection  of  all  the  cord  ^^^"^^^ 

below  it.     Thus,  if  J^  be  the  end  of  the  cord,  the  ten-  the  vertical 

sion  at  A  will  be  measured  by  the  weight  of  a  portion  of  S!e!^^°betowiti 

the  cord  equal  to  af,  provided  no  motion  take  place.    In 

like  manner,  the  tension  at  A,  arising  from  the  weight  of 

A  P,  will  be  measured  by  the  weight  of  a  portion  equal  to 

apj  so  that  if  the  cord  have  no  fixed 

point  it  will  move  in  the  direction  of 

the  lower  end  P,  under  the  action  of  F»g-  222. 

a  force  equal  to 

W(a/  -  ap). 

If  the  ends  of  the  cord  be  upon  the         ^        1^         ^  endiew  cord  u 
same  level,  or  if  the  cord  be  endless,  it  ^      ^  *°  equiubrio. 

will  be  in  equilibrio. 
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•tiding  around  a 
fixed  cylindrical 
beam; 


§  217. — We  shall  now  take  into  consideration  tk  fiic- 
Friction  of  a  cold  tion  of  a  cord  when  sliding  around  any  body,  say  a  fixed 

cylindrical  beam  in 
a  horizontal  position. 
Let  the  cord  support 
at  one  end  a  weight 
W,  and  be  subjected 
to  the  action  of  a 
force  F  applied  at 
the  other  end.  If 
the  force  communi- 
cate motion,  it  must 
not  only  raise  the 
weight  Wf  but  must 
also  overcome  the 
friction  between  the 
cord  and  solid.     If 

the  surface  were  perfectly  polished,  the  friction  would  m 
zero,  and  the  force  F  would  be  equal  to  the  weight  IFJ  ic 
the  case  of  an  equilibrium.  Divide  the  enveloping  portcc 
of  the  cord,  a,  ^,  ^  ^  &c.,  into  an  indefinite  number  of 
very  small  and  equal  parts,  and  draw  through  the  poiDL< 
of  division,  ^,  ^  ^  &c.,  tangents  to  the  cord;  ibes 
tangents  will  intersect,  two  and  two,  at  the  points  J,  J',  ^  • 
&c.,  and  the  extreme  ones  will  coincide  with  the  straign- 
portions  of  the  cord  to  which  the  force  and  weight  are 
,  applied.     The  points  of  division  being  extremely  clow?, 

the  arcs  will  be  sensibly  confounded  with  their  chori 
a  ^,  ^  ^  ^  ^,  &c.  The  tension  of  the  cord  on  the  tangeJ^* 
a  6,  with  which  the  cord  sensibly  coincides,  is  obviously 
equal  to  WJ  if  we  neglect  the  weight  of  the  cord.  Le*  k 
be  the  tension  which  acts  at  ^  on  the  second  tangent  hi': 
this  tension  must  overcome  the  weight  W  and  the  friction 
on  the  arc  ti  a,  comprised  between  the  points  of  contact 
to  find  the  Denote  by  p  the  pressure  exerted  by  this  element  upon 

il^reieltntof  ^'^^  Cylinder,  and  by  /  the  coefficient  of  friction,  theu 

.the  cord;  will 


conatnicUon  of 
the  figure  and 
notation ; 
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4   =    W  +  fp.  ItsTtlue; 

To  find  the  pressure,  we  will  still  disregard  the  weight 
of  tlie  cord,  and  remark  that  the  two  tangents  a  h  and  2^  ^ 
are  equal.    Moreover,  if  we  construct  the  rhombus  amtih^ 
and  consider  a  5  as  proportional  to  the  weight  W,  this 
same  side  will  represent  the  tension  of  the  cord  from  a  to 
ti-     The  diagonal  b  m,  will  be  normal  to  the  chord  a  <i,  and 
therefore  to  the  surface  of  the  cylinder,  and  being  the  ^  And  the  normal 
resultant  of  the  tensions  at  a  and  ^  will  be  the  pressure  Ji^l^twlrion- 
arising  from  the  tension,  and  consequently  equal  to  p. 
The  triangles  aOti  and  mab  are  similar,  because  they  are 
both  isosceles,  and  the  angle  0  of  the  one  is  equal  to  ma& 
of  the  other;  hence 

mb    :    ati    ::    ab    :     Oa; 

mb  represents  the  pressure  p;  at^  may  be  taken  equal  to 
the  arc  of  which  it  is  chord,  which  denote  by  5;  ab 
represents  the  weight  W;  and  Oa  is  the  radius  of  the 
cylinder,  which  denote  by  J?,  and  the  proportion  may 
be  written 


pis::     W    :    B: 


whence 


P  ^D     I  normal  preMore ; 


and  this,  substituted  in  the  value  of  ^,  gives 


4=Tr(i+/^). 


Tuoeof 

Denoting  by  ^  the  tension  along  the  third  tangent  ^^^"^ 
V  t^  and  at  the  third  point  of  division  ^  this  tension  must  the  reeii 


Tsloe  of  the 
tension  on  flrst 
neareet 
reelstance ; 
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overcome  the  tension 
ti  and   friction  pro- 
duced by  the  elemen- 
to  flud  tention  on  tapj  axc  t^  t^  equal  in 

next  element  in     ^  , 

<j^^.  length  to  afi,   or  a. 

In  a  word,  ^  will  be 
circumstanced  in  re- 
spect to  ^  as  ^  was  in 
regard  to  W.    Hence 


itBTaloe; 


4  =  ^(l+-^); 


and  if  ^,  ^4,  ^,  .  .  ,  in  be  the  tensions  on  the  oonjsecutiTe 
tangents,  and  at  the  points  ^  ^4,  ^  .  .  .  4i  in  order 
around  the  beam^  we  shall  have 


4  =  ^(i+-J). 


values  for  the 
■uceeMlye 
tensions  in  order 
aroond  the  beam; 


<.  =  «(l+-5> 


'•  =  ^-('+$)- 


Taloe  of  the 
tension  on  the 
last  element  of 
contact; 


Multiplying  these  equations  together  and  dividing  out  the 
conmion  factor,  we  have 


.=  ir(i+$)" 


The  tension  t^,  being  the  last  in  order,  brings  us  to  the 
straight  portion  of  the  cord  to  which  F  is  applied,  and, 
therefore,  ^  must  be  equal  to  F;  whence 


HECHAKIOS    OF    SOLIDS.  348 


(fg\*  relation  between 

1    +  -^  j    .  the  power  and  the 


reslstanee; 


developing  this  by  the  rules  for  the  binomial  theorem, 
ive  liave 


7P  ^    Wn     a.   «     -^^    -L  ^(^    -    l)/*^                     thiayalne 

^  _    TTjl    +   n  .  -g     +  ^     2          :S^                      developed; 

n(n-l)(n-2)  yV 

^           1.2.8  ^«    +  «c.j 


It  must  be  remembered  that  5  was  taken  indefinitely 
small,  and  therefore  for  any  definite  extent  of  contact 
between  the  cord  and  cylinder,  n  must  be  indefinitely 
great ;  hence  the  numbers  1,  2,  8,  4,  &c.,  connected  with  n 
by  the  sign  minus,  may  be  neglected  in  comparison  with 
n;  this  gives 

F  =   wn    4-   ^^    +   !^/^    +        ^^^^       j1   &c1-     «»deradiltorent 

but  n  5  is  equal  to  the  entire  arc  enveloped.    Denote  this 
by  Sj  and  the  above  becomes 


the  quantity  within  the  brackets  is  the  development  of  the 

fs 
function  e^f  whence 

f8  flnal  relation 

F=   Wxe^.    .    .    .    (108),     irri^l 

reeistanoe; 

in  which  c  =  2.71825,  the  base  of  the  Nap.  system  of 
logarithms. 


844 


ezam]rfeto 
Ulotlnite; 
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Suppose  the  cord  to  be  wound  around  the  cylinder 
three  times,  and/=  J^,  then  will 


./S=8*.2i2  =  6x  3.U16  .  B  =  18.849  iZ, 


and 


F  =  W  X  ei^^«^  =   W  X  (2.71826y 


or 


F  =^   TT.  585.8; 


Importaace  of 
friction ; 


ito  alMoliita 
naoMiity. 


that  is  to  say,  one  man  at  the  end  W  could  resist  the  com- 
bined effort  of  535  men,  of  the  same  strength  as  himseK 
to  put  the  cord  in  motion  when  wound  three  times  siouzi 
the  cylinder.  This  explains  why  it  is  that  a  single  nm 
by  a  few  turns  of  her  hawser  around  a  dock-p<^  is 
enabled  to  prevent  the  progress  of  a  steamboat  although 
her  machinery  may  be  in  motion.  Here  fnction  comes  in 
aid  of  the  power,  and  there  are  numerous  instances  of 
this;  indeed,  without  friction  many  of  the  most  usefcl 
contrivances  and  constructions  would  be  useless.  It  is 
by  the  aid  of  friction  that  the  capstan  is  enabled  to  do  its 
work ;  the  friction  between  the  rails  of  a  railroad  and  the 
wheels  of  the  locomotive  enables  the  latter  to  put  itself  and 
its  train  of  cars  in  motion.  But  for  the  friction  between 
the  feet  of  draft  animals  and  the  ground,  they  could  per- 
form no  work;  nor,  indeed,  could  any  animal  walk  or 
even  stand  with  safety,  if  it  were  deprived  of  the  aid  of 
this  principle. 
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THE    WEDGE. 


Fig.  224 


detcriptton  and 


§  218. — ^Thus  far  we  have  only  considered  the  cases  of  Thewwige; 
%  body  pressing  against  a  single  surface.  The  same  body 
may  also  act  against  two  or 
more  sur&ces  at  the  same  time. 
Such,  for  example,  is  the  case 
with  the  Wedge,  which  consists 
of  an  acute  right  triangular 
prism  ABC^  usually  employed 
in  the  operation  of  separating 
and  splitting.  The  acute  di- 
hedral angle  AGb^  is  called  the 
edge;  the  opposite  plane  face 
Ah^  the  bcLck;  and  the  planes 

Ac  and  (76,  which  terminate  in 

the  edge,  the  Jbjoes.    The  more 

common     application    of    the 

wedge  consists  in  driving  it,  by 

a  blow  upon  its  back,  into  any  substance  which  we  wish  to 

split  or  divide  into  parts,  in  such  manner  that  after  each  common 

advance  it  shall  be  supported  against  the  faces  of  the  "^l^"^®**  **''**• 

opening  till  the  work  is  accomplished. 


deflnitiona; 


§  219. — ^The  blow  by  which  the  wedge  is  driven  for- 
ward will  be  supposed  perpendicular  to  its  back,  for  if  it 
were  oblique,  it  would  only  tend  to  impart  a  rotary  motion, 
and  give  rise  to  complications  which  it  would  be  unprofit-  the  wow  upon 
able  to  consider.    And  to  make  the  case  conform  still  fur-  bo^plrpfndlc^ 
ther  to  practice,  we  will  suppose  the  wedge  to  be  isosceles,  to  the  back; 
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Fig.  S25. 


to  find  the  The  wcdgc  AOB  being  inserted  in  the  opening  o^ii 

resultant  of  the      ^^  •    contact  with  its  jaws  at  a  and  6,  we  know  that  i^ 

reactioiia  on  the  <*  ' 

fiu»s;  resistance  of  the  latter  will  be 

perpendicular  to  the  &ces  of  the 

wedge.    Through  the  points  a 

and  hf  draw  the  lines  aq  and  bp 

normal  to  the  faces  A  G  and 

B  C;  from  their  point  of  inter- 

section  0,  lay  off  the  distances 

Oq  and  Op  equal,  respectively, 

to  the  resistances  at  a  and  2^. 

Denote  the  first  by  Q^  and  the 

second  by  P.    Completing  the 
construction  and  parallelogram  Oqmp,  Omwill 

represent  the  resultant  of  the 

resistances   Q  and  P.    Denote 

this  resultant  by  i?',  and  the 

angle  A  GB,  of  the  wedge,  by 

d,  which,  in  the  quadrilateral 

a  Ob  Gj  will  be  equal  to  the 

supplement  of  the  angle  a  Ob 

=  p  Oq,  the  angle  made  by  the  directions  of  Q  ^ ^• 

From  the  parallelogram  of  forces  we  have, 

iJ''  =  P«  +  (2«  +  2PCcos2?02  =  P«+^~2P$oos<; 
or 


notation; 


raloeofthe 
resoltant; 


JS'  =  VP*  +  Q*  -  2PQQ08t. 


to  find  resultant 
of  frictions; 


The  resistance  Q  will  produce  a  friction  on  the  fice-i' 
equal  to  fQ,  and  the  resistance  P  will  produce  on  the  tace 
B  (7,  the  friction  fP  ;  these  act  in  the  directions  of  the  fi«s 
of  the  wedge.  Produce  them  till  they  meet  in  6?,  and  lay 
off  the  distances  Gq'  and  Gp'  to  represent  their  intensities, 
and  complete  the  parallelogram  Gq '  0*p' ;  G  0'  will  repr" 
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sent  the  resultant  of  the  frictions.     Denote  this  by  i2", 
and  we  have^  from  the  parallelogram  of  forces, 

R^  ^PQ^  +  pP^  +  2PP  g  cos  d; 
or 

Tilue  of  the 
R"    =^  f  V  P«    +     Q^    +    2  P  C  cos  d.  TMultont  of  the 

Metlons; 

The  wedge  being  isosceles,  the  resistances  P  and  Q  will  be 
equal,  their  directions  being  normal  to  the  faces  will  inter- 
sect on  the  line  CjD,  which  bisects  the  angle  C=  ^ ;  and 
their  resultant  will  coincide  with  this  line.     In  like  manner  the  wedge  being 
the  frictions  will  be  equal,  and  their  resultant  will  coincide  ' 

with  the  same  line.    Making  Q  and  P  equal,  we  have, 
from  the  above  equations, 


5'    =     P  V2(l  -  cos^), 
R'  =  fP  V  2  (1  +  cos  a). 


result; 


But 


1  —  cos  d  =  2  sin*  \  d, 
1  +  COB  ^  =  2  cos^  Jd; 

whence  we  obtain,  by  substituting  and  reducing, 

R   =  2P.sini^, 
R'  =  2/,P.  cos  id; 


ortliMs; 


and  frirther, 


sin  i  d    ^  a   A  /7»  circular  functiou 


,coBi«=    x^; 


in  terms  of 
dementi  of  the 
CD  wedge; 
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flntl  Taloa  of 
tkeae  renilttmU ; 


therefoie, 


R  =    P 


AB 
AG 


5"=2/.i..|§. 


Talae  of  the  blow 
when  the  wedge 
is  on  the  eve  of 
movijig  forward ; 


Denote  by  F  the  intensity  of  the  blow  on  the  back  of  li- 
wedge.  If  this  blow  be  just  sufficient  to  produce  an  qi 
librium  bordering  on  motion  forward,  call  it  F' ;  the  fr.. 
tion  will  oppose  it,  and  we  must  have, 

If,  on  the  contrary,  the  blow  be  just  sufficient  to  prevc:-: 
the  wedge  from  flying  back;  call  it  F";  the  friction  v^ 
aid  it,  and  we  must  have, 


value,  when  on 
the  eve  of  moving 
back; 


limlto  within 
which  the  blow 
may  vary  to 
produce  no 
motion ; 


F"  ^  P.^-2fP 


CD 
A  O 


.  .  .  (llv 


The  wedge  will  not  move  under  the  action  of  any  for* 
whose  intensity  is  between  F'  and  F".  Any  force  les 
than  F",  will  allow  it  to  fly  back;  any  force  greater  tha 
F'  wiU  drive  it  forward.  The  range  tiirough  which  the 
force  may  vary  without  producing  motion,  is  obviouslr, 


F'  -  F"  =  4/P 


CD 
AO 


(111): 


which  becomes  greater  and  greater,  in  proportion  as  Ch 
and  A  C  become  more  nearly  equal ;  that  is  to  say,  in  pn> 
portion  as  the  wedge  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires 
that  it  shall  retain  of  itself  whatever  position  it  may  be 
driven  to.    This  makes  it  necessary  that,  Eq.  (110), 
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^    AB         ^-     p      CD  j,AB  ^^.     J,     CD         «««iHion.  that 

AC  AC  AC  ''  AC        retain  the  plaM 


to  which  It  ia 
drlren; 


or,  omitting  the  common  &ctors  and  dividing  both  members 
of  the  equation  and  inequality  by  2  GD^ 


\AB  _ 

CD 


\AB        . 


but 


\AB 

CD 


is  the  tangent  of  the  angle  A  CD;  hence  we 


conclude,  that  the  wedge  will  retain  its  place  when  its  semi-  eonciwioa; 
angle  does  not  exceed  that  whose  tangent  is  the  coefficient 
of  friction  between  the  surface  of  the  wedge  and  the  sur- 
face of  the  opening  which  it  is  intended  to  enlarge. 

Besuming  Eq.  (110),  and  supposing  the  last  term 
of  the  second  member  greater  than  the  first  term,  F"  be- 
comes negative,  and  will  represent  the  intensity  of  the 
force  necessary  to  withdraw  the  wedge ;  which  will  obvi- 
ously be  the  greatest  possible  when  AB  \s  the  least  pos- 
sible. This  explains  why  it  is  that  nails  retain  with  such  why  naib  retain 
pertinacity  their  places  when  driven  into  wood,  &c 


their  plaoea. 


§  220.— One  of  the 
most  important  uses 
of  the  wedge,  is  in  its 
application  to  what 
is  called  the  Wedge 
Press.  This,  in  its 
simplest  form,  con- 
sists of  a  truncated 
wedge  ABC^  which, 
by  a 'blow  upon  its 
back,  is  made  to  slide 
between  two  blocks, 
B'  and  B" ;  one  of 


Fig.  226. 


Application  lo 
the  wedge 
prees; 


£ 
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these  blocks  rests 
description,  against  a  fixed  sup- 
port jffj  and  the 
other  against  some 
yielding  substance 
if'  to  be  pressed. 
This  machine  is  fre- 
quently employed 
to  pack  goods,  wool, 
cotton,  skins,  and 
inesjAc;  the    like;    and    to 

express  the  vege- 
table oils  and  juices 
from  seeds,  fruit, 
&c.  The  quantity  of 
work  performed  by 
the  power  will  obvi- 
ously be  the  prod- 
qaantity  ot  work  uct  of  the  intensity 

of  the  power;        of  the  forCC  i?^  iutO 

the  distance,  in  a 
direction  perpen- 
dicular to  the  back, 
through  which  the 
wedge  has  been 
driven.  Call  this 
distance  cc,  by 
which  multiply 
both  members  of 
Eq.  (109),  and  wri- 
ting  FioT  F'  we  have 


Fig.  226. 


ItaTslne; 


Fx  =  i>. 


X 


AS 

AG 


+  2/'P'X 


OP 

AC 


To  obtain  from  this  expression  for  the  quantity  of  ^^^^ 
of  the  power,  a  relation  which  will  enable  us  to  comi^ 
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the  intensity  F  with  the  reaction  of  the  substance  K\  to  and  reiatton 
let  ABO  be  the  primitive  position  of  the  wedge,  and  ^'J**^^* 
A^B^C^  any  subsequent  position;  letting  fall  from  A^  the  re«tounee; 
perpendicular  A^  o  on  the  back ;  A^  o  will  be  equal  to  x. 
Moreover,  B^B^  is  the  distance  through  which  the  whole 
wedge  has  been  moved  towards  the  yielding  substance  K', 
and  will,  therefore,  be  equal  to  the  distance  through  which 
the  reaction  of  the  latter  has  been  exerted.     Call  this  dis- 
tance 5,  and  the  intensity  of  the  reaction  S.    Draw  -^3^44  notattoDuid 
parallel  to  GB;  then,  in  the  triangles  AA^A^  and  B^B.B,  ~»-^''«-5 
the  sides  AA^^  and  A^A^  are  respectively  equal  and  paral- 
lel to  BB^  and  BB^  and,  consequently,  A  A^  will  be  equal 
to  B^B^^^s.    The  two  triangles  A^AA^  and  ABC,  are 
similar,  and  give  the  proportion 

A^o    :    AA^    ::     GD    :    AB; 


or 


X    I    8    ::     OD    :    A B; 


whence 


X  =^  8 


relation  of  th« 
V  U  elementary  pathi 

^   fi'  of  power  and 

resistance ; 


If  there  were  no  friction,  there  would  be  no  obstruction 
to  the  free  transmission  of  the  effect  of  the  force  -Fto  the 
substance  to  be  compressed.  But,  making/ zero,  we  have, 
Eq.  (112), 


^  ^  work  of  the 

Fx    =^    JP  -    X    '  ~7~/j  J  power  without 

-^  ^  friction; 


and,  from  the  principle  of  virtual  velocities, 


Fx  =  P  '  X  '  -r—^  =  S8; 

A  G 
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whence 


Px  =  Ss  X  -j-g- 


Now  substituting  this  value  for  Px,  and  the  above  tl.- 
for  X,  in  Eq.  (112),  and  it  reduces  to 

relation  of      ,  /r  n  •r  n 

quantmcof  '  F '  8  -  ^  =  Ss  +  2f'S'8'^    .     .   C- 

work,  or  power,  ^£  'J  AB 

resistaooe,  and 
friction ; 

The  first  term  of  the  second  member  is,  obviously,  ti- 
effective  quantity  of  work  done,  being  the  reaction  of  - 
yielding  body  multiplied  into  the  distance  through  wL : 
this  reaction  has  been  exerted,  or  through  which  the  bx; 
has  been  compressed.  This,  we  see,  is  less  than  the  qix* 
tity  of  work  of  the  power  jP,  by  the  quantily 

quantity  of  work  Q  J) 

absorbedand  2f.S,S    X    -7-5J 


loat: 


which  has  been  totally  absorbed,  and  therefore  lost,  ^ 
consequence  of  the  friction.  This  loss  is  often  very  gre:i 
and  to  illustrate,  suppose  the  reaction  iS^  to  be  It"' 
pounds,  and  that  the  back  of  the  wedge  AB  is  ^  of  is 
length  CD;  then  will 


UluatraUon  by  an  20  .  jP.  5  =  1000  .  «  +  40  ./.  «  .  lOOOj 

example ; 


and,  taking /=Tftf, 


20.  F.s  =  1000.5  +  4000  5. 


numerical  loaa ;  Assigning  any  particular  value  to  5  we  please,  itappfi^ 
that  the  useful  effect  is  only  1000  5,  while  the  lossfR^ 
friction  is  4000  5,  and  that  the  work  performed  bv  li^ 
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force  F  is  50005.    Dividing  the  above  equation  by  20 «, 


we  get 


I 


JU,  Ut,  U§,  numarieal  TBlM 

i?'  =    50    +    200    =    250;  of  me  power; 


which  is  much  less  than  1000,  the  value  of  the  reaction  S. 
Hence  we  see  that  the  advantage  of  the  wedge  press  con-  defect  or  the 
sists  in  this,  viz.:  by  its  aid  the  work  may  be  executed       ***** 
with  comparatively  a  feeble  power.     The  machine  is,  how- 
ever, defective,  on  account  of  the  large  amount  of  work 
absorbed  by  its  friction. 


§  221. — As    before  remarked,   the  wedge   is   driven  Eflbct  of  the  blow 

in  the  ui 
wedge; 


forward  by  a  blow  on  its  back.    This  mode  of  employing  ^  '***  "-  °''*** 


force  is  an  additional  source  of  loss  of  work.  When  a 
hammer  strikes  the  wedge,  two  periods  are  to  be  dis- 
tinguished, viz. :  the  first  corresponds  to  the  duration  of 
the  shock,  that  is  to  say,  from  the  instant  the  hammer 
touches  the  wedge  to  that  in  which  the  greatest  com- 
pression of  the  wedge  and  hammer  takes  place ;  the  sec- 
ond follows  immediately  and  includes  the  interval  during 
which  the  reaction  of  the  body  to  be  pressed  gives  rise  to 
the  resistance  called  S,  and  to  the  frictions  due  to  the 
pressures  P  and  Q,  While  the  wedge  is  acquiring  motion 
under  the  blow,  during  the  first  period,  its  inertia  acts  as 
a  resistance ;  in  the  second  period,  the  inertia  becomes  a 
power  to  overcome  the  resistance  S.  The  blow  develops  explanation  oc 
at  each  instant,  between  the  hammer  and  wedge,  real  ^^  ^  ' 
pressures,  which  are  measurable  in  pounds;  and  these 
pressures  are  greater,  for  the  same  effect,  in  proportion  as 
the  duration  of  the  shock  or  blow  is  shorter.  The  wedge 
will,  in  the  first  period,  have  a  motion  from  the  action  of 
these  pressures  in  consequence  of  its  lateral  compression ; 
the  inertia  due  to  this  motion  being  opposed  by  the  lateral 
parts  of  the  machine  will  give  rise  to  friction,  which  fric- 
tion, together  with  the  inertia  exerted  by  the  wedge  in 
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lOMOfllTing 

force; 


ito  measure; 


loes  of  liTing 
force  firom 
permanent 
change  of 
figure. 


acquiring  an  increased  velocity  nnder  the  continoed  actk® 
of  the  hammer,  will  be  in  equilibrio  with  these  prepares. 

The  work  of  these  frictions,  during  the  first  perj>i 
will  be  absorbed  by  the  machine,  and  therefore  lc»t  to  ik 
inertia  or  living  force  of  the  wedge  when  this  living  fo?.^ 
becomes,  in  the  second  period,  a  power  to  overcome  ti*: 
resistance  S.  The  quantity  of  action,  or  half  the  liriLc 
force,  preserved  by  the  wedge  at  the  close  of  the  fe 
period,  and  with  which  it  enters  upon  the  work  to  te 
performed  during  the  second,  will  be  given  by  the  rule 
fiirnished  in  Eq.  (113),  and  from  which  it  appears,  vix. 
this  quantity  of  action  will  be  equal  to  the  quantity  d 
action  of  the  hammer  on  the  back  of  the  -wedge  darir: 
the  first  period,  diminished  by  that  consumed  by  the  tr.:- 
tion  due  to  the  wedge's  inertia  within  the  same  period. 

But  this  is  not  all.  A  part  of  the  work  of  the  hanmifT 
is  consumed  by  the  permanent  change  of  figure  of  ti^ 
wedge  arising  from  the  violence  of  the  action.  Thus  w? 
see,  that  a  considerable  portion  of  the  living  force  wiiii 
which  the  hammer  begins  its  work,  is  lost  by  change  r: 
figure,  and  by  friction  due  to  the  sudden  development  c: 
inertia ;  neither  of  which  would  take  place  under  a  foK€ 
of  gradual  and  ordinary  pressure. 


The  wedge  in 
uniTerMl  ute ; 


lU  different 
figures; 


§  222. — ^Notwithstanding  the  disadvantages  arisin: 
from  the  great  and  wasteful  consumption  of  work  whkl 
accompanies  the  employment  of  the  wedge,  this  machine 
is  in  universal  use.     It  has  not,  however,  always  the 


Fig.  22a. 


^ 
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acuteneas. 


prismatic  figure.    It  sometimes  has  the  form  of  a  pyramid  it  may  be  » 
with,  three,  four,  or  more  edges;  in  which  case,  the  rela-  p^™™**^' 
tions  between  the  power  and  resistance  when  in  equilibrio 
are  altogether  analogous  to  those  of  the  prism ;  the  power 
applied  to  the  back  is  equal  and  directly  opposed  to  the 
resultant  of  the  resistances  and  the  frictions  against  the 
faces.     The  wedge  may  also  have  the  form  of  a  truncated  a  truncated 
pyramid  or  prism.     Often  it  is  nothing  more  than  a  cone  ^^™^?'  **'  *^** 
at  the  extremity  of  a  cylinder. 

Examples  in  tools.     Almost  all  the  tools  employed  in  examples  in 
the  arts  have  some  relation  to  the  wedge;  such  as  the  ^"' 
different   kinds   of   knives,    axes,   shears,   scissors,   files, 

chisels,  saws,  hoes,  ploughs,  &C.,  &C.      All  wedges,  of  what-  rules  in  regard  to 

ever  kind  and  however  employed,  are  destined  to  act  by  *  ecegreeof 
their  pointed  ends,  and  the  shape  of  this  should  be  regula- 
ted with  special  reference  to  the  object  in  view.     If  too 
acute,  it  will  break  off;  if  too  obtuse,  it  will  not  penetrate; 
and  the  angle  adopted  is  generally  the  result  of  a  com- 
promise between  these  difficulties,   determined    by    the 
nature  of  the  material  of  which  the  wedge  is  made  and 
that  of  the  substance  to  be  worked.     If 
the  substance  to  be  worked  be  hard, 
as  cold  iron,  copper,  &c.,  the  basil  angle 
ale  should   be  large ;    this    angle   in 
the  chisel  of  a  carpenter^s  plane,  which 
is  only  intended  for  wood,  is  about  30** ; 
it  is  made  still  more  acute  in  knives 
employed  to  cut  the  softer  substances, 
meat,  bread,  and  the  like. 


Fig.  229. 


\y 


I 
I 

'if: 


§  223. — All  rotating  pieces,  such  as  wheels  supported  Friction  of 
upon  other  pieces,  give  rise  by  their  motion  to  friction.  '^*«*^k  ?»««»•  J 
This  is  an  important  element  in  all  computations  relating 
to  the   performance    of  machinery,    and  cannot    safely 
be   neglected.     It  seems   to  be    different    according  as 
the  rotating  pieces  are  kept  in  place  by  trunnions  or  by  tnumiou; 
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plToto; 


Fig.  230. 


deflnition  and 
description  of  ft 
trunnion; 


bozei; 


definition  and 
description  of 
pivots  and  their 
sockets; 


=^ 


U 


Tig.  2S1. 


^Q/ 


pivots.  By  trunnions 
are  meant  cylindrical 
projections  a  a  from 
the  ends  of  the  arbor 
^  -B  of  a  wheel;  they 
are  usually  made  as 
small  in  diameter  as 
may  be  found  consist- 
ent with  the  requisite 
strength,  and  are  so 
placed  that  their  axes 
coincide  with  that  of 
the  arbor  which  is 
perpendicular  to  the 
plane  of  the  wheel. 
The  trunnions  rest  on 
the  concave  surfaces 
of  cylindrical  boxes 
CD,  with  which  they 
usually  have  a  small 
surface  of  contact  m, 
the  linear  elements  of 
both  being  parallel. 
Pivots  are  shaped  like 
the  trunnions,  but 
support  the  weight  of 
the  wheel  and  its  ar- 
bor upon  their  circu- 
lar ends,  wtiich  rest 
against  the  bottom 
of  cylindrical  sockets, 

EFGHIK.  K  the  forces  which  give  motion  to  the 
wheel  press  its  pivot  against  the  cylindrical  sur&ce  of  the 
socket,  the  friction  will  partake  of  the  nature  of  that  due 
to  the  trunnion  as  well  as  the  pivot;  but  this  is  usuallv 
prevented  by  special  arrangements  in  the  mounting  of  the 
wheel.     Of  the  two  frictions  here  referred  to,  one  lakts 


Fig.  232. 

1  ' 


fe^ 


>.^ 
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place  between  the  end  of  the  pivot  and  the  circular  bottom 
of  the  socket,  and  is  in  all  respects  similar  to  that  of  two 
surfaces  sliding  over  each  other.  The  friction  due  to  the 
motion  of  the  trunnion  has  been  found  by  Coulomb  to  be 
much  less  than  that  of  the  pivot ;  and  there  is  also  less 
adhesion  on  account  of  the  smallness  of  the  surface  of 
contact.  A  table  of  the  coefficients  of  friction  which  ac- 
companies the  motion  of  trunnions  will  be  given  in  its 
proper  place.  ^         \     ,     TD        //^ 


nature  of  the 
Motion  on  the 
pivot ; 


Motion  on 
trunnions  leas 
than  on  pivots. 


^.7m/;  l  p.      Y^ 


Fig.  288. 


§  224. — It  is  not  sufficient  in  case  of  rotary  motion, 
to  know  the  ratio  of  the  friction  to  the  pressure;  we  must 
also  know  how  the  friction  arising  from  the  peculiar  ar- 
rangements of  the  rubbing  parts  as  just  indicated,  acts  with 
respect  to  the  other  forces.     We  shall  first  take  the  case 
of  the  pivot  turning  around 
its  axis.     Let  N  denote  the 
force,  in  the  direction  of  the 
axis,  by  which  the  pivot  is 
pressed  against  the  bottom 
of  the  socket.     This  force 
may  be  regarded  as  passing 
through  the  centre  of  the 
circular  end  of  the  pivot, 
and  as  the  resultant  of  the 
partial  pressures  exerted  up- 
on all  the  elementary  sur- 
faces  of   which   this  circle 
is  composed.    Denote  by  A 
the  area  of  the  entire  circle, 
then  will  the  pressure  sustained  by  each  unit  of  surface  be 


To  find  the  vahie 
of  the  Motion  of 
the  pivot  a^nst 
the  bottom  of  ita 
socket; 


N_ 
A 


preaaore  on  QMt 
of  sur&ce; 


and  the  pressure  on  any  small  portion  of  the  surface 
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denoted  by  a,  will  obviously  be 


preMure  on  a 
single  elementary 
Bur&ce; 


a.N 


and  the  friction  on  the  same  will  be 


the 

correspondinf 
flrietion ; 


f.a.N 


This  friction  may  be  regarded  as  applied  to  the  centiv  'X 
the  elementary  surface  a;  it  is  opposed  to  the  motioD,  a^i 
the  direction  of  its  action  is  tangent  to  the  circle  descries 
by  the  centre  of  the  element.  Denote  the  radius  of  tL> 
circle  by  r,  then  will  the  moment  of  the  friction  be 


moment  of  thia 
(Hction ; 


f--j--r. 


to  find  the 
moment  of  the 
ftiction  on  a 
single  aector ; 


If  we  now  consider  all  the  elementary  sur&ces  within  the 

sector  A  0  Bj  of  which  the  angle  at  C  is  very  small,  re 

may  regard  the  frictions  on 

these  elements  as  parallel  to 

each  other,  and  perpendicular 

to    the    radius   0  CJ    which 

bisects  the  angle  A  CB;  in 

virtue   of  their  parallelism, 

their  resultant  will  be  equal 

to  their  sum ;    and,  because 

of  their  equality  on   equal 

elementary  surfaces,  the  line 

of  direction  of  this  resultant 

will  pass  through  the  centre 

of  gravity  of  the  sector  A  CB. 

But  this   sector  being  very 

acute,  will  not  diflfer  from  an  isosceles  triangle,  of  which 
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:he  equal  sides,  and  perpendicular  drawn  to  the  base  from 
blie  vertex  (7,  will  be  sensibly  equal  to  each  other  and  to 
Rj  the  radius  GA  of  the  circle :  whence  the  distance  of 
the  resultant  friction  on  the  sector  from  the  centre  0  will 
be  |-  H.  Substituting  the  small  sector  for  a,  and  f  ^  for 
r,  in  the  foregoing  expression,  and  we  have,  for  the  moment 
of  the  friction  on  the  sector, 

and  the  same  is  true  of  any  other  sector.    If  the  moments 

be  taken  for  all  the  sectors  which  make  up  tlie  circle,  and 

these  be  added  together,  we  shall  have  the  moment  of  the 

.  -AT  . 

entire  friction.     The  quantity  /  •  — j-  •  }jS,  is  constant,  sumofaiithe 

-^  aimilar  moment! ; 

and  hence  the  sum  of  these  moments  will  be 


f  •  — T-  •  \R  X  (sum  of  the  sectors  A  CB)\ 


but  the  sum  of  all  the  sectors  is  equal  to  the  area  of  the 
circle,  or  A  ;  whence  the  moment  of  the  friction  on  the 
entire  base  of  the  pivot  is 

moment  of  the 

f.N.lB (114);        M«tto.on0.e 

entire  end  of  the 
pivot ; 

whence  we  conclude,  that,  in  the  friction  of  a  pivot,  we  may 

regard  the  whole  friction  due  to  the  pressure  as  O/cting  in  a 

single  point,  and  at  a  distance  from  the  centre  of  motion  equal 

to  two  thirds  of  the  radius  of  the  base  of  the  pivot.     This  nuan  uver  of 

distance  is  called  the  Tncan  lever  of  friction.  Motion; 

It  may  happen,  that  the  extremity  of  the  pivot,  in- 
stead of  rubbing  upon  an  entire  circle,  is  only  in  contact  when  the  wction 
with  a  ring  or  surface  comprised  between  two  concentric  g^f^.*""™*" 
circles.    This  occurs  when  the  arbor  of  a  wheel  is  urged 
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And  friction 
against  a  ring ; 


moment  on  a 
■ector  of  the 
larger  circle ; 


in  the  direction  of  its 
length  by  a  force  N  a- 
gainst  a  shoulder  deb  a. 
Denoting,  as  before,  the 
area  of  the  ring  which 
sustains  the  pressure 
by  A,  the  moment  of 
the  friction  on  the  ele- 
mentary sector  AB  G 
is,  as  before  found, 


Fig.  2S4. 


/ 


N 


iR  X  sector  AOB; 


in  which  R  denotes  the  radius  of  the  larger  circle.    Ag: 
the  moment  of  the  friction  on  the  sector  A!  OB  \^ 


that  on  the 
tmaUer ; 


/ 


N 


\R'  X  sector  A' C5'/ 


and  the  difference, 


that  on  an 
element  of  the 


If  .  ^  [iij.x  sector  AGB-  R'  sector  A' OB'], 


will  be  the  moment  of  the  friction  on  the  surface,  A'B  5X 
Taking  the  moments  for  the  remaining  elementary  sur&f^ 
which  make  up  the  ring,  and  adding  them  togetli'^' 
observing  that  the  sums  of  the  sectors  make  up  the  ar^^ 
of  the  circles  to  which  they  respectively  belong,  we  fli" 
for  the  moment  of  the  friction  on  the  whole  ring, 

"^liZJ^      if'  J  ^^  X  ^^a  of  circle  R-R'x  area  of  circiei?: 


But  the  area  of  the  circle  whose  radius  is  jS^  is 


MECHANICS    OF    SOLIDS.  861 


^  -tC   \  wea  of  one  circle; 

that  of  the  circle  whose  radius  is  R\  is 

ff  R*]  that  or  the  other; 

and  the  area  A  of  the  ring,  is 

^  \R     —    -^  )•  ««« of  the  ring; 

Substituting  these  values  in  the  above  expression,  we  find 

1^8    T>^  moment  of 

^  f ,  N  y.    friction  on  Um 

^•^  i?«    -    R''  ring; 

Finally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the 
distance  A^  A;  by  r,  its  mean  radius  or  distance  from  C to 
a  point  half  way  between  A'  and  A^  and  we  shall  have 

R    =  r  +  iZ, 
substituting  these  values  above  and  reducing,  we  have 


f-Nx   [r  +  i^.L]      .    .    (115);     ^^ 


and  making 


I  mean  lerer 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f.N.r, (115)'. 

The  quantity  r,  is  called  the  mean  lever  of  friction  for  a 
ring.  Since  the  whole  friction  /JV,  may  be  considered  as 
applied  at  a  point  whose  distance  from  the  centre  is  J  i2^  or 
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r^  =  r  +  To"")  according  as  the  friction  is  exerted  over  an 

entire  circle  or  over  a  ring ;  and  since  the  patli  descnWl 
by  this  point  lies  always  in  the  direction  in  which  i- 
work  consumed  fiiction  acts,  the  quantity  of  work  consumed  by  it  will  k 
^  ^  °°'  equal  to  the  product  of  its  intensity  fN'  into  this  p&i 
Designating  the  length  of  the  arc  described  at  the  uiiti 
distance  from  0  by  s^,  the  path  in  question  will  be  either 

IBs^,    or     r,8,; 
and  the  quantity  of  work  either 


its  value  for  an 
entire  circle ; 


|i?.«,./.iV 


for  an  entire  drcile,  or 


Its  Tslae  for  a 
ring; 


/■4  +  irF)'. 


for  a  ring.  Let  Q  denote  the  quantity  of  work  consumed 
by  friction  in  the  unit  of  time,  and  n  the  number  of  revo- 
lutions performed  by  the  pivot  in  the  same  time ;  then  iru 


s,  =  2  c  X  n; 


and  we  shall  have 


work  consumed 
by  Mellon  in  a 
unit  of  time ; 


for  a  ring ; 


Q  =  i^.H.f.N.n 


for  the  circle,  and 


(116) 


Q  =  2*.f.N:(r  +  j|^)-n.     .    (117) 


for  a  ring ;  in  -which  *  =  3.1416. 

The  coefficient  of  friction  f,  when  employed  in  either 
of  the  foregoing  cases,  must  be  taken  from  the  tables  ic 
§212. 
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Fig.  286. 


r"y . 


"^TTTTTTTi 


y/'^":"'. 


■y.; 


From  these  expressions,  it  ap- 
rs  that  the  quantity  of  work  con- 
aed  by  friction,  in  a  given  time, 
pnents  with  the  radius  of  the  piv- 
or  mean  radius  of  the  ring ;  and 
lLis  work  is  always  opposed  to  the 
►tion,  there  is  an  advantage  in  re- 
cing  these  radii  as  much  as  possi- 
\  consistently  with  the  strength  of 
3  pivot.  With  this  view,  the  pivots 
I  sometimes  made  in  the  form  of 
truncated  cone,  and  often  with  a 
nvex  ellipsoidal  or  spherical  ter- 
ination,  and  the  socket  having  a 
rresponding  shape,  it  will  only  be 
jccssaiy  to  consider  the  small  cir- 
e  of  contact  which  arises  from  the 
)mpression  of  the  material. 

Referring  to  the  expressions  (114)  and  (115)',  we  see, 
lat  to  obtain  the  moment  of  friction,  in  the  case  of  the 
ivot,  either  for  an  entire  circle  or  ring,  we  multiply  the 
yejfficient  of  friction,  as  given  in  the  table  of  §  212,  by  the 
)ressure^  and  this  product  by  Hie  mean  lever.  And  referring 
0  Eqs.  (116)  and  (117)  we  find,  that  the  quantity  of  work  is 
htained  by  multiplying  the  moment  of  friction  into  the  path 
lescribed  by  a  point  ai  the  unites  distance  from  the  centre  of 
notion. 

Example.  Required  the  moment  of  the  friction  on  a 
pivot  of  cast  iron,  working  in  a  socket  of  brass,  and  which 
supports  a  weight  of  1784  pounds,  the  diameter  of  the 
circular  end  of  the  pivot  being  6  inches.     Here 


work  coDcamed 
\iy  Mction 
proportional  to 
mean  lever ; 


''-■'■■"  - 


pivots  should  be 
as  small  as 
possible ; 

conical  and 
spherical 
terminations ; 


the  moment  of 
the  Mction ; 


quantity  of  wortE 
of  the  Motion ; 


example  of  the 
circular  base ; 


ta. 


A 


5=5  =  8=  0.25, 


N  =  1784, 
/  =  0.147; 


numerical  value 
of  elements; 
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which,  substituted  in  expression  (114),  gives 
vriueofuie  q  ^^47        j^g^  X  f  X  0.25  =  43.708. 

And  to  obtain  the  quantity  of  work  in  one  unit  o:'  i. 
say  a  minute,  there  being  20  revolutions  in  this  ul.:  \ 
make  n  =  20,  and  ^r  =  3.1416  in  Eq.  (116),  and  fini 

rinrzt    g  =  *  x  8.1416  x  0.25  x  0.147  x  i784  x  i 

=  5492.80; 

that  is  to  say,  during  each  unit  of  time,  there  is  a  qa^'  ' 

of  work  lost  which  would  be  sufficient  to  raise  a  v-._ : 

of  5492.80  pounds,  through  a  vertical  distance  of  one  :  * 

Example,  Required  the  moment  of  friction,  when  -i 

example  of  the     pivot  supports  a  wcight  of  2046  pounds,  and  works  l;-  i 

ann       aaa;      ^  ghoulder  whosc   cxterior   and   interior  diameters  -f 

respectively  6  and  4  inches ;  the  pivot  and  socket  \k  j 

of  cast  iron,  with  water  interposed. 

?          6  —  4         1  •    V 
I  s=   _ =  1  mch, 

r  =  2  +  0.5  =  2.6  inches, 

numerical  Talw  r     =   2.5  +  777^=^7-^    =2.5383    =    0.2111, 

oftheelemmito;  12    X    2.5 

N  =  2046  pounds, 
/  =  0.314; 

which,  substituted  in  expression  (115)\  gives  for  the  ce- 
ment of  friction, 

Talueolihe  03^4  ^   2046  X  0.2111  =  135.62. 

moment ; 

The  quantity  of  work  consumed  in  one  minute,  the:^ 
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being  supposed  10  revolutions  in  that  unit,  will  be  found 
by  making  in  Eq.  (117),  as  before,  *  =  3.1416  and 
n=10, 

^  =  2  X  8.1416  X  6.314  X  2046  x  0.211  x  10 

=  8517.24; 


work  ooBsumed 
in  unit  of  time ; 


that  is  to  say,  friction  will,  in  one  unit  of  time,  consume  a 
quantity  of   work  which  would   raise   8517.24  pounds 
through  a  vertical  distance  of  one  foot.     The  quantity  mie  for  unding 
of  work  consumed  in  any  given  time  would  result  from  JJ*^^^'^  *"  *^ 
multiplying  the  work  above  found,  by  the  time  reduced 
to  minutes. 


§  225. — The  friction  on  trunnions  and  axles,  which  we  Prfction  on 

trannlc 
axles; 


now  proceed  to  consider,  gives  a  considerably  less  co-  ^"*"***°* 


efficient  than  that  which  accompanies  the  kinds  of  motion 
referred  to  in  the  tables  of  §  212.  This  will  appear  from 
the  following  table,  which  is  the  result  of  careful  experi- 
ment, viz. : — 

TABLE  IV. 

Frictiok  of  Trunhiohs  in  their  Boxes. 


KOTDS  OP  MATERIALS. 

OTATE  OF  SURFACES. 

Ratio  or  Mctlon  to 
prenore  when  the 
unguent  is  renewed. 

Bv  the 
ordina^ 
method. 

Or,  con- 
tinaously. 

Trunnions  of  cast  iron 
and  boxes  of  cast  iron.  | 

Tmnnions  of  cast  iron 
and  Ixixes  of  brass. 

Unguents  of  olive  oil,  hogs' 
lard,  and  tallow  -    -    - 

The  same  uoguents  moist- 
ened with  water  -     -     - 
1  Unguent  of  asphaltum    - 

Unctuous 

Unctuous    and    moistened 
1     with  water    -    -    -    - 

Unguents  of  olive  oil,  hogs* 
lard,  and  tallow  -    -    - 

'  Unctuous 

Unctuous    and    moistened 

with  water     -     -    -    - 
Very  slightly  unctuous*  - 

(o.o8) 

o.o8 

o.o54 

o.i4 

o.i4 

(o.o8) 
o.i6 

o.i6 
0.19 

o.o54 

o.o54 
o.o54 

o.o54 

*  The  ■nrfhoes  began  to  move  about. 
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TABLE  IV.'-'ContinuecL 


KINDS  OF  MATERIALS. 


Trunnions  of  cast  iron 
and  boxes  of  ligaum-H 
yitae. 


Trunnions  of  wrought ) 
iron  and  boxes  of  cast  > 
iron.  ) 


Trunnions  of  wrought 
iron   and    boxes    of^ 
brass. 


Trunnions  of  wrought 
iron  and  boxes  of  lig- 
num-vitce. 

Trunnions  of  brass  and 
boxes  of  brass. 

Trunnions  of  brass  and  j 
boxes  of  cast  iron.        ( 

Trunnions  of   lignum- 

vitffi   and    boxes    of 

cast  iron. 
Trunnions  of   lignum- 

vitffi  and    boxes    of 

lignum-vitffi. 


STATE  OF  SURFACES. 


Without  unguents*     -     - 
Unguents  of  olive  oil  and  ) 

hogs'  lard J" 

Unctuous     with    oil    and 

hogs'  lard 

Unctuous  with  a  mixture 

of  hogs*  lard  and  plum- 


Unguents  of  olive  oil,  tal- 
low, and  hogs'  lard  -    - 

Unguents  of  olive  oil,  hogs' 
lard,  and  tallow  -    -    - 

Old  unguents  hardened  - 
Unctuous    and    moistened 

with  water  -  -  -  - 
Very  slightly  unctuousf  - 
Unguents  of  oil  or    hogs' 

lard 

Unctuous 

Undent  of  oil  -  -  -  - 
Unguent  of  hogs'  lard-    - 

Unguents  of  tallow  or  of 
oUve  oil 

Unguents  of  hogs'  lard  - 
Unctuous 


Unguent  of  hogs'  lard 


! 


Ratio  of  inc. 
preaeore  vl 
nngiiatf  it  f^^ 


Byihe 
ordinary 
method. 

I    r 

O.IO      I 


liSi 


O.IO 


o.  i4 

0.07 

to 

0.08 

0.07 
to 

0.08 

0.09 


O.I 

o 


:lt 


O.II 

0.19 

O.IO 

0.09 


0.12 
o.i5 


O.v 


friction  of 
trannioDS ; 


Let  US  now  examine  the  part  performed  by  friotiou 
to  invetiigate  the  Connection  with  the  forces  which  give  motion.    TTe  I  • 

seen  that  the   contact  of  the  trunnion  with  its  Ix'X  > 
along  a  linear  element,  common  to  the  surfaces  of  i" '  - 
A  section  perpendicular  to  its  length  would  cut  f'  -- 
the  trunnion  and  its  box,   two  circles  tangent  to  c.-' 
other  internally.     The  trunnion  being  acted  on  onlj  l^ 


*  The  wood  being  a  little  unctuous, 
t  The  surfaces  began  to  move  about. 
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Fig.  286. 


position  of 
trunnion  when  it 
begins  to  slide  on 
its  box ; 


weiglit,  would,  when  at  rest,  give  this  tangential 
int  at  o,  the  lowest  point  of  the  section  poqoi  the  box. 
th.e  trunnion  be  put  in  motion  by  the  application  of  a 
'ce,  it  would  turn 
ound  the  point  of 
ntact  and  roll  in- 
finitely along  the 
rface  of  the  box, 
the  latter  were 
vel ;  but  this  not 
jing  the  case,  it  will 
icend  along  the  in- 
ined  surface  op  to 
>me  point  as  m, 
here  the  inclina- 
Lon  of  the  tangent 
'Tnv  is  such,  that 
he  friction  is  just 

ufficient  to  prevent  the  trunnion  from  sliding.    Here  let 
he  trunnion  be  in  equilibrio.    But  the  equilibrium  requires 
that  the  resultant  of  all  the  forces  which  act,  friction  in-  point  in  which 
eluded,  shall  pass  through  the  point  m  and  be  normal  to  |^^el!^"j^*e 
the  surface  of  the  trunnion  at  that  point.  The  friction  is  ap-  Burfoce  of  box; 
plied  at  the  point  m;  hence  the  resultant  iVof  all  the  other 
forces  must  pass  through  m  in  some  direction  as  m  d;  the 
friction  acts  in  the  direction  of  the  tangent ;  and  hence,  in 
order  that  the  resultant  of  the  friction  and  the  force  iV"  shall  tangential 
be  normal  to  the  surface,  the  tangential  component  of  the  resuuanrequai 
latter  must,  when  the  other  component  is  normal,  be  equal  and  opposed  to 
and  directly  opposed  to  the  friction. 

Take  upon  the  direction  of  the  force  iV,  the  distance 
'md  io  represent  its  intensity,  and  form  the  rectangle 
adbnij  of  which  the  side  mb  shall  coincide  with  the 
tangent;  then,  denoting  the  angle  rfmaby  9,  will  the  com- 
ponent  of  iV"  perpendicular  to  the  tangent  be 


fHction ; 


N.  COS9; 


normal 
component ; 
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fHction  due  to 
this  component 


tAngentlal 
component ; 
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and  the  friction  due  to  this  pressure  will  be 

/.  N.  cos  9. 

The  component  of  i^  in  the  direction  of  the  tangt:; 
will  be 

N.  sin  <p; 
and  as  this  must  be  equal  to  the  friction,  we  have 


whence 


f,  N.  COS.  9  =  iV.  sin  9    .    .    (113); 


ralae  of  the  unit 
of  Motion ; 


/  =  tan<p; 


of  contact ; 


Fig,  2S7. 


that  is  to  say,  the  ratio  of  the  friction  to  the  pressure  '■' 
the  trunnion,  is  equal  to  tlie  tangent  of  the  angle  uv.- 
the  direction  of  the  resultant  N  of  all  the  forces  ac^r' 
die  friction,  makes  with  the  normal  to  the  surface  of'^' 
trunnion  at  the  point  of  contact  This  gives  an  easy  metk^i 
of  finding  the  point  of  con- 
to  und  the  point  tact.  For  this  purpose,  we 
have  but  to  draw  through 
the  centre  A^  a  line  A  Z^  par- 
allel to  the  direction  of  iVJ 
and  through  A  the  lilie  A  n, 
making  with  -4^  an  angle 
of  which  the  tangent  is  /; 
the  point  m,  in  which  this 
line  cuts  the  circular  section 
of  the  trunnion  will  be  the 
point  of  contact. 

Because  madb,  last  fig- 
ure, is  a  rectangle,  we  have 


iV'  =  iV"coa*9  +  iV'8in'9; 
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and,  substituting  for  iV*  sin^  (p  its  equal  f^N*  cos"  ©,  we  todndtheTaiiw 

•^^^^  Motion; 

iV^*  =  iV^»cos«(p  +/«iV^*cos«(p  =  iV*cos«(p(l  +/»); 
whence 

1 


i^Tcos  <f  =  2f  X 


VT+Ji' 


and  multiplying  both  members  by^J 

/.  iV.  cos  9  =  iV-     .    '^  .    .    (119);     ttsyiaiio; 

VI  +f 

but  the  first  member  is  the  total  friction ;  whence  we  con- 
clude, that  to  find  the  friction  upon  a  trunnion,  we  have  hvi  to 
multiply  the  resultant  of  the  forces  which  act  upon  it^  hy  ihsiv^^ 
unit  offriction;^  found  in  Table  IV,  and  divide  this  product  by 
tfie  square  root  of  the  square  of  this  same  unit  increased  by 
unity. 

This  fiictioif  acting  at  the  extremity  of  the  radius  II  of 
the  trunnion  and  in  the  direction  of  the  tangent^  its  moment 
will  be 

JJ-  .  f  X    B   .      .      .      (120).        momentofUio 

yj+/*  total  McUob; 

And  the  path  described  by  the  point  of  application  of  the 
friction  being  denoted  by  JRs^j  the  quantity  of  work  of 
the  friction  will  be 

N.JR.s,  X  -^  .    .    (121);     q««tit7ofwork 

V  1    +   /»  of  friction; 

in  which  s,  denotes  the  path  described  by  a  point  at  the 
unites  distance  from  the  centre  of  the  trunnion.    Denoting, 
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as  in  tlie  case  of  the  pivotj  the  nnmber  of  revolntioiia  per- 
formed by  the  trunnion  in  a  unit  of  time,  say  a  minute,  hj 
n;  the  quantity  of  work  performed  by  friction  in  this  to 
by  Qj ;  and  making  «*  =  8.1416.  we  have 


8^  =  2*.n; 


and 


qnanUtyofwork  Q     «    2  *  -  B  ,n .  N"—=J==     .      .     (122l 

VI    +  /« 


in  a  onit  of  Ume ; 


When  the  trunnion  remains  fixed  and  does  not  form  part 
of  the  rotating  body,  the  latter  will  turn  about  the  trun- 
nion,   which    then   takes 
axle;  the  name  axle,  having  the 

centre  of  motion  at  A,  the  Kg.  2S8. 

centre  of  the  eye  of  the 
wheel;   in   this  case,  the 

leyer  of  friction;    IcVCr  of   frictiou  bcCOmeS 

the  radius  of  the  eye  of 
the  wheel.  As  the  quan- 
tity of  work  consumed  by 
friction  is  the  greater,  Eq. 
(122),  in  proportion  as  this 

radius  is  greater,  and  as  the  radius  of  the  eye  of  the  vhoc' 
trunnion  better  must  bc  greater  than  that  of  the  axle,  the  trunnion  has  the 
rewrdtow^^"' .  advantage,  in  this  respect,  over  the  axle. 

The  value  of  the  quantity  of  work  consumed  by  frie- 
fricuon  same  fbr  tiou  is  whoUy  independent  of  the  length  of  the  trunnion  or 
irauUonBand •  ^®»  ^^^  ^^  advantage  is  therefore  gained  by  making  it 
aadea.  \   shorter  or  longer. 

\ 

§  226.— K  we  examine  Eq.  (122),  we  find  that,  all  other 

things  being  equal,  the  value  of  the  work  consumed  b/ 

friction  will  depend  upon  the  radius  R  of  the  trunnion,  and 

Tnmnions  ahonid  that  BS  the  latter  diminishes,  in  the  same  proportion  will 

be  small  as         ^j^j^  Consumption  diminish.    The  trunnion  should,  theref(»«, 

poosible;  ^  a 

be  made  as  small  as   possible,  and  of  the  hardest  and 
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strongest  material,  as  steel.  The  consumption  of  work  by  eonrampuon  or 
friction  may  also  be  diminished  by  lessening  the  force  N;  J^„^  "cuoa 
but  with  these  two  exceptions  there  is  no  way  of  avoiding  diminishing  om 


•ure: 


Fig.  289. 


the  effects  of  friction  for 
given  materials.  When 
the  trunnion  is  employed  to 
support  a  piece  which  sim- 
ply oscillates  through  an 
arc,  as  in  the  case  of  the 
pendulum  and  weighing- 
balance,  the  knife-edge 
may  be  used  to  great  ad-  sdTmniBgesoftbt 

vantage,  for,  in  that  case,  the  radius  R  is  reduced  to  the  j™J^**<*««"*" 
smallest  conceivable  length,  and  the  work  of  friction  to 
almost  nothing. 


Friction  of 
rolling  motion ; 


§  227.— -There  is  ano- 
ther species  of  friction  yet 
to  be  mentioned,  viz :  that 
which  arises  from  the  roll- 
ing of  one  body  over 
another.  As  the  surfaces 
of  contact  are  in  this  case 
applied  to  each  other,  and 
separated  in  a  direction 
perpendicular  to  that  of 
the  motion,  there  would, 
at  first  view,  appear  to  be 
no  friction,  nor  would 
there  if  the  surfaces  were 
perfect — ^that    is    to    say, 

free  from  all  irregularities.     But  there  can,  in  practice,  be 
no  such  surfece;  when  bodies  are  brought  in  contact  in 
the  manner  here  referred  to,  the  slight  protuberances  on 
the  surface  of  one  will  •enter  into  the  corresponding  cavi-  but  in  actual 
ties  on  that  of  the  other,  after  the  manner  of  so  many  ^^xal-  ^ 
wedges,  and  cannot  be  again  withdrawn  without  giving 


no  flriction  In 
rolling  motion  if 
■urfaces  were 
perfect; 
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tliU  kind  of 
fiiction,  as  well 
aa  adhesion,  may 
be  neglected; 


fHction  of  the 
second  kind ; 


illuatratlon ; 


illustration  of  its 
practical 
Bubstltation  for 
aliding  (Hction. 


rise  to  an  amount  of  friction  due  to  their  dimeiisioD,  depth 
of  insertion,    and  nature    of  material.      Here   adhesji 
assumes  a  value  which  is  appreciable,  as  compared  wiii 
this  friction,  but  both  together  are  found,  in  practice^  7) 
be  exceedingly  small,  and  generally,  adhesion  in  rolling,  ^ 
well  as  in  sUding  friction,  may,  without  much  error,  be  De- 
lected.   In  general  this  friction,  called  JrtcHon  of  the  sgx'?: 
kindy  is  less  in  proportion  as  the  diameter  of  the  rollii: 
body  is  less.    A  wheel  of  two  feet  diameter,   loaded  win 
a  weight  of  100  pounds,  and  rolling  over  a  piece  of  lerel 
and  smooth  ground,  only  gives  rise  to  a  fr'iction  of  0.*'^ 
of  the  pressure — that  is  to  say,  to  only  three  pounds.   Tis 
wheels  of  carriages  meet  often  with  considerable  resk- 
ance  when  rolling  over  compressible  or  rough  ground,  bit 
this  is  because  the  carriage  must  be  raised  over  the  in- 
clined planes  formed  in  front  by  the  sinking  of  the  wheels, 
or  over  obstacles  which  project  above  the  common  swriA>^ 
The  little  resistance  to  motion  arising  from  friction  of  iLe 
second  kind,  is  well  illustrated  by  the  comparative  fedlitr 
with  which  hdavy  blocks  of  stone  are  often  transported 
upon  rollers  over   considerable  distances.      A   roadiraj 
is  first   usually  made  by 
placing  straight  pieces  of 
timber  along  the  ground 
to  prevent  the  rollers  from 
sinking  into  it ;  the  stone 
is  then  mounted  upon  the 
rollers,   which  are  placed 
upon  these  pieces  at  right 
angles  to  their  length,  and 
drawn  in  the  direction  of 
the  road  by  the  applica- 
tion of  any  convenient  power.     As  fast  as  a  roller  is  de- 
tached from  behind,  it  is  brought  forward  and  interposed, 
in  time  to  prevent  the  stone  from  .tipping  forward  in  con- 
sequence of  its  centre  of  gravity  getting  in  advance  of  the 
leading  roller.     The  quantity  of  work  necessary  to  con- 


Fig.  241. 
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vey  a  stone  over  any  considerable  distance,  in  this  way,  is 
incomparably  less  than  if  it  were  to  rest  with  its  face 
against  the  ground.  ^      \     J  /     -c^  y  O 

A 

§  228. — ^The  diflFerent  kinds  of  friction  may  be  so  com- 
bined as  to  diminish  both  its  intensity  and  the  quantity  of  Empioymani  o 
its  work.     Thus,  let 


Fig.  242. 


rulUng  to 
dimlnUi  illdliig 
IHction; 


^F 


a  pair  of  wheels  CD 
be  mounted  upon  an 
axle,  and  suppose  a 
force  F^  applied  to 
the  latter,  parallel  to 
a  level  plane  -4  5,  to 
put  it  in  motion.  De- 
note the  weight  of  the 
axle  and  its  load  by 

W^  that  of  the  wheels  by  w.    Suppose,  for  a  moment,  that 
the  wheels  are  firmly  connected  with  the  axle  and  that  they  ease  ora  comn«B 
cannot  rotate,  but,  when  put  in  motion,  must  slide  along  ®*^' 
AB;  the  force  F^  requisite  to  impart  motion  and  keep  it 
uniform;  will  be  given  by  the  equation 


F^  =^  {W  +  w)f 


(123) ; 


in  which  /  is  the  coefficient  of  sliding  friction  between  the 
wheels  and  plane  A  B.  Next,  suppose  the  wheels  capable 
of  turning  about  the  axle,  and  the  force  requi^te  to  keep 
the  motion  uniform  to  be  denoted  by  F^^,  This  force, 
acting  to  communicate  motion,  will  give  rise  to  friction 
between  the  circumference  of  the  wheel  and  the  plane 
A  B^  and  also  between  the  axle  and  the  inner  surface  of 
the  eye:  the  latter  will  yield  first,  and  the  whole  will 
move  forward,  the  wheels  having  a  rotary  as  well  as  a 
progressive  motion.  The  firiction  at  the  axle  will,  Eq. 
(119),  be 


force  necessary  to 
keep  it  In  uniform 
motion  when 
sliding; 


N  ' 


f. 


V  1  +  /» ' 


Motion  on  axis 
when  rotating ; 
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in  which  /  denotes  the  coefficient  of  fidotion  at  tioie  axle. 
The  weight  l^is  thrown  upon  the  axle  and  acts  verticallj; 
the  force  F^^  applied  also  to  the  axle,  acts  horizontailj, 
and  hence 

normal  preMure  j^  _    ^  y^   A.   JP  ^- 

on  axle;  "   ' 

and  the  friction  at  the  axle  becomes 


Mction  on  the 
axle; 


Denote  the  radius  of  the  wheel  by  5,  and  that  of  its  er? 
by  r,  and  the  space  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  motion  by  s, ;  then  will  the  quan- 
tity of  work  of  this  friction  be 

ofT!!!'^'"'*  VTr»  +  F,^  X      .    ^'     ^^  X  r.s,. 

of  Mction;  "  V  1    -4-    /^* 

The  path  described  by  the  point  of  application  of  the 
power,  and  in  the  direction  of  the  power,  wiU  be  equal  to 
the  development  of  the  arc  of  the  circumference  of  the 
wheel  corresponding  to  the  arc  5^,  that  is  to  say,  to  £s^^ 
and  hence  the  quantity  of  work  of  the  power  wiU  be 


work  of  the 
power; 


whence  we  have 


from  which  we  find 

power  to  keep 

tbeeartln  j* 

nntform  motion     F^,    =     W  'f^    •   -^- 
when  Ute  wheels  ^ 

are  tuning; 


\/<i  +  ^  ^  -rh'^i) 
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Clie  value  of/  being  a  small  fraction,  as  will  appear  from 
Cable  IV.,  the  fraction 


Va+/')(i-rf7i~5) 


this  ftctor  equal 
tooBlty; 


vrill   differ  but  slightly  from  unity,  and  hence  may  be 
replaced  by  unity,  which  will  give 


Fo=  W.f, 


R 


/■I  n^\         praeUoal  ralatlon 
•      •      \*-^V-       orpowwtohMd; 


Dividing  this  by  Eq.  (123),  we  find 


-   X   - 


.    (125). 


relation  of  the 
powers  to 
produce  sliding 
and  rolling 
motion ; 


Here  W  is  less  than  W+  w;  /  is,  by  the  tables,  less  than 
y,  and  r  is  usually  very  much  less  than  B,  so  that  the 
second  member  must  be  a  small  fraction,  and  F^,  conse- 
quently, much  greater  than  F^^.    This  is  the  theory  of  theory  of  the 
carriage- wheels  of  every  kind,  of  castors,  rollers  for  smooth-  c^««^^J>«^ 
ing  ground,  and  the  like. 

Example.  Suppose  a  carriage  with  four  wheels,  whose 
joint  weight  is  50  pounds,  to  be  loaded  with  2040  pounds, 
the  weight  of  the  axle-trees  and  body  being  together 
equal  to  820  pounds.  Let  the  wheels  be  of  cast  iron,  the 
axles  of  wrought  iron,  the  radius  of  the  eye  half  an  inch, 
that  of  the  wheel  one  foot  and  a  half,  and  suppose  an  un-  example- 
guent  of  tallow  and  the  carriage  placed  upon  a  rail-track  «»"**««<>'» 

railway  ^ 

of  wrought  iron.    Here 
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ctf  theelaownto; 


W  =  2040  +  320  =  2360,*" 

Of. 

w  = 50, 

At. 

W  +  w  = 2410, 

/  =  Table  IV.    .    ...    0.08, 
/  =  Table  L  .    .    .    .    0.194, 

r   = 0.042,  nearly. 

^  = 1.5; 


and 

Eq.  (125), 

ntio  of  tbe 
foroei; 

F,,        2360        0.08          0.042 
J^,         2410  ^   0.194          1.5 

or 

Talneofonein 
tarmi  of  the 
other; 

i^,  =  88.49.  i?;,; 

=  0.0113; 


coiielaiion; 


ninnen 
■ubstitated  for 
wtieels  on  ice ; 


equAlity  ofthe 
work  offirictlon 
and  of  power ; 


that  is  to  say,  the  force  requisite  to  put  the  carriage  in  mo- 
tion when  its  wheels  are  free  to  rotate,  is  only  about  one 
eighty-eighth  part  of  that  which  would  be  necessary  to 
drag  it,  were  its  wheels  locked. 

If  we  examine  Eq.  (125),  we  shall  find  that  by  taking 
/  equal  to  zero,  the  force  F,,  will  be  vastly  greater  than 
F^y  and  the  wheels  will  not  turn.  Now,  although  this 
extreme  case  can  never  occur  in  practice,  yet,  when  a  car- 
riage is  placed  upon  ice,  we  approximate  to  it ;  and  this  is 
why  runners  are  usually  substituted  for  wheels,  under 
such  circumstances.  The  same  equation  explains  why  it 
is  that  so  much  more  advantage  arises  from  large  wheels 
than  small  ones. 

Multiplying  both  members  of  Eq.  (124),  by  Rs,^  we&d 

F,R8,  =   W.f,.T.8,; 
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the  second  member  is  obviously  the  work  performed  by 
firiction,  as  the  first  is  that  performed  by  the  power  F^^. 
Denoting  by  n  the  number  of  revolutions  performed  by 
the  wheels,  we  have 


S77 


8^  =  2«' .  n; 


which,  in  the  above  equation,  gives 


F^,R8,  =   W.f,  X  2^T.n, 
Denote  the  distance  travelled  by  d^  then  will 


n  = 


2*i2' 


and 


path  deterlbed  hy 
point  at  onlt^s 
dlaUnoe  from 
■jdsorizla; 


number  of 
revolutions  of  the 
wheel; 


F„R,.^w.f.'.d  .  .  (126).  ::^f^.^ 


If  we  make  d  equal  to  one  mile  =  5280  feet,  and  take 
the  dimensions  and  other  elements  the  same  as  in  the  last 
example,  we  shall  find  .  ezunpie; 

„   r,           2860X0.08X0.042X5280      ^^^^^         , 
F,,  Ii^8,=z — =  27912,  nearly; 


in  words,  the  work  expended  in  moving  the  carriage  one 
mile,  or  the  work  consumed  by  its  fiiction,  is  equivalent 
to  that  which  would  raise  27912  pounds  through  a  vertical 
height  of  one  foot. 

When  a  trunnion  is  destined  to  support  considerable  method  by  wueh 
weight,  its  dimensions  must  be  proportionably  large ;  but  as  JJJJJj^f^rtheT 
the  radius  of  the  trunnion  increases,  the  effect  of  friction  will  redaoed; 
increase  in  the  same  ratio.    To  avoid  the  inconvenience 


be 
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devloe  for 
diminiahing 
friction ; 


Fig.  243. 
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that  would  arise  from  this,  when  great  freedom  of  n.- : 
is  desirable,  we  may  have  reoouise  to  the  following  i'-. 
Conceive  the  trunnion  A  to 
rest  upon  the  circumferences 
of  two  equal  wheels,  sup- 
ported upon  smaller  trun- 
nions 0,0' J  whose  distance 
apart  is  slightly  greater  than 
the  radius  of  the  wheels. 
Eesolve,  by  the  parallelo- 
gram of  forces,  the  pressure 
upon   the   larger    trunnion 

into  two  components,  normal  to  the  circumferences  cf 
wheels ;  these  will  be  transmitted  to  the  smaller  truLn: 
0  and  G',  where  they  will  be  supported.  Denote  i. 
components  by  -^  and  N\  If  the  wheels  could  not  a- 
the  friction  between  their  circumferences  and  the  li-V 
trunnion  would  be  /JVand/'iV' ;  and  the  quantity  oIt.: 
consumed  by  this  friction  would  be 


Ll  -: 


work  of  MctloB 
when  wheels 
CAnaot  turn ; 


friction  on  the 

•mailer 

tnmnions; 


work  of  friction; 


(/ JV  +  /  N')  B.  s, : 


".: 


in  which  R,  denotes  the  radius  of  the  larger  trunnioit  -^ 
8^  the  arc  described  by  a  point  at  the  unit's  distanced- 
its  axis.  If,  on  the  contrary,  the  wheels  naay  turn,  t:- 
frictions  on  the  trunnions  0  and  C"  will  yield  before  tisu" 
the  circumference  of  their  wheels,  and  from  what  has  j^^ 
been  shown,  Eq.  (124),  the  frictions  there  become 


iV/.-l,    andjyr'/.  I;; 


in  which  r  and  r'  denote  the  radii  of  the  smaller  trunnioEi 
and  R  and  jB'  the  radii  of  their  corresponding  ^^^^' 
and  thus  the  quantity  of  work  of  friction  will  beocune 

(Nf.L  +  N'f'.^.R.s,; 
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a   quantity   obviously    mucli    less   than    that    obtained  compariaon  of 
above. 

If  the  wheels  and  their  trunnions  be  of  the  same  size, 
and  the  trunnions  as  well  as  their  boxes  be  of  the  same 
material,  the  above  expression  becomes 


/  .(i\r+i\r')-^  -R,B,; 


work  of  Mction, 
when  wheels 
nine  lize  and  of 
Mme  nmtarisl ; 


the  value  of  this  expression  may  be  made  as  small  as  we 

please,  indeed  inappreciable,  in  a  practical  point  of  view, 

by  selecting  surfaces  and  unguents  for  which  /  is  the  least 

possible,  and  making  r  very  small.    A  beautiful  applica-  used  in  Atwood*t 

tion  of  this  principle  is  exhibited  in  Atwood's  machine,  ™***^' 

which  will  be  referred  to  hereafter. 


XVIII. 


STIFFNESS    OF    COBDAGE. 


§  229. — Let  us  now  con- 
sider a  wheel  turning  freely 
about  an  axle  or  trunnion, 
and  having  in  its  circum- 
ference a  groove  to  receive 
a  cord  or  rope.  A  weight 
TT,  being  suspended  from 
one  end  of  the  rope  while 
a  force  F  is  applied  to  the 
other  extremity  to  draw  it 
up,  the  latter  will  experience 
a  resistance  in  consequence 
of  the  rigidity  of  the  rope. 


Fig.  244 


Resistance  fton 
stiffness  of 
cordage; 


880 


measure  of  tbe 
rieldity  of 
cordage; 


the  value  of 
thla  meaaore ; 


stlAieaa  on  a 
wheel  whoae 
diameter  ia 
unity; 


•Uflheaa  on  a 
wheel  of  any 
diameter; 


Kg.  244 


it^ 
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which  opposes  every  eflFort  to  bend  it  around  the  vie 
This  resistance  must,  of  necessity,  consume  a  poitioa 
the  work  of  the  force  F. 
The  measure  of  the  resist- 
ance due  to  the  rigidity  of 
cordage  has  been  made  the 
subject  of  experiment  by 
Coulomb ;  and,  according  to 
him,  it  results  that  for  the 
same  cord  and  same  wheel, 
this  measure  is  composed  of 
two  parts,  of  which  one  re- 
mains constant,  while  '  the 
other  varies  with  the  weight 
WJ  and  is  directly  propor- 
tional to  it ;  so  that,  designa- 
ting the   constant  part   by 

Ky  and  the  ratio  of  the  variable  part  to  the  weight  IT 
by  I^  the  measure  will  be  given  by  the  expression 

K  +  I .  W; 

in  which  JK"  represents  the  stifftiess  arising  from  the  nari^- 
torsion  or  tension  of  the  threads,  and  /the  stiffness  of  tlr 
same  cord  due  to  a  tension  resulting  from  one  unit  o: 
weight ;  for,  making  TT  =  1,  the  above  becomes 

K  +  I. 

Coulomb  also  foimd  that  on  changing  the  wheel,  the  stiJ 
ness  varied  in  the  inverse  ratio  of  its  diameter ;  so  th^t  i 

K  +  I.W 

be  the  measure  of  the  stiflBiess  for  a  wheel  of  one  fo:** 
diameter,  then  will 

K  +  I.W 
2R 


be  the  measure  when  the  wheel  has  a  diameter  of  2  A  A 


KECHANIGS    OF    SOLIDS.  881 


table  giving  the  values  of  JTand  /  for  all  ropes  and  cords  daufh>mwiiick 
employed  in  practice,  when  wound  around  a  wheel  of  one  ^^^^i 
foot  diameter,  and  subjected  to  a  tension  arising  from  a  meaaure  of 
unit  of  weight,  would,  therefore,  enable  us  to  find  the  stiff-       "*' 
ness  answering  to  any  other  wheel  and  weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  dif- 
ferent sizes  of  ropes  used  under  the  various  circumstances  of 
practice,  Coulomb  also  ascertained  the  law  which  connects  these  dau 
the  stiffness  with  the  diameter  of  the  cross-section  of  the  ***'*^*®^' 
rope.     To  express  this  law  in  all  cases,  he  found  it  neces- 
sary to  distinguish  1st,  new  white  rope,  either  dry  or  moist ; 
2d,  white  ropes  partly  worn,  either  dry  or  moist;  3d,  tarred  diObnni 
ropes;  4tl^,  packthread.    The  stiflBaess  of  the  first  class  he  **«»*■  o'">pe; 
found  nearly  proportional  to  the  square  of  the  diameter  of 
the  cross-section ;  that  of  the  second,  to  the  square  root  of 
the  cube  of  this  diameter,  nearly ;  that  of  the  third,  to  the 
number  of  yarns  in  the  rope ;  and  that  of  the  fourth,  to  the  laws  which 
the  diameter  of  the  cross-section.     So  that,  if  S  denote  the  ^^®™*^®™5 
resistance  due  to  the  stijB5iess  of  any  given  rope;  d  the 
ratio  of  its  diameter  to  that  of  the  table ;  and  n  the  ratio 
of  the  number  of  yarns  in  any  tarred  rope  to  that  of  the 
table,  we  shall  have  for 

New  tohite  rope,  dry  or  moist 

S=  d'  '  ^ti'^.    .    .    (127>     "-*J["'^ 

2  Jh  white  rope; 

Half  worn  white  rope^  dry  or  moisU 

/S^  =  d^    •  ^^ .      .      .      (128).       oM  white  rope; 

Tarred  rope. 
S=   n    '    ^\^'^'      •      •      (129).       Unlmp.; 


Packthread, 
S=   d    •    "^  t  £•  ^.     .     .     (180).       p«Wto«l; 
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TABLES 

OF  WEIGHTS  HECESSART  TO  BEND  DIFFERENT  ROPES  AXOUn)  1  WEL 

ONE  FOOT  IN  DIAMETER. 


No.  1.  White  Ropes — new  and  dry. 
SHffnets  proportional  to  the  sqttare  of  the  diameter. 


for  new  white 
ropes,  dry; 


for  new  white 
ropes,  moist; 


Diameter  of  rope 
in  inches. 

Natural  stiflfhess, 
or  value  of  K. 

Stiffness  for  load  of 
1  lb.,  or  value  of  /. 

0.39 
0.79 

1.57 
3.i5 

lbs. 

0.4024 

1.6007 

6.4389 

25.7553 

lbs. 

0.0079877 
o.o3i95oi 
0,1278019 
0.5112019 

No.  2.    White  Rope&-^new  and  moistened  with 

WATER. 

Stiffneee  proportional  to  square  of  diameter. 


Diameter  of  rope 

Natural  stiffness. 

Stiffness  for  load  of 

in  inches. 

or  value  of  K. 

lib.,  or  value  of /. 

lbs. 

lbs. 

0.39 

0.8048 

0.0079877 

0.79 

3.2194 

o.o3i95oi 

1.57     . 

12.8772 

O.I  278019 

3.i5 

5i.5iii 

0.5112019 

1. 00 

i.» 

1. 10 

I.:: 

i.ao 

1.44 

i.3o 

IS\ 

1.40 

i'^ 

I. So 

i.r.' 

1.60 

a.v) 

1.70 

a.tv 

1.80 

3.24 

1.90 

3.61 

a. 00 

4.^' 

No.  8.  White  Ropes — ^half  worn  and  dry. 

Stiffness  proportioned  to  the  square  root  of  the  cube 

of  the  diameter. 


old  white  ropes, 
dry; 


Diameter  of  rope 

Natural  stiffness, 

Stifftaessfor  load  of 

in  inches. 

or  value  of  K. 

1  lb.,  or  value  of  /. 

lbs. 

lbs. 

0.39 

0.40243 

0.0079877 
0.0525889 

0.79 

i.i38oi 

1.57 

3.21844 

0.0638794 

3.i5 

9.ioi5o 

0.1806573 

No.  4.    White  Ropes — ^half  worn  and  moistened 

with  water. 

Stiffness  proportional  to  the  square  root  of  the  cube 

of  the  diameter. 


old  white  ropes, 
moistened ; 


Diameter  of  rope 
in  inches. 

Natural  stiflhess, 
or  value  of  K. 

Stiffhess  for  load  of 
1  lb.,  or  value  of  /. 

0.39 
0.79 

1.57 
3.i5 

lbs. 

0.8048 

2.2761 

6.4324 

18.2037 

lbs. 

0.0079877 
0.0525889 
0.0638794 
0.1806573 

Square  roots  of  1^ 
cubes  of  the  n^ 
ordi&iDeien.or^K- 

ae«  or  cfl. 


Ratios  or 

Po»fr|. 

d 

or  J:'. 

1. 00 

1. 00 

1. 10 

I.1S4 

1.20 

i.3i: 

i.So 

1.4^3 

i.4o 

i.n..-  ■ 

i.5o 

i.i>i' 

1.60 

2.0U 

1.70 

3.31" 

1.80 

2.4:5 

1.90 

a.Oiv 

a. 00 

7M  \ 
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No.  5.  Tak&xd  Ropes. 
Stiffnett  proportional  to  the  number  of  yams. 

[These  ropee  we  usually  made  of  three  strands  twisted  around  each  other,  each 
strand  being  composed  of  a  certain  number  of  yarns,  also  twisted  about  each  other 
in  the  same  manner.] 


No.  of  yams. 

Weight  of  1  foot  In 
length  of  rope. 

Natural  stiftiess,  or 
value  of  K. 

stiffness  for  load  of 
1  lb.,  or  value  of  /. 

6 
i5 
3o 

lb*. 

0.02II 

0.0497 
I.0137 

lbs. 
0.1534 

0.7664 
2.5397 

lb: 
0.0085198 
0.0198796 
O.0411799 

for  tarred  ropes ; 


For  packthread,  it  will  always  be  sufficient  to  use  the 
tabular  values  given  above,  corresponding  to  the  least 
tabular  diameters,  and  substitute  them  in  Eq.  (130).  An 
example  or  two  will  be  sufficient  to  illustrate  the  use  of 
these  tables. 

Example  IsL  Required  the  resistance  due  to  the  stiff-  examples  to 
ness  of  a  new  dry  white  rope,  whose  diameter  is  1.18  "I"*'™'*' J**®,"** 

•'  *^   '  of  Table  No.  1; 

inches,  when  loaded  with  a  weight  of  882  pounds,  and 
wound  about  a  wheel  1.64  feet  in  diameter. 

Seek  in  Table  No.  1  the  diameter  nearest  that  of  the 
given  rope ;  it  is  0.79 ;  hence 


''  =  oil  =  ^'^'^""^y' 


and  from  the  table  at  the  side, 


d«  =  2.25. 


From  Table  No.  1,  opposite  0.79,  we  find 


elements 
obtained  flrom 
the  tables ; 


K  =  1.6097, 


I   =  0.03195; 


which,   together  with  the  weight   W  =   882  lbs.,  and 


A 


2  R  —  1.64,  substituted  in  Eq.  (127),  give 
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nrnati  S  =  225  '  l'fiQ97  +  o!b3195  x  882  ^  ^^^^ 

1.64 


whicli  is  the  true  resistance  due  to  the  stiffiiess  of  the  nr^^. 
in  question. 

Example  2d,  What  is  the  resistance  due  to  the  sti&^ 

of  a  white  rope,  half  worn  and  moistened  with  wa^'. 

example  to         having  a  diameter  equal  to  1.97  inches,  wound  akin  - 

wheel  0.82  of  a  foot  in  diameter,  and  loaded  with  a  weir-: 

of  2205  pounds  ? 

The  tabular  diameter  in  Table  No.  4^  next  below  197, 
is  1.57,  and  hence 


Illustrate  Table 
No.  4; 


data  Arom  the 
table; 


d  =  Y^  =  1.3  nearly; 


the  square  root  of  the  cube  of  which  is,  by  the  tebk  i: 
the  side, 


d^  =  1.482. 
In  Table  No.  4  we  find,  opposite  1.57, 

K  =  6.4824, 
/   =  0.06387; 

which  values,  together  with  W=  2205  lbs.,  and  2  5  =  0.S2, 
in  Eq.  (128),  give 

^;  S=  1.482  X  6-^324  +  0^06387  X  2205  ^  ^ge^lOS, 

0.82 

which  is  the  required  resistance. 

Example  Sd.  What  is  the  resistance  due  to  the  stiflhess 
of  a  tarred  rope  of  22  yarns,  when  subjected  to  the  action 
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of  a  weight  equal  to  4212  pounds,  and  wound  about  a  example  to 

mostn 
No.  5; 


wheel  1.8  feet  diameter,  the  weight  of  one  running  foot  of  *""■'***• ''^w* 


the  rope  being  about  0.6  of  a  pound  ? 

By  referring  to  Table  No  5,  we  find  the  tabular  number 
of  yams  next  below  22  to  be  15^  and  hence 


n  =  -=-^  =  1.466  nearly. 
15  ^ 


In  the  same  table,  opposite  TT,  we  find 


K  =  0.7664, 
I   =  0.019879; 


dBta  oMeined 
from  the  table ; 


A 


which,  together  with  W  =  4212,  and  2  -B  =  1.8,  in  Eq. 
(129),  give 

cf       1  Aact  0-7664  +  0.019879  X  4212        ^ '•fv.^ 

S  =   1.466  ' r-^ =   95.188.       remit; 


Example  Aiih.  Bequired  the  resistance  due  to  the  stiff- 
ness of  a  new  white  packthread,  whose  diameter  is  0.196  example  to 
inches,  when  moistened  or  wet  with  water,  wound  about  a  "^^  *^ 

^  '  case  of 

wheel  0.5  of  a  foot  in  diameter,  and  loaded  with  a  weight  paokthread; 
of  275  pounds. 

The  lowest  tabular  diameter  is  0.89  of  an  inch,  and 
hence 

,       0.196        ^-         , 
^  =  0390   =0.5  nearly. 

In  Table  No.  2  we  find,  opposite  0.89, 

K  =  o!8048, 

data  from  Tkble 
No.S; 

/  =  0.00798; 


sae 
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which,  with  W  =  275,  and  2  ^  =  0.5,  we  find,  aftcrrab- 
stituting  in  Eq.  (130), 


mult 


S  =  0.5  0-80^  +  0-00798  X  276  ^  ^ 

0.6 


Fig.  245. 


workdaeto  §  230. — The  Tcsistance  just  found  is   expressed  in 

■"^*".^  pounds,  and  is  the  amount  of  weight  which  would  be 
necessary  to  bend  any 
given  rope  around  a  ver- 
tical wheel,  so  that  the 
portion  A  JE,  between 
the  first  point  of  con- 
tact A,  and  the  point  E, 
where  the  rope  is  attach- 
ed to  the  weight,  shall 
be  perfectly  steaight. 
The  entire  process  of 
bending  takes  place  at 
the  bending  takes  this  first  or  tangential 

ptace  at  the  flrat  •  ^^  ^      f        ^  j^^^i^^^ 

point  of  Gontaot;    ^  '  ' 

be  communicated  to  the 
wheel  in  the  direction 
indicated  by  the  arrow- 
head, the  rope,  supposed  not  to  slide,  will,  at  this  point, 
take  and  retain  the  constant  curvature  of  the  wheel,  rJ] 
it  passes  from  the  latter  on  the  side  of  the  power  /. 
When,  therefore,  by  the  motion  of  the  wheel,  the  point :« 
of  the  rope,  now  at  the  tangential  point,  passes  to  tn',  the 
working  point  of  the  force  iS' will  have  described  in  its  own 
path  dsMsribed  by  direction  the  distance  AD.  Denoting  the  arc  described 
by  a  point  at  the  unit's  distance  firom  the  centre  of  ihe 
wheel  by  5^,  and  the  radius  of  the  wheel  by  jR^  we  shall 
have 

AD  =  Rs,; 


the  working 
point; 


and  representing  the  quantity  of  work  of  the  force  S^  hj 
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i,  we  get 

L  =  S.lis,; 

replacing  Shj  its  value  in  Eqs.  (127)  to  (180)^ 


iT  +   I.  W  /-io^v         woricofthe 


L  =  R8,d, -^ —    .    .    (181);     ,j^^ 


in  which  d^  represents  the  quantity  d\  d*  n,  or  d^  in  Eqs. 
(127),  (128),  (129),  or  (180),  according  to  the  nature  of  the 
rope. 

Eocample,  Taking  the  2d  example  of  §  229,  and  sup-  exampiM; 
posing  a  portion  of  the  rope,  equal  to  20  feet  in  length, 
to  have  been  brought  in  contact  with  the  wheel,  after 
the  motion  begins,  we  shall  have 

i  =  20  X  266,109  =  5322.18;  «««iit; 

that  is,  the  quantity  of  work  consumed  by  the  resistance 
due  to  the  stiffiiess  of- the  rope,  while  the  latter  is  moving  in  word*, 
over  a  distance  of  20  feet,  would  be  sufficient  to  raise  a 
weight  of  5822.18  pounds  through  a  vertical  height  of 
one  foot. 


XIX 


WHEEL    AND    PULLEY. 


§281. — ^A  plane  wheel.  Kg.  246. 

free    to    turn    about    its 
trunnions  or  axle,  support- 
ed in  a  fixed  box,  may  /[      g^      K  wh«ei 
be  moved   in   either  di-             /    \             /  \            puuey; 
rection  by  two  forces  F 
and  Q,  which  act  in  its 
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be  equal; 


plane,  and  tangent  to  its  Fur  246 

circumference  at  A  and  B. 
These  forces,  acting  in  the 
same  plane,  perpendicular 

eqouibriamof     to  the  axle,  and  tending 

l;:^T'^  to  torn  the  wheel  in  oppo- 

Circumference  Of  sitc  directions,  will  bc  in 

*  ^  ^  *  equilibrio  when  the  ele- 

mentary quantity  of  work 

developed  by  each  is  the  same  with  contrary  signs.  But 
the  points  of  application  A  and  jB,  belonging  to  the  same 
circumference,  the  paths  which  they  simultaneously  de- 
scribe will  be  equal ;  and  since  the  product  of  these  patk 

the  torcee  most  by  the  forccs  F  and  Q  must  be  equal,  it  follows  that  v^- 
ever  the  forces  are  in  equilibrio^  they  mrist  also  he  equaL 

This  supposes  the  wheel  free  to  turn,  without  obstruc- 
tion of  any  kind.  But  if  we  consider  the  friction  at  the 
trunnion  or  axle,  then,  supposing  the  equilibrium  still  to 
exist,  but  the  wheel  on  the  eve  of  motion  in  the  direction 
of  the  force  F,  the  elementary  quantity  of  work  of  the 

when  frieuon  to  latter  must  be  equal-  to  that  of  the  resistance  Q^  increased 
by  that  of  the  friction ;  in  which  case  F  and  Q  will  not  be 
equal ;  and  denoting  the  radius  of  the  wheel  by  B^  thai 
of  its  trunnion  or  eye  by  r,  and  the  resultant  of  i?'and  Q 
by  Nj  we  shall  have 

relation  of  work 

of  power,  FBs,  =  QBs^  +  f  N .  r  s,     .     .    (132); 

reaistanoe,  and 
friction ; 

in  which /is  the  coefficient  of  friction  at  the  axle  or  tnin 
nion,  and  s^  the  arc  described  by  a  point  at  the  unit's  dia 
tance  from  the  axis  during  motion.  Dividing  by  li  «„  we 
find 


taken  Into  the 
account; 


r 


relation  of  the«»  F    =    Q   +  f  N  >  -^    .      .      .      .     (133> 


From  which  we  might  conclude  the  value  of  F^  but  that 
iVis  unknown,  being  the  resultant  of  F  and  Q. 
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to  find  the- 
twaltaat  of  Um 
power  and 
reeietanoe; 


Now,  two  cases  may  arise,  viz. :  either  tlie  value  of  r 
may  be  very  small  in  comparison  with  i?,  or  it  may  not  two  eases  may 
iTi  the  first  case,  any  error  committed  in  the  determination       ' 
of  -^  would  but  slightly  affect  the  value  of  F,  since  only 

ttie  small  fractional  portion  -^  of  i^  is  taken.    We  may, 

therefore,  be  content  with  an  approximate  value  for  iV. 

To  obtain  this,  we  first 
omit  the  consideration  of 
friction,  which  will  make  ^-  W^« 

^=  0,  in  the  above  equa-  3£ 

tipn,  which  then  reduces  l\ 

to 

F=  Q. 

Denote  by  9  the  angle 
^  Jf  J5,  which  the  two 
fcrces  F  and  Q  make  with 
each  other ;  then,  from  the 
parallelogram  of  forces, 
^will 


-«r=  VF^  +  Q^  +  2FQ. 


cos  9; 


itsTalne; 


and,  because  .Fand  Q  are,  in  this  case,  equal, 


y  =  QV2  +  2cos9; 


or  this; 


but 


whence 


2  +  2  COB 9  =  4cofl^i9; 


i\r=  Q  X  200SJ9; 


and  flnaUj  tkii 
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but  joining  A  and  jS  b j  a  right  hne,  as  also  M  and  C^  we 
have  the  angle  AMO^  equal  to  1 9,  and 


cosj^  =  An.  MO  A  = 


AD       AD 


AG 


R 


which,  substituted  above,  gives 


Talaeofreflnltant 
voder  a  mora 
oonrenient  form ; 


iv=  q 


AB 


roto; 


since  2  AD  ^  AB.  That  is  to  say,  the  resultant  Ni& 
obtained  by  multiplying  the  resistance  Q,  by  the  chord  of 
the  arc  between  the  tangential  points,  and  dividing  the 
product  by  the  radius  of  the  wheel.  This  value  of  A, 
substituted  in  Eqs.  (132)  and  (133),  gives 


qaaoUtjofworic; 


FRs,  =  QRs,  +f.rs,Q^ 


m 


rahieofthe 
forae; 


inferanoM; 


F     =-  Q  +f 

the  first  of  which  will 
give  the  quantity  of  work 
of  the  power,  and  the 
latter  the  relation  of  the 
power  F  to  the  resistance 
Q,  necessary  to  produce 
an  equilibrium.  The  first 
shows  that  the  work  of 
the  power  is  equal  to  the 
work  of  the  resistance,  in- 
creased by  that  consumed 
by  friction. 

We  now  come  to  the 
second  case,  viz. :  that  in 
which  r  is  not  very  small 


-Q 


AB 

B 


Fig.  M7 


(135); 
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in  comparison  with  R.    And  first  we  remark,  that  jP  is  case  in  wueh 

tnuiiii< 
small; 


Alivays  greater  than  Q,  and  that  the  restdtant  obtained  *™^^°  *"***"* 


lander  the  hypothesis  of  F  being  eqnal  to  Q,  is,  therefore, 
too  small.    Galling  2fi  this  latter  resultant^  we  have 

J-fl   =    V    '  — nT*   •      •      •      •      \1"8))        ^^proxinuUion  to 


£ 


and  this  valne,  substituted  in  £q.  (183)  for  If^  gives 


the  refaltant ; 


r 


lint 


F  =   Q   +   -^   '  /  '  Ni    =   Fi.      .      (187).        approximation  to 

the  power; 


Now  if  i^  be  too  small,  it  is  obvious  that  Fi  will  also  be 
too  smalL  But  this  value  of  Fy  is  greater  than  Q,  and  if 
^we  find  the  resultant  of  two  forces  each  equal  to  jPi,  or 
make 


FAS  aeeoiid 

N  =       ^  =    iVi    •      .      .      (188);        •pproximatlon  to 

jtC  reaoltant ; 


it  is  obvious  that  i\^  will  be  too  great,  and  so  of  the  value 


^  aeeond 

F  ^^   Q   '{'   -j^    •  f  •  JVg   ^    F^  apppoxlmatioB  to 

JtC 


the  power; 


Thus  the  true  value  of  F  is  greater  than  ^,  and  less  than 
F^  and  as  these  two  values  will  not  differ  much,  we  may 
take  the  true  value  of  i^  to  be  an  arithmetical  mean 
between  them,  that  is, 


mean  of  the 
approximatlona; 


or 


^=  «  +  :b-/ — 2 — ' 


value  of  the 
power; 
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and  eliminating  Ni  and  J^^  bj  means  of  Eqa.  (1S6]^  (ISu 
and  {138),  we  find 

and  mnltdpljing  each  member  by  £3,, 


The  first  will  determine  the  condition  of  the  eqailibnis- 
and  the  second  the  quantity  of  work. 

§  282. — The  pialley  is  a  small  wheel  having  &  groove 
in  its  circumierence  for  the  receptioQ  of  a  rope,  al  iks 
end  of  which  is  attached  the  power  F,  and  at  the  othff 


the  resistance  Q.    The  pulley  may  turn  either  upon  tfoi 
mons  or  about  an  axle,  supported  in  what  is  eHxi  > 
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Ihck,     This  is  usually  a  solid  piece  of  wood,  through  block; 

which  is  cut  an  opening  large  enough  to  receive  the 

pulley,  and  allow  it  to  turn  freely  between  its  cheeks. 

Sometimes  the  block   is  a  simple  framework  of  metal. 

When  the  block  is  stationary,  the  pulley  is  said  to  beozadpiiuey; 

fiaced.     The  principle  of  this  machine  is  obviously  the 

same  as  that  of  a  simple  wheel,  and  to  the  discussion  principle  the 

of  §  231  we  have  but  to  add  the  consideration  of  the  ^*  J[^.**  *' 

stifi&iess  of  the  rope,  to  have  all  the  circumstances  of 

its  action.    The  quantity  of  work  due  to  the  stiffness  of 

the  rope  is  given  by  Eqs.  (127)  to  (130)  inclusive. 

Now,  when  the  motion  is  uniform,  or  when  the  pulley 
is  about  to  turn  in  the  direction  of  the  power  Fy  the  quan- 
tity of  work  of  the  latter  must  be  equal  to  the  work  of 
the  resistance  Q,  increased  by  that  of  the  friction  and  stiff- 
ness of  the  rope ;  and  denoting  the  radius  of  the  pulley 
by  Ry  that  of  the  trunnion  or  eye  of  the  pulley,  as  the 
case  may  be,  by  r,  and  the  arc  described  at  the  unit's  dis- 
tance from  the  axis  by  «^,  we  must  have 

FB,,  =  QB,,  +  d,  .  ^^/^  .  Bs.  +fN.r.  s,;  ^^^^ 

in  which  d^  denotes  either  d*,  d*  d,  or  n,  in  Eqs.  (127)  to 
(180),  according  to  the  kind  and  condition  of  the  rope; 
and  Ny  the  resultant  of  all  forces  except  friction. 
Dividing  by  Bs^,  we  obtain 

K  +   I ,Q  M    T    ^  TiliieorUke 


F^  Q  +  d  ^  "^  ^'^  +  f  —  ^. 


Make 


Q  +  d.  ^-^  =    Qn 


and  the  above  becomes 
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different  fonn  of 


F=  Q,  +fi'^'- 


and  replacing  Nhj  its  value 


rMolUntofall 
the  forces  ezoepi 
ftictloa; 


in  wMch  9  denotes  tHe  angle  AMB^ 
made  by  the  branches  of  the  rope 
not  in  contact  with  the  pulley,  and 
we  get 


P=  Qs  +fi  VF^  +  Q^  +  2FQ,oa&^ 


R 


Transposing  Q^,  squaring  and  solving  the  equation  ^ 
reference  to  F^  and  we  have 


the  moel  general 
▼sine  for  the 
power; 


F= 


Q, 


i+(j^:5-)*«»^ 


^"(/i)' 


(141, 


±f^  •  -/a+ooe^)P-(/j)V- 


♦)] 


Taking  the  upper  of  the  double  sign,  because  the  motkc 
takes  place  in  the  direction  of -F;  replacing  Q^  by  its  vili^- 
and  calling  the  angle  A  OB,  enveloped  by  the  rope^  ^  i^ 
which  case^ 

cos  9  ==  ^  cos  ^, 


we  finally  obtain 


the  lame  In 
known  terma; 


Q  +  < 


F= 


2R 


*-(/^)"«-» 


^-(/i/ 


•  1 


(Ut) 


+/  •  -^  V(l-ooefl)P-(/~)'(l  +  eoif^] 
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Fig.  26a 


When  the  two  branches  of  the 
rope  are  parallel,  then  will 
S  =  180** ;  cos  ^  =  -  1 ;  and  the 
equation  becomes, 


■'-{^-^.^iP)- 


im 
'-^i 


▼tlnfl  when  the 
(143).  bnmeheeorUie 
rope  are  peimllel ; 


If  the  rope  be  perfectly  flexible,  and  the  friction  be 
zero,  then  will  K=  0,  /=  0,  /=  0,  and 


Q; 


that  is,  the  power  wiU  always  equal  the  resistance  in  the  fixed 
puOey^  when  there  is  neHher  friction  nor  stiffness  of  cordage. 

To  obtain  the  quantity  of  work,  multiply  both  members 
of  Eq.  (142)  by  Jis^j  and  there  will  result 


FRt.= 


_Qji^  +  K(ir+ 


'-(^i)' 


i®i.J 


-(/^y— 


general  Taloe  for 

(1441  "*•  q«*ntt*y  of 
^       ^  work  of 

+/-■ .  '/a-coetf)C2-(/^)V+oo8e)]      power ; 


work  of  Ihe 


In  finding  the  value  of  N,  the  weight  of  the  pulley 
was  not  considered,  and  for  the  reason  that  in  practice 
it  is  usually  small;   the  friction  arising  from  its  action  weight  of  the 
may,  therefore,  in  general,  be  neglected.     Should  it  be  J^^?"**^ 
desirable,  however,  in  any  case,  to  take  it  into  account, 
it  is  easily  done.    For  this  purpose,  find,  by  the  paral- 
lelogram of  forces,  the  resultant  of  the  weight  of  the  but  ii  may  be 
pulley  and  the  force  Q,  both  of  which  are  known,  and  J||^^!^  "** 
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Fig.  26L 


example  for 
illustration; 


employ  this  resultant  instead  of  Q  in  finding  the  r.:-{ 
ofF. 

Example.  Bequi- 
red  the  quantity  of 
work  necessary  to 
raise  500  pounds  of 
coal,  through  a  ver- 
tical elevation  of  50 
feet,  by  means  of  a 
rope  passing  over  a 
fixed  pulley,  in  such 
a  position  that  the 


^ 


eoDdiUoiu  oi  the  powcr  F  shall  be  ap- 

propoeiUon ;  i*    i    •  i  ^  ^ 

plied  in  a  honzontal 
direction ;    the   pul- 
ley, which  is  of  lig- 
num-vitse,  is  1.25  feet  in  diameter ;  the  radius  of  itscj^-- 
0.05  feet;  the  axle  of  wrought  iron,  lubricated  with  d: 
lard ;  the  rope  is  white,  half  worn,  and  has  a  diamea: 
one  inch, 
tebuiereiemente;      Here  d  =  90^,   and  COS  ^  =  0;   in  Table  IV.  ^i 

/  =  0.11 ;    Table  No.  8,  §  229,  d,  =  rff  =  (^  '-- 

(1.2)*  nearly  =  1.315;    ir=  1.18801;    7=0.0535:^ 
R  =  0.625 ;  r  =  0.Q5 ;  Rs,  =  0:625  X  «,  =  60;  vk- 

=  80  feet;   Q  =  500  lbs. ;  and / j  =  Oa"H 


nuneiical  relaee 
of  the  data ; 


_    50 
^'      0.625 


These  data  in  Eq.  (144)  give 


qnaotttyorwork;     FJt#,=(S0OX»+L31g  ^•^^^'^"^^""^""-ag)  (l+QuOOBlVr^ 


or 


FRs,  =  26250.17.  . 

If  there  were  no  Mction,  or  stiflBiess  of  cordage,  t^^- 
would 
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FBs,  =  QJRs,  =  25000.0; 


Ttlne  without 
fticti<Niuid 


whence  26250.17  -  25000  =  1250.17  is  the  loss  due  to 
stiffiiess  of  cordage  and  friction,  which  would  be  sufficient  loMdnato 

vtittuemt 
Mctlon; 


to  raise  1250.17  pounds  through  1  foot  of  altitude,  qj.  •"**•"■«* 


1250.17 
50 


=  25  pounds  through  the  given  height  of  50  feet ; 


a  result  well  calculated  to  impress  us  with  the  necessity  of 
including  these  resistances  in  all  estimates  of  work. 


F  = 


26260.17 
Us, 


26250.17        .^'*'-      , 
— — r —  =  525  nearly. 


nnmerieal  Ttloe 
of  tiM  power. 


Fig.  252. 


§  238. — ^Thus  far  the  axis  of  the  pulley  is  supposed 
to  have  remained  immoveable.     We  shall  now  consider  MoTMbiepuuey; 
the  case  in  which  the  pulley  is  supported  upon  a  rope  in 
its  groove,  one  end  of  the  rope  being  attached  to  a  fixed 
hook  A,  while  the  other  is  acted  upon  by  the  force  F.    The  doicriptum; 
pulley  is  embraced  by  a  kind  of  iron  or  other  metallic 
fork  whose  prongs  are  per- 
forated  near  the  ends  for  the 
reception  of  the  axle,  and 
whose  shank  terminates  in  a 
hook  to  which  the   resist- 
ance  W  is  attached.    The 
pulley  is,  in  this  case,  said 
to  be  movecAk.    Denote  the 
-resistance  to  be    overcome 
and  put  in  motion,  by  W; 
the  tension  of  the  rope  be- 
tween the  fixed  hook  and 
tangential  point  ff  hj  Q; 
let  the  other  notation  be  the 
same  as  in  the  case  of  the 
fixed  pulley. 

The  quantity  of  work  of  F  must  be  equal  to  that  of  the 


notaMoa; 
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quantity  of  work 


TMlae  of  tba 
power; 


tension  Q,  increased  by  the  work  due  to  the  stifegs  :j 
the  rope  and  friction ;  that  is, 

;     FRs,  =  QRs,  +  d,  ^±19.Rs^  +  rf  Ws,  . .  1: 
Dividing  both  members  by  Ra^^ 


The  pulley  being  sup- 
posed either  on  the  verge 
of  rotary  motion  in  the  di- 
rection of  F^  or  rotating 
uniformly,  it  is  obvious  that 
W  will  be  equal  and  di- 
rectly opposed  to  the  result- 
ant of  F  and  Q;  and  that 
Q  wiU  be  equal  and  directly 
opposed  to  the  resultant  of 

to  find  the  tension  jP  and   W.      Thb   latter  re- 
fixed  md;  *       sultant  being  found  by  the 
parallelogram  of  forces,  Eq. 
(31),  and  in  its  value  that  of 
F^  in  last  equation,  substitu- 
ted for  F,  the  force  Q  will  be- 
come known  in  terms  of  TFJ 
the  friction,  and  stiffness  of 
cordage;  and  this  value  of 
Q^  being  substituted  in  Eq. 
(145),  will  give  the  work  in 
terms  which  are  known. 
The  method    here  indi- 
thesame  cated  is  perfectly  rigorous, 

IpX^Lation;    ^^*  ^^  somewhat  long,  and 
may  be  avoided  hy  resort- 


fig.  252. 


Fig.  268. 
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to  an  approximation  which  in  practice  is  sufficiently 
xate.  If  J^  and  Q  be  supposed  for  an  instant  equal, 
lave  seen  that 


spproximatd 
YAlue  for  tamloB 


ch,  substituted  for  Q  in  Eq.  (145),  gives 


FBa,  = 


'^■A-«'' 


K+I.W. 


R 


■^d, 


AB 


+  r.fW.8, 


a,   .    .  (146);       qntnUtyofworit; 


vidingby  Bs^ 


F=W 


B 


K+rw 


R 


AB 


+  d, 


2R 


-^+/-5-  W'  '  (147).'^'»°"»« 


r  we  sappoae  the  stiffiiesa  of  the  rope  and  firiction  zero^ 
lere  will  result, 


F=  W  • 


R 


AB' 


power,  when 
■tiflheis  and 
McUonare  zero; 


)r 


F   :    W  ::    H    :    AB; 


that  is  to  say,  the  paioer  is  to  the  resistance  as  the  radiiis  of  relation  or  power 
OiepuUey  is  to  the  chord  of  the  arc  enveloped  by  the  rope.  "**  reatotanoej 

Example.  Let  the  pulley  be  of  cast   iron  and   turn  enmpto; 
upon  a  wrought-iron  axle,  greased  with  tallow;  the  di- 
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date  from  the 
tablet; 


ameter  of  the  pulley  1.8  feet,  and  that  of  its  m  0  ti 
feet ;  the  diameter  of  the  rope,  which  is  new,  wiuie  -:1 
dry,  1.4  inches ;  the  weight  W,  3462  pounds;  the  h^i 
40  feet,  and  let  the  chord  AB  he  equal  to  thediii:! 
of  the  pulley. 

By  reference  to  the  proper  tables,  we  find 

/  =  0.07 ;     d,  =  d«  =  (i^y  =  (1.8/  nearly  =  124;| 
K  =  1.6097 ;      /  =  0.0319601 ; 

and  from  the  given  data, 


<tateofth6 
Axample ; 


B  =  0.65;      r  =  0.0225;     AB  =  1.8;     Iis,=t 

40 
8^  =  ^  =  61.538  nearly;      and  IF  =  8462; 


which,  substituted  in  Eq.  (146),  give 


niunarieal  result;  P Bs    =  * 


X^X61J3B 


1.6007  +  0.031950  X  3402  X^ 


+  0417  X  ^sesa  x  3«b  x  oijsae 


.  =  71279.85 


Hme  with         with  neither  friction  nor  stifihess  of  cordage,  the  qiuo^? 


neither  sUfltac 
nor  friction ; 


of  work  would  be  simply 


FBs,  =  8462 


(0.65)« 
1.80 


X  61.538  =  69239.5f 


workofitiAieM  the  difference  71279.35  -  69239.5  =  2039.85  is  the  te 
due  to  the  causes  just  named. 
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i  1, 


deflnitlon  umI 
detcripUoQ ; 


§284.— The  Muffle  is  a  Th^muju: 

collection  of  pulleys  in  two 
separate  blocks  or  frames. 
One  of  these  blocks  is  at- 
tached to  a  fixed  point  A, 
by  which  all  of  its  pulleys 
become  ^/ixed,  while  the  other 
block  is  attached  to  the  re- 
sistance Q,  and  its  pulleys 
thereby  made  moveable.  A 
rope  is  attached  at  one  end 
to  a  hook  h  at  the  extremity 
of  the  fixed  block,  and  is 
passed  around  one  of  the 
moveable  pulleys,  then  about 
one  of  the  fixed  pulleys,  and 
so  on,  in  order,  till  the  rope 
is  made  to  act  upon  each 
pulley  of  the  combination. 
The  power  F  is  applied  to 
the  other  end  of  the  rope, 
and  the  pulleys  are  so  pro- 
portioned that  the  parts  of 
the  rope  between  them,  when 

stretched,  are  parallel.  Now  suppose  the  power  F  to  ^^^^^  ^^  ^ 
communicate  uniform  motion  to  the  resistance  Q.  Denote  thepuueys; 
the  tension  of  the  rope  between  the  hook  of  the  fixed 
block  and  the  point  where  it  comes  in  contact  with  the 
first  moveable  pulley,  by  ti ;  the  radius  of  this  pulley  by 
Hi ;  that  of  its  eye  by  rj ;  the  coefiicient  of  friction  on 
the  axle  by//  the  constant  and  coefficient  of  the  stifihess  nouuon; 
of  cordage  by  K  and  I,  as  before ;  then,  denoting  the  ten- 
sion of  the  rope  between  the  last  point  of  contact  with  the 
first  moveable,  and  first  point  of  contact  with  the  first 
fixed  pulley,  by  t^  the  quantity  of  work  of  the  tension  ^ 
will,  Eq.  (145),  be 


■muigement  of 
the  rope; 


application  of  tlM 
power  and 
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work  of  the  JT  4-  Itt 

temiioD  on  fint  t^BiS,  =  ^i^«,  +  d,  ^       J^S,  + /{h  +  t^TiS/, 

ucending  ^  -^ 

branch; 

dividing  by  8, 


moment  of  this  ^   jy  *r>     i^     -^"T"^^ 

"2^ 


tension;  t^B,  =  t,  R,  +  d,  • -Jl^  ^  B,  +  f{t,  +  t,)r,  .  .  (U^ 


Again,  denoting  the  tension  of  that  part  of  the  rope  wliii 
passes  from  the  first  fixed  to  the  second  moveable  pcl^cj 
by  (s ;  "the  radius  of  the  first  fixed  pulley  by  B^  and  lis 
of  its  eye  by  r^  we  shall,  in  like  manner,  have 

moment  of 

branch ;  ^  , 

And  denoting  the  tensions,  in  order,  by  ^4  and  4»  this  btt 
being  equal  to  F,  we  shall  have 


moment  of 
tension  on  Moond 
ascending 
branch; 

same  on  third 


t,s,  =  t^s,  +  d,  ^Y^  ■^+f{t,  +  Qr,..  m 


same  on  tnira  j^   i     Tf 

d«»»di.g  FR^  =  t^Rt  +  d,      -  p   *   i?4  +/(<4  +F)r^..  (151) 

branch  /  XI4 


SO  that  we  finally  arrive  at  the  force  F^  through  the  ta- 
sions  which  are  as  yet  unknown.  The  parts  of  the  wpe 
being  parallel,  and  the  resistance  Q  being  supported  tv 
their  tensions,  the  latter  may  obviously  be  regarded  as 
equal  in  intensity  to  the  components  of  Q;  hence 


components  of 


r^Tc";  k  +  t,  +  t,  +  U^Q    .    .    (152); 

which,  with  the  preceding,  gives  us  five  equations  for  the 
determination  of  the  four  tensions  and  power  F.    Tlu3 
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-would  involve  a  tedioTis  proce*  of  elimination,  which 
may  be  avoided  by  contenting  ourselves  with  an  approxi- 
mation which  is  found,  in  practice,  to  be  sufficiently 
accurate. 

If  the  friction  and  stiffiiess  be  supposed  zero,  for  the  method  of 
moment,  Eqs.  (148)  to  (151)  become  approximation; 

» 

4  -tl^     =     t^  M^ 


URi    =     h^ 


F  R^       ^       ^4  x?4  J 


Mellon  and 
Btiflhefls  laro ; 


froin  which  it  is  apparent,  dividing  out  the  radii  JSi,  i2^  the  tenstons 
^,  &c.,  that  ^  =  ^,  t^  =  t^  ^4=^,  F^t^\  and  hence,  Eq. '^*^°'**^'^' 
(152)  becomes- 

* 

resistance  equal 
whence  *  ^  tension  on  one 

branch  multiplied 
Q  by  the  number  of 

4 


^     _   JE.  '  puUeys; 


the  denominator  4  being  the  whole  number  of  pulleys, 
moveable  and  fixed.  Had  there  been  n  pulleys,  then 
would 

Q  general  value  for 

h.   ^    "T"*  the  tension; 

7* 


With  this  approximate  value  of  ^  we  resort  to  Eqs.  (148) 
to  (151),  and  find  the  values  of  ^  ^,  t^^  &c.  Adding  all 
these  tensions  together,  we  shall  find  their  sum  to  be 
greater  than  §,  and  hence  we  infer  each  of  them  to  be  too 
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large.  K  we  now  suppase  the  true  tensioDS  to  be  piopor- 
tional  to  those  just  found,  and  whose  sum  is  Qi  >  Q»  we 
may  find  the  true  tension  corresponding  to  any  erroneoos 
tension,  as  ^,  by  the  following  proportion,  viz. : 


to  find  the  true 
ft-om  the 
approximate 
tenaion; 


example  to 
Uiustrate ; 


Qx    :     Q 


or,  which  is  the  same  thing,  multiply  each  of  the  tensioDS 

found  by  the  constant  ratio  ^r,  the  product  will  be  the  true 

Vi 

tensions,  very  nearly.  The  value  of  t^  thus  found,  substi- 
tuted in  Eq.  (151),  will  give  that  of  F. 

Example,  Let  the  radii  i2i,  R^  R^  and  R^  be  respectivdy 
0.26,  0.89,  0,52,  0.65  feet ;  the  radii  r^^  t^=^  r^  =  r^  of 
the  eyes  =  0.06  feet ;  the  diameter  of  the  rope,  which  is 
white  and  dry,  0.79  inches,  of  which  the  constant  and 
coefficient  of  rigidity  are,  respectively,  JT  =  1.6097  and 
/  =  0.0319501 ;  and  suppose  the  pulley  of  brass,  and  its 
axle  of  wrought  iron,  of  which  the  coefficient  /  =  0.09, 
and  the  resistance  Q  a  weight  of  2400  pounds. 

Without  friction  and  stiffiiess  of  cordage, 


approximate 
"ralue  of  first 
tension; 


^  =  ?^  =  600"- 


Dividing  Eq.  (148)  by  i^,  it  becomes,  since  d,  =  1, 


Substituting  the  value  of  Ri,  and  the  above  value  of  % 
and  regarding  in  the  last  term  ^  as  equal  to  4,  which 

we  may  do,  because  of  the  small  coefficient  -^  /  ^^ 

ft 
find 
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600 

1.6097  +  0.0319501  x  600 


ta  =  {    ^  2  X  (0.26) 

+  ^  X  0.09  X  (600  +  600) 


approximate 
►  =    oZo,6u,       Talae  of  aeoond 

tension; 


Again,  dividing  Eq.  (149)  by  j^  aad  substituting  this 
value  of  4  &nd  that  of  ^  we  find 


JN. 


4  =  678.59. 

Dividing  Eq.  (150)  by  E^  and  substituting  this  value  of  4, 
as  well  as  that  of  B^  there  will  result 


approxtmate 
value  of  third 
tension ; 


lbs, 

4  =  709.82; 


whence 


Qi  =  k  +  t2  +  t,  +  U  = 


600 
+  628.89 
-f  673.69 
,  +  709.82 


^=  2611.80; 


and 


^  -  26nB  -  ^•^^^' 


ralo.  of  fourth 
teniioii; 


raraHutofttMM 


ntioorilM 
appraxiaiato  to 
Uw  true 
reniltut; 


which  will  give  for  the  true  values  of 


0.919  X  600 
0.919  x' 628.89 
0.919  X  673.59 
0.919  X  709.82 


551.400 
577.490 
619.029 
652.824 


tine  tenaion ; 


2400.243 
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The  above  value  for  ^  =  652.824,  in  Eq.  (151),  wffl  give, 
after  dividing  by  Hi  and  substituting  its  numerical  value, 


F  = 


+ 


652.324 

1.6097  +  0.03195  x  652.324 


0.06 
0.65 


2  X  0.65 


X  0.09  X  (652.324  +  F); 


and  making  in  the  last  factor  F  =  tt  =  652.324,  we  find 


Bamerioil  Ttloa 
of  Um  power; 


ih»  Ut  Ibt  tig 

F  =  652.324  +  17.270  +  10.831  =  680.425. 


\ 


work  absorbed 
by  Mctiou  and 

■UffDOBSOf 

Gordas^e. 


Thus,  without  friction  or  stiflEhess  of  cordage,  the  intenaty 
of  F  would  be  600  lbs. ;  with  both  of  these  causes  of 
resistance,  which  cannot  be  avoided  in  practice,  it  becomes 
680.425  lbs.,  making  a  difference  of  80.425  lbs.,  or  nearly 
one  seventh ;  and  as  the  quantity  of  work  of  the  pewer  is 
proportional  to  its  intensity,  we  see  that  to  overcome  fric- 
tion and  stiffness  of  rope,  in  the  example  before  us^  the 
motor  must  expend  nearly  a  seventh  more  work  than  if 
these  sources  of  resistance  did  not  exist. 


wiMeiandaiie;  §  235. —  Wheel  and  Aode  is  a  name  given  to  a  machine, 
which  consists  of  a  wheel  mounted  upon  an  arbor,  supported 
at  either  end  by  a  trunnion  resting  in  a  box*  The  plane 
of  the  wheel  is  at  right  angles  to  the  axis  of  the  arbor; 
the  power  F  is  applied  to  a  rope  wound  around  the 
wheel ;  the  resistance  Q  is  applied  to  another  rope,  wound 
in  the  opposite  direction  about  ihe  arbor,  and  also  acte  in 
a  plane  perpendicular  to  the  axis  of  motion.  The  power 
is  generally  applied  in  the  plane  of  the  wheel,  other- 
wise, being  oblique  to  the  axis,  it  would  be  necessaiy 
to  resolve  it  into  two  components,  one  perpendicular 
and  the  other  parallel  to  that  line;   the  latter  compo- 


deacrlption ; 
and  application 
of  power  and 
reaistanoe; 
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nent  would  press  the  shoulder  of  the  arbor  against  the  eo 
face   of  the  box,  and  increase  the  effect  of  friction  by "'' 
increasing  ita  "lever  arm."    It  may  happen,  however,  that  "f 
the   particular  object  to  be  accomplished  will  sometimes 
make  it  inconvenient  to  pr 

satisfy  this  condition  of  ^ 

keeping   the  action  of  ^'  ^^^'  w] 

the  power  in  the  plane_  a 

of  the  wheel,  in  which  \j. 

event,  it  will  be  easy  to  fi 

find  the  pressure  arising  /  { 

from  the  parallel  com*  ' 

ponent  of  the  power  or 
resistance,  and  to  com- 
pute the  friction  by 
the  rules  already  given. 

Supposing    the    power  ' 

and  resistance  to  act  in  oi 

planes  at  right  angles  to 
the  axis,  we  remark,  that 
the  plane  of  the  wheel 
in  which  the  power  acts, 
and   the  plane  perpen- 
dicular to  the  axis,  through  the  direction  of  the  resistance, 
will  cut  from  the  arbor  equal  circles.     Through  the  point 
E,  at  which  the  rope  is  tangent  to  the  circle  in  the  latter  of 
tliese  planes,  and  the  axis,  conceive  a  plane  to  be  passed ; 
it  will  cut  the  circle  in  the  plane  of  the  wheel  on  the 
opposite  side  of  the  arbor  in  £',  and  the  line  joining  E 
and  B'  will  intersect  the  axis  in  /,  making  HI  =  B'  I. 
At  the  point  B'  apply  two  opposite  forces  §,  and  ft,  ^ 
parallel  and  each  equal  to  the  resistance  Q.    These  forces 
will  produce  no  effect  upon  the  system.     The  resiHtant  of 
the  two  equal  and  parallel  forces  Q  and  ft  will  be  equal 
to  their  sum,  will  'pass  through  /,  will  be  resisted  by  the 
axis,  and  produce  no  work,  except  what  may  arise  from 
the  friction  due  to  its  action  on  tha  trunnion.     The  equi- 
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foroei  which  librium,  if  the  machine  be  at  rest^  or  its  uniform  wm^ 
MuUibriim'or  ^^  ^^  work,  must,  therefore,  be  maintained  by  the  power  f 
mouon uniform;  the  foice  Q^  tjie  fiiction,  and  the  stiffness  of  cordage.  T: 
this  end,  the  resultant  of  F,  Q^,  and  stiffness  of  conkt 
must  intersect  the  axis.  At  the  point  of  inteisecL.L 
conceive  this  resultant  to  be  replaced  by  its  primitiT^ 
components,  and  there  will  then  act  upon  the  axis  tb: 
forces  F,  Q^  Q  +  Qi,  and  the  resistance  due  to  stiffiiess  d 
cordage.  Each  of  these  forces  being  resolved  into  tTo 
parallel  components  acting  on  the  trunnions  A  and  R 
there  will  result  two  groups  of  forces,  one  applied  to  ei.: 
trunnion.  Denote  the  resultant  of  the  group  acting  os 
the  trunnion.  A  hj  M,  that  of  the  group  acting  on  :b? 
trunnion  B  by  Jf ',  then  will  the  frictions  be  respectivth 
/M  and  /'  i/"' ;  and,  employing  the  usual  notation,  itt 
quantities  of  work  will  be  fMr  s^  and  /'  Af'  r'  «„  the  rai:i 
of  the  trunnions,  and  their  friction  being  unequal. 

The  quantity  of  work  of  the  power  jF,  must  be  e«iii 
to  that  of  the  resistance  Qf^  atlgmented  by  the  work  oi  rije 
stiffiiess  of  cordage  and  friction,  and  hence,  denoting  tiiTi 
radius  of  the  wheel  by  R,  and  that  of  the  arbor  by  R, 


preMon  upon 
the  tmimlons ; 


friction  on  the 
trunnions  and  its 
work; 


but  if  the  trunnions  and  boxes  are  supposed  of  the  sain« 
size  and  material, 

quMtltyofwork;   FRs,  =    Q^R's,  +  d,  ^^ilR  R' s,  +/{M+M)tS, 


IKetion  of 
trunnions,  nme 
effect  wheiever 
applied ; 


The  quantity  M-V  M\  being  the  sum  of  the  pressure 
upon  the  trunnions,  the  last  term  shows  that  the  friction  is 
the  same  as  though  the  resultant  of  all  the  forces  irp/f 
applied  to  a  single  trunnion  in  any  arbitrary  position,  ar.i 
therefore,  at  the  centre  of  the  wheel.  But  this  would  n?- 
duce  all  the  forces  to  the  same  plane,  in  which  case  Q,  vo^^ 
take  the  place  of  Q^  and  Q^  and  Q^  would  disappear  froni 
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the  system.  Hence,  denoting  the  resultant  of  the  entire 
system  of  forces  by  N,  and  writing  Q  for  its  equal  Q^,  the 
above  equation  becomes 

and,  dividing  by  Ra^^ 


Um 


Now,  iV  being  the  resultant  of  all  the  forces  of  the  system 
except  friction,  it  is  the  resultant  of  F^  Q,  and  d.      ^  ^,-^; 

or,  since  Q  and  d^  — ol?'"~  ^^^  ^^  ^^  same  direction,  it  is 

the  resultant  of -F  and  Q  +  d.     ^  ^,    .    To  find  K  we  will 

pursue  the  method  explained  in  §  232. 
Make 

K  '\-  1 0  ^  f^    f,  tod  the  rwultont 

C    +    ^/    — Q  p/  .       =     ft      •      •      (156);        ofaU  the  forces 

then  wil. 

w 

F=^  Q,^+f.N.^.    .    (156). 

If  we  neglect  the  consideration  of  friction  for  a  moment,  by 

and  find  the  resultant  iVi  of  jPand  ft,  or  of  .pproximauon; 

ft  ^    and     ft,  y' 

we  shall  have,  denoting  the  inclination  of  the  power  to  the 
resistance  by  9, 


. flnt 


.t 
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and  this-  for  N,  in  Eq.  (156),  gives 


flrst 

•pprozunation 
for  power ; 

the  first 
approximation 
generally 
■offlcient; 


when  it  to  not» 
a  second 
approximation 
must  be  made ; 


geometrical 
indication ; 


R 


P=Qx^+fN^^  =  F,.    .   .  (1J>. 


Now  the  value  of  iVJ  was  too  small  for  N^  because  rt 

T 

omitted  the  tenn/iV-  -^,  in  the  value  for  F;  and,  heaoe,  / 
is  too  small  for  F ;  but  the  deficiency  is  less  and  le^ :: 

T 

proportion  as  the  fraction  /p"  ^  smaller  and  smaller.  Ii 

ordinary  practice  there  will  be  but  little  difiference  betwe-: 
the  true  value  of  F  and  that  given  by  Eq.  (158). 

In  cases  wherein  r  is  considerable  in  comparison  w::: 
i2,  a  further  approximation  will  be  necessary;  and  toi- 

complish  this,  we  remark,  that  F^  is  greater  than  ^i  -^ ,  ^ 

R 

Qi  therefore  less  than  Fi  -^/,   and  that  if  this  ktter  > 

combined  with  i^i,  to 
obtain  a  second  re- 
sultant iV^  this  last 
will  be  too  large,  and 
when  substituted  in 
Eq.  (156),  for  N,  wiU 
give  a  value  Fg  for 
Fj  which  will  also  be 
too  large.  The  mean 
of  the  two  values  of 
Fi  and  F^  will  be  the 
practical  value  of  F. 
The  value  of  iV^  is  given  by  the  equation. 


second 

approximation 
for  resultant ; 


second 

approximation  to 
yaltie  or  the 
power; 


and 


N,  =  F,  \/l  +  -J(4  +  2co3,). .  d'* 


R 


F^=  Qx^  +  /N, 


r 
'R' 
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whence 


F  = 


2  ^^  R^''  R       2 


mean  of  th«* 

.  (160).«w<» 

^>proxiiD«lloni : 


To  find  the  quantity  of  work,  multiply  both  members 
by  Rs^  replace  Qi  by  its  value,  and  we  have 

FB8^=QR's,+d,^^^^R's^+fr'8,^^^^^^  .    .   (161).  qu«.tHyofworkj 


Fig.  267. 


Example,  Required  the  quantity  of  work  necesstuy  to 
raise  two  tons  of  coal  from  the  bottom  to  the  top  of  a  pit 
which  is  80  feet  deep, 
by  means  of  the 
wheel  and  axle.  The 
diameter  of  the  wheel 
is  4  feet ;  that  of 
the  axle,  1  foot; 
that  of  the  trunnion, 
which  is  of  wrought 
iron,  working  in  cast- 
iron  boxes  and  lubri- 
cated with  hogs'  lard, 
1.5  inches;  that  of 
the  rope,  which  is  . 
white,  half-worn,  and 
dry,  1.5  inches;  and 
the  power  acts  in  a 
horizontal  direction. 

Here  jB  =  2  feet;    JK'  =  0.5  feet;    r  =  0.125  feet 

/=  0.07;     d,  =  d*  =   (i^)?    =  (1.9)t  =  2.619 
K  =  1.18801;     /  =  0.0525889;      Q  =   4000  .lbs. 

R's,  =  80  feet;    s,  =  ^  -  160  feet;    and  <p  =  90°, 

or  cos  ^  =  0. 

These  data,  substituted  in  Eq.  (155),  give 


example  to 
Ulustnte: 


A 


data  of  the 
question  and 
tablcti; 
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▼aloeofinl 
rcsuiUuU; 


C.  =  *0^-+  2..19  .  "8«0^+00S«^««>X40^^^ 


and  this,  in  Eq.  (157),  making  cos  9  =  0,  and  suteit. 
for  -^,  its  value  -^  =  0.25  feet,  we  find 


JV^i  =  4553.89  VI  +  (0.25/  =  4694.04 

if  r 

This  and  the  values  of  Q,j  •^,  /,  and  -^,  in  Eq.  (15^1 2:^ 


F^  =  4553.89  X  0.25  +  0.07  X  4694.04  X  0.0625  =  115?0S 


which,  substituted  with  the  values  of  -^  and  cos  u  =  ft 
Eq.  (159),  gives 


Talueofseoond 


ZZi;  .^»  =  1159.008  VI  +  (4)»  =  4778.68; 

hence, 

i^  =  -^1  +  -^i  =  4694.04  +  4778.68  ^  ^^g^jg. 
2  2  .  ' 


which,  with  the  values  already  found  for  Q^,  in  Eq.  G* 
gives 


T.1U6  of  power;   i?' =  4553.89  X  0.25  +  0.07  X  ^^4736.36  =  Ho?* 


Here  it  may  be  proper  to  direct  the  attention  to  the  sli:^- 
difference  between  the  values  of  i^  and  i^„  showing  that* 

first  approximation,  as  given  by  Eq.  (158X  ^^  S^^^^' 
be  sufiicient. 
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t' 


inally,  from  Eq.  (161),  we  obtain 


lbs.  ft. 

^s^  =  4000  X  80  +  44.311.29  +  663.07  =  364974.27.  qtunmy.ofwork; 


rhe  first  term  of  the  second  member  =  320000,  is  the 
ae  of  the  work  without  any  resistance  from  friction  and 
:nes343  of  cordage;  the  sum  of  the  remaining  terms 
44974.27,  is  the  work  of  friction  and  stiffness  of  rope ; 
ice  it  appears, .  that  the  loss  arising  from  the  latter 
Lses,  is  nearly  one  seventh  of  the  work  which,  without 
iin,  ^would  be  required  to  accomplish  the  object.  This 
s  \vould  be  sufficient,  without  the  hinderance  from  fric-  io»ofworkby 
n  and  stiffiiess  of  cordage,  to  raise  more  than  a  quarter  gtiflhew" 
a  ton  through  the  given  height.  cordage. 

If,  in  Eq.  (154),  we  make  /  =  0,  and  disregard  the 
ffness  of  cordage,  we  find 


F=  Q  '^   .    .    .    .    (162); 


lat  is  to  say,  in  the  wheel  and  axle,  the  poiuer  is  to  the 
Stance  as  the  radius  of  the  axle  is  to  that  of  the  wheel. 

%  236. — ^Wheels  are  often  so  combined  in  machinery  as  combiiuiuoii  or 
0  transmit  the  motion  impressed  upon  some  one  of  them,  ''^**^' 
wcording  to  certain  conditions,  determined  by  the  object  mouon 
»  be  accomplished.     This  is  usually  done  by  one  or  other  j!^^"|J^j|*' 
of  the  following  means,  viz. :  1st.  By  endless  ropes,  bands,  ropes,  and 
or  chains^  passing  around  cylindrical  rollers,  called  drums,  *       ' 
mounted  upon  arbors ;  2d.  By  the  natural  contact  of  these  bj  natural 
drums ;  3d.  By  projections  called  teeth  or  leaves,  accord-  ^^^^^'^^^ 
ing  as  these  projections  are  upon  the  surfaces  of  wheels  or 
wboTs.    T^e  communication  of  motion  by  these  means  is 
always  accompanied  by  friction,  which  it  is  important  in 
practice  to  know,  since  it  may  not  be  disregarded. 
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Fig.  258. 


§237.— When  two 
Resisunec  dae  to  wheels  are  connected 

■tlflbess  of  band!        •.i  i_        xi.  i. 

tod  rope.;  ^ith  each  other  by 
means  of  an  endless 
band  or  rope  dcbe, 
passing  around  the 
drums  A  and  B, 
mounted  upon  the 
arbors  of  the  wheels, 
a  sufficient  force  ^ap- 
plied to  one  of  them 

will  put  it  in  motion ;  this  motion  will  be  commimicaif : ' 
friction  between  the  Other  as  loug  as  the  friction  between  the  band  and  1: 
dram"^  *^      ^  sufficient  to  prevent  the  former  from  sliding  ove:  '- 

latter,  and  thus  a  resistance  Q^  applied  to  the  second  w  > 
may  be  overcome.     The  motion  of  the  drum  B  h 
viously  due  to  the  difference  of  the  tensions  in  tht : 
branches  dc  and  eb ;  and  applying  the  power  as  indi  * . 
in  the  figure,  the  tension  of  c?  c  must  be  greater  tki ' 
of  e  b.    Denoting  the  first  of  these  by  T,  and  the  latter 
the  force  which  moves  the  drum  B  will  have  an  iDUi* 
equal  to  ^  —  t;  and  the  quantity  of  its  work  mu.v  ' 
equal  to  that  of  Q,  increased  by  the  work  of  fiictioi  •: 
the  trunnions  of  the  common  arbor.     Denote  the  rui.* 
of  the  drum  5  by  i^ ;  that  of  the  wheel  to  whici  V  - 
applied  by  i2";  that  of  its  trunnion  by  r^;  the  aiv  > 
scribed  by  the  point  at  the  unit's  distance  from  the  asi  ' 
motion  by  s^,  &c.,  then  will 


motion  due  to 
difference  of 
tension ; 


work  of 
diflterenca  of 
tension;  - 


The  action  of  the  force  F  produces  the  difference  of  '^'• 
sion  T  —  t,  and  its  work  must,  therefore,  be  equal  to:^'^ 
of  T  —  t  augmented  by  the  work  ctf  friction  on  the  trm- 
nions  of  the  arbor  of  the  wheel  to  which  F,  is  api '■'- 
Denote  the  radius  of  this  wheel  by  J?',  that  of  it*!  dn- 

_  ■ 

by  El,  that  of  its  trunnion  by  r^  the  arc  described  at  ti 
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unit's  distance  by  Si,  and  we  have 


work  of  tho 


FIi's,  =  {T-t)Ii,s,+fN,.r,at..  (164).  ^^. 
Adding  these  equations  together,  vre  get  . 

FX> ..  +  (T- 1)  iJ.  .. = {T- 1)  A,t,+  QJi"t,+  fjf,  r,  *,  +  /jyr,  r, ., ; 

but  because  all  parts  of  the  band  have  the  same  velocity, 
the  circumferences  of  the  drums  must  move  at  the  same 
rate;  hence 

clrcumfereDOM  of 

Bi'S^    =    BiS^:  the  drum  have 

the  eaine 


Telocity ; 


which  will  reduce  the  above  equation  to 


work  of  Urn 


FB^s,  ==  QB^'s,  +  fN,r,s,  +  fK.r^s,  .  .  (165).^^^^^. 


Whence  we  see  that  the  work  of  F  is  equal  to  the  work 
of  Q,  increased  by  that  of  the  frictii5)n  upon  the  two  sets  of  inferenoet; 
trunnions ;  and  the  same  may  be  shown  of  any  number  of 
wheels  thus  connected. 

In  this  equation,  N2  is  the  resultant  of  the  forces  Q,  T^ 
and  t;  and  Ni  of  F^  T^  and  t  To  find  these  resultants  it 
will  be  necessary  to  know  T  and  t 

The  difference  T—  t  only  exists  while  the  system  is  in 
motion ;  when  at.  rest,  and  the  force  does  not  act,  this  dif- 
ference is  zero,  or  T  is  equal  to  t  In  passing  from  rest 
to  motion,  we  may  assume  that  one  increases  just  as  much 
as  the  other  diminishes,  and  if  the  common  tension  at  rest 
be  represented  by  JJ,  and  the  increment  of  the  one  and 
decrement  of  the  other  in  passing  from  rest  to  motion 
be  denoted  by  H^  then  will 

value  of  th« 

T=  Ti  +  H,    and    ^  =  i;  -  H"  .    .   (166);  ten^oi-; 
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tension  at  rest 
arbitrary ; 


from  which  T  and  t  maj  be  found  when  7|  and  ff  r: 
known 

The  tension  2i  is  entirely  arbitrary.  It  should  k  j 
small  as  possible,  to  produce  the  requisite  frictioii  betT-: 
the  band  and  the  drums  to  avoid  sliding  during  the  _• 
tion,  for  if  greater  than  this,  it  will  only  increas  :.* 
pressure  and,  therefore,  the  fri^ion  on  the  tnmnioiL%  ..- 
necessarily.     In  general,  it  will  be  sufficient  if  this  fii.^ : 

should  be  Just      bc  great  enough  to  prevent  sliding  under  the  effect  of  J. 

prevent  sliding;   **  ^^^  surface  of  the  drum  of  the  wheel  to  whicli  (^i 

applied.     But  this  effect,  neglecting  friction  on  the  u^r 

T>fr 

nions  and  stiffiiess  of  cordage,  is  ^  75-.    That  is  tosj. 

a  force  whose  intensity  is  given  by  this  expression,  vii 
applied  to  the  surface  of  the  drum,  will  produce  the  ?^  J 
effect  as  ^;  and  the  friction  between  the  drum  andc? 
must  be  at  least  equal  to  this  force  to  prevent  sl:^. 
The  branches  dc  and  eb  of  the  band  are  solicited  re?fe: 
ively  by  the  two  forces  Ti  +  ff,  and  Ti  -  S;  and  i-^- 
substituted  in  Eq.  (108),  the  first  fpr  jPand  the  second:  ■ 
W,  we  find, 


relation  of  the 
two  tensions ; 


fS 


T,  +  ff={T,^ff)e''-; 


subtracting  Ti  —  H  from  both  'members  of  this  eq^^- 
and  we  have 


fs 


the  first  member  reduces  to  2  ff:  that  is  to  sav,  to  tne  ^' 
ference  of  tensions  on  the  two  branches  of  the  band,  wa^'  - 
must,  be  equal  to  the  eiSfect  of  Q  at  the  surface  of  the  druni: 
whence 


differmoeiof 
tensions ; 


2ff=  Q.^^ 
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fs 


7?^'  .  ±^  V  nme  In  terms  of 

QtL.  =  (^Ti  -  H)  (e^^  ^  l)    .    (168);     the«caon,ftc; 

-"i  ^  ^  tension  At  rest ; 


from  which  two  equations  we  may  compute  -ETand  7J,  and 
therefore,  Eq.  (166),  iTand  t;  and,  finally,  the  resultants 
2^2  ^^d  Ni  by  the  rules  for  the  composition  of  forces. 

Exairvph.  Required  the  tension  of  a  band  necessary  to 
produce  friction  enough  to  move  a  wheel,  when  subjected 
to  a  resistance  of  1000  pounds,  the  radius  of  the  wheel  example; 
being  0.5  foot,  and  that  of  the  drum  2  feet,  and  the  arc  of 
the  drum  enveloped  by  the  band  180°.  Let  the  band  be 
of  black  leather,  and  the  surface  of  the  drum  of  oak. 
Here  ^  =  2  feet;  5"  =  0.5  feet;  Q  =  1000  lbs.; 
f  =  0.265,  (see  Table  I,  §  212;)  S^^B^^  3.1416  7^;- 

q  .tL.  ^  1000  X  -^  =  250; 


R, 


H^\q 


jyf  lbs. 


hBlfdifltemeeef 
tensions ; 


Ti  -  IT  = 


Q 


R" 
R, 


250 


(e«.  -  1) 


(2.7182818)"-^  >< '•"^*  —  r       hxMfteMlonJ 


The  first  term  of  the  denominator  may  be  easily  found  by 
the  aid  of  logarithms,  as  follows : 


Log  [(2.7182818)''«»»]  =  Log  2.718281  X  0.83251 

=  0.4342942  X  0.83251 
=  0.361554  nearly ; 


value  found  by 
the  aid  of 
logarithms; 


the  natural  number  of  which  is  2.2991,  whence 


Ti  -  H  =  t  = 


250 


2.2991  -  1 


250 
1.2991 


=    192.44.      nine; 
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Adding  2  H-  250  lbs.,  we  have 


gwtlertenrion;  T^   +   H  =    T  :=   442.44. 


The  arc  of  the  drum  enveloped  by  the  band  being  \y 
the  tensions  T  and  t  must  be  parallel,  and  their  resi:i: 
T^=T+t=^ 634.88  lbs.,  which  being  combined  with (»= 
to  find  the  1000,  according  to  the  principles  of  the  composition  : 

ratuitaiu;  forccs,  will  givc  iV^,  and  with  F  will  give  iVi,  whence  er-r 

thing  required  to  determine  the  quantity  of  work  in  E, 
(165)  is  known. 

If  Eq.  (165)  be  divided  by  B's,^  it  becomes 

but 

▼elodtjofthe 

eircomferanoet  Rg  8^   =    x^  5|  \ 

equal; 


whence 


and  by  substituting  above, 

power  when  the  i^=    Q  '    p,  '    ^    +/•  N2'  -^  '  -^  +/'  ''m  '  ^' 

motion  begins  in  If  .  112  It      Itg  -« 

Its  direction ; 

which  is  the  relation  subsisting  between  F  and  $,  i^  ^'*^' 
of  an  equilibrium  bordering  on  motion  in  the  direction  c- 
F,  or  in  the  direction  of  uniform  motion. 
If  we  disregard  the  friction,  then  will 

without  IHction;  F  =    Q  -  '    ^ . 
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Fig.  259. 


Wten  the  motion  from  one  wheel  and  axle  is  communi-  eombiiuuion  of 
cated  to  a  second  machine  of  the  same  kind,  by  passing  ^^^  frictioiT 
the  band  about  the 
axle  of  the  wheel 
to  jwrhich  the  power 
F  is  applied,  and 
the  wheel  of  that 
to  whose  axle  Q  is 
applied,  then  wUl 
Hi  be  the  radius  of 
the  first  axle,  and 
iZf  that  of  the  sec- 
ond wheel,  and  the 
preceding  equation 
gives  us  this  rule, 
viz.: 

When  the  friction  is  so  small  that  it  may  be  disregarded^  relation  of  power 
the  power  F  will  be  to  the  resistance  Q,  as  the  product  of  the 
radii  of  the  axles  to  tliat  of  the  radii  of  the  wheels^  in  tfie  case 
of  an  equilibrium  or  uniform  motion. 


§  288. — In  the  preceding  discussion,  no  mention  is  made  Rigidity  of 
of  the  resistance   arising  from  the  stiflfiaess  of  cordage,  ^^i^^^ 
When  the  connection  or  gearing  is  made  by  bands,  these 
are  so  thin  as  to  possess  considerable  flexibility,  and  their 
opposition  to  bending  may,  in  practice,  be  safely  neglected. 
If  the   connection 
be  made  by  an  end- 
less rope,  the  op- 
position to  motion 
takes  place  at  the 
points    where    the 
rope  bends  in  pass- 
ing on  to  the  drums, 
and  not  at  all  at 
the    points    where 
it  leaves  the  latter 


rigidity  of  ropea; 
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Talueofthe 
rMt«taDce  at  one 
poinl; 
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and  becomes  straight     Thus  at  the  point  a,  the  rss:- 
ance  is 

.   K  +  I.Q 


2R 


/  I 


at  the  point  i  it  is 


al  another ; 


d.- 


K   +  It 
2i2,      ' 


and  at  the  point  c2  it  is 


ataaother; 


d.^ 


K  +  IT 
2i2i      ' 


and,  finally,  at  the  points/  and  c  it  is  nothing.   Tt:^ 
resistances  must  be  included  among  those  to  be  oveiwi: 
by  the  power  F. 
rigidity  of  chains;       K  the  councction  be  made  by  an  endless  chain,  ea- 

link,  as  it  turns  in  the  next  one  in  order,  may  be  r^'^i^^ 


each  link  a         as  a  trunuiou  revolving  in  its  box ;  and  each,  as  it  w°^^'' 
trunnion  in  it.     ^  ^  applied  to  the  drum,  revolves  about  the  next  one 

.through  an  angle  E'HE,  equal  to  DCU,  the  ^P 
through  which  the  drum  revolves  to  produce  the  contat' 
and  taking  the  sum  of  all  these  angles,  it  is  obvious  »»*■ 
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although  each  link  revolves  through  a  very  small  angle, 
yet  this  sum  must  be  equal  to  the  angle  through  which  the 
drum  has  turned  to  produce  it. 

Denoting  by  r  the  radius  of  the  inner  circular  arc  in  iioutioii,4ce.; 
which  the  end  of  each  link  is  shaped,  s^  the  arc  described 
by  the  point  at  the  distance  of  unity  from  the  axis  of  the 
drum  B^  f  the  coefficient  of  friction,  and  T  and  t  the  ten- 
sions on  the  two  branches  of  the  chain,  then  will  the  work 
of  friction  among  the  links  at  the  points  /  and  b  respec- 
tively, (figure  before  the  last,)  be 

workofMctioB 

fTrS^         and       ftrs^l  among  the  UhIm, 

•^  ^  ^  »>  »tono8etof 

points; 

and  denoting  by  «i  the  arc  described  by  a  point  at  the  dis- 
tance of  unity  from  the  axis  of  the  drum  J.,  the  work  of 
friction  at  the  points  d  and  e  will  be,  respectively. 


the  lame  for 
another  set ; 


/jTrs,,       and     ftrsi\ 
and  the  whole  amount  of  this  kind  of  work  will  be 

•^      ^  ^^"  ^^  thlsMcUon; 

Eecollecting  that  the  points  on  the  surfaces  of  the  drums 
must  have  the  same  velocity,  viz. :  that  of  the  different 
links  of  the  chain,  we  have 

jp^         jj  velocity  of 

•tC^h   -^    -^^^li  drcumferenee of 

drumi  equal; 

in  which  B^  and  R^  are  respectively  the  radii  of  the  drums 
B  and  A.    From  this  relation  we  find 

which,  substituted  above,  gives 

P  .  Taloe  of  the  work 

/r^(7'+  0(l  +  g)-    •    .    (169).     l^.^ 
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example ; 


Example.  Let  T  and  t  have  the  values  of  the  last  ex- 
ample, (that  of  the  strap,)  and  suppose  r  =  0.03,  the  clix:. 
of  wrought  iron,  for  which  we  find  in  the  table  of  §2ix 
(assuming  that/  is  the  same  for  trunnions  of  wrought  L- : 
in  boxes  of  the  same  material,  as  for  trunnions  of  wrougi: 
iron  and  boxes  of  cast  iron,)  /=  0.07 ;  also  let  the  radias 
of  the  drum  B  be  four  times  that  of  the  drum  A  ;  then  ^1 
the  expression  (169)  for  a  single  revolution  of  the  druic  K 
in  which  case  5^=  2  X  3.1416  =  6.2832,  become 


Qoaniity  of  work  ^**  ^- 

of  wction.         0.07  X  0.03  X  6.2832  (442.44  +  192.44)  (14-4)=  41.5^. 

that  is,  the  work  lost  in  consequence  of  the  friction  amox 
the  links  of  the  chain,  during  one  revolution  of  the  ir^ 
of  the  wheel  to  which  the  resistance  is  applied,  is  sufficieL: 
to  raise  a  weight  of  nearly  42  pounds  through  one  foot  x 
vertical  height. 


(Hction  on  the 
teeth  of  wheels ; 


Fig.  Sd2. 


§  239. — ^Let  us  now  suppose  the  circumferences  of  tie 
Resutanoe  from  whccls  to  be  fuTuished  with  teeth,  which  interlock  mtj 
each  other,  so  that 
a  force  being  im- 
pressed upon  one 
wheel,  it  cannot 
move  without  com- 
municating motion 
to  the  other. 

The  teeth  are 
usually  curved,  and 
so  shaped  as  to 
have  a  common 
normal  i?,  D^  at 
their  point  of  con- 
tact m,  where  the 
action  of  one  and 

the  reaction  of  the  other  take  place ;   and  although  the 
point  of  contact  alters  its  position,  as  the  wheels  rotate 


eonditfons  of 
eoostruction  of 
the  teeth; 
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oonditions  ef 
prraerriiig  a 
constant  normal 
at  the  point  of 
contact; 


yet    the  place    of  Kg.  268. 

this    normal    does 
not  change,  but  re- 
mains    stationary, 
and   the  point  of 
cx)ntact    is   always 
on  it.    We  will  not 
stop  to  explain  the 
constructions      by 
which    this   is  ac- 
complished ;   it  will  be  sufficient  for  our  present  purpose 
to  be  assured  of  its  practicability,  and  that  we  may  pro- 
ceed on  the  supposition  that  it  has  been  executed  in  the 
case  under  consideration. 

From  the  centres  Ci  and  C^  of  the  wheels,  let  fall  upon 
the  normal  Di  D^  the  perpendiculars  Gi  Di  and  Q  D^ 
The  points  D^  and  D^  must,  during  the  rotation  of  the  relative  veiodtiM 
wheels,  have  the  same  absolute  velocity,  and  therefore  the  ^^^^^ 
number  of  revolutions  of  the  wheel  whose  centre  is  (^,  in 
a  given  time,  must  be  to  that  of  the  wheel  whose  centre  is 
C2,  in  the  same  time,  inversely  as  the  perpendiculars  C^  D^ 
and  C3  D2 ;  or,  because  of  the  similar  triangles  (\B  D^  and 
C^BD^  inversely  as  the  distances  GiB  and  C^B.    The 
circles  described  about  Q  and  Q  as  centres,  with  radii 
(7i^  and  C^B^  respectively,  are  called  \hQ  primitive  circles.  primiUTccireiea; 
These  circles  and  their  radii  may  be  easily  found  from  the 
consideration  just  named.     It  will  be  our  object  to  find  a 
force  which,  applied  tangentially  to  these  circles  at  jB,  will 
produce  the  same  effect  as  friction  on  the  teeth. 

Denote  by  Q  the  resistance  acting  at  a  distance  R 
from  the  axis  of  the  wheel  whose  centre  is  0^.  The  effect 
of  this  resistance  acting  at  D^  in  the  direction  of  the 
normal  D^  D^  will,  from  the  principles  of  the  wheel  and 
axle,  be  ^j,  given  by  the  relation 


Qi=  « 


R 


(169)' ; 


effect  of  the 
reslBtance  at  the 
distance  of 
common  nonnal; 
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value  of  the 
friction  on  the 
teeth; 


and  this  Qi  will  be  the  pressure  at  the  point  m.   Itsfr: 
tion  will  be 

/Qu 

acting  in  th.e  direction  jj  jj,  tangent  to  both  teeth  at  ti-L- 
point  of  contact.  The  elementary  quantity  of  work  d 
this  friction  wiU  be 


equal  to  its  intensi- 
ty, multiplied  into 
the  elementary  dis- 
tance by  which  the 
rubbing  points  now 
at  m,  separate  in 
the  direction  of  this 
to  obtain  the  tangent;  which  dis- 
irr«::?  tance  is  obviously 
equal  to  that  by 
which    the   points 


orthiaMction; 


flUe  ralue  of  thla 
work; 


ji  and  ja,  the  extremities  of  the  perpendiculars  let  tti 
from  Ci  and  Q  upon  the  common  tangent,  approach  to  or 
recede  from  each  other.  Denoting  the  elementary  pa^ 
described  by  a  point  at  the  unit's  distance  from  Q  by  ^s 
and  that  described  at  the  same  distance  from  Q  by  ^  ^^ 
paths  described  by  ji  and  q^  will  be,  respectively,  Q  ft  X  ?j, 
and  C^q^X  s^]  and  because  the  points  qi  and  q^  must  more 
in  the  same  direction  when  the  tangent  ftSi  passes  between 
the  centres  C^  and  Q,  the  elementary  path  of  friction  wu 
be  equal  to  the  difference  of  these  paths,  and  its  elemefr 
tary  quantity  of  work  will  equal 

fQi[0^q2  X  5a  -   Qj,  X  5j. 

Designating  the  radii  of  the  primitive  circles  whose  cen- 
tres are  CJ  and  Q  by  Ri  and  JR^  respectively,  vre  Iw^*^? 
because  of  the  equal  velocities  of  the  circumferences  oi 
these  circles, 
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relaUon  of  the 

wrnence  dbumco  from  the 

two  centres ; 
_    ^ 

Moreover,  drawing  througli  the  point  B  the  line  z^  Zi, 
parallel  to  the  tangent  q^  ji,  and  denoting  the  angle  mBCi, 
which  is  the  complement  of  the  angle  CiBzi,  by  9,  and 
the  distance  mBhj  h,  we  find 

CLOi  =  JRoQOsqt  +  h, 

"^*  -»  T  f  lever  anna  of  the 

friction ; 

^?i  =  ^cos9  —  h; 

these  values  of  s^,  Q  q2,  and  Ci  ji,  substituted  in  the  ex- 
pression for  the  elementary  work  of  friction,  give 

fQ^h   81  (-^    +    lY  work  of  Motion ; 

Denote  by  w  the  intensity  of  a  force  which,  applied 
tangentially  to  the  primitive  circles  at  B,  will  produce  the 
same  effect  as  the  friction.  Its  elementary  work  will  be 
u  Ri  8ij  and  hence 


»-S,s,=/Q,hs^{^-^y, 


or 


tangential  force 


0^   =:/  Q^h   ^5^       .       .       (170).       •*"»« 

RlR^  circumference  of 


primitiTe  circle ; 


Represent  the  angle  jB  Q  m  by  d.  In  practice,  the 
angle  mBCi  does  not  differ  much  from  90°,  and  we  may 
take 

h  =  ^tand' 
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and  because  6  is  generally  very  small,  the  tangent  may  be 
replaced  by  the  arc,  and 


which,  substituted  above,  gives 


a&oUier  form  for 
tangential  force 
at  primitive 
circumferenee ; 


to  And  the  mean 
ralue  of  the 
angular  dlitanee 
of  point  of 
contact ; 


0) 


Bii 


(1711 


altitude  of  a  mean 
triangle ; 


The  value  of  A  varies  from  a  maximum  to  zero  on  one 
side  of  the  line  of  the  centres  Q  Q,  and  from  zero  to  a 
second  maximum  on  the  opposite  side  of  this  hne ;  tie 
first  maximum  corresponds  to  that  position  of  m  in  wiii- 
any  two  teeth  come  first  in  contact,  and  the  second  to  tki 
in  which  the  contact  ceases ;  the  intermediate  or  zero  nl^ 
occurs  when  m  is  on  the  line  of  the  centres.  The  quaDtitj 
6  being  thus  variable,  it  must  be  replaced  by  a  constant 
and  this  constant  must  be  a  mean  of  all  the  values  betweci 
the  two  maxima.  Designating  the  first  of  these  by  *,,  aipi 
the  second  by  ^j,  lay 
off  the  distance  A  E 

=  ^1 ;   erect  at  A  the  Kg.  264. 

perpendicular  AQ  = 
^i;  draw  OE:  then 
will  the  ordinates  of 
this  line  which  are 
parallel  U>A&  repre- 
sent the  different  val- 
ues of  4,  and  the  area 

of  the  triangle  EA  G  will  be  the  sum  of  all  the  values  of 
6  between  tfj  and  zero.  Again,  make  EB  =  A^]  erect  ^^ 
B  the  perpendicular  BG'''  =  6^]  draw  G'"E:  the  aw 
of  the  triangle  EB  (?'"  will  be  the  simi  of  all  values  of 
6  between  zero  and  6^    Make 

BO  =  ?L±^', 


^           ^ 

T                       € 

& 

w 

ft 

'/ 

/ 

Ir 

X 

1?« 
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"tnplete  the  rectangle  B0\  and  draw  AO;  then  will  the  coiwtniction; 
Langle  ABO  hQ  equivalent  to  the  sum  of  the  triangles 
jEJ  Gf^  and  EB  Q '",  and  therefore  equivalent  to  the  sum 
'  all  values  of  ^  between  6^  and  dg,  the  mean  of  which  is 
bviously  the  middle  ordinate. 

^  2  (di  +  ^a)  2  {&i  +  dg)  2  ^1  +  ^a   angular  distance 

of  point  of 
contact ; 

if  eglecting  the  last  term  as  insignificant, 


Multiplying  by  ^,  we  find  that  R^  {pi  +  ^j)  is  the  interval 
between  the  place  of  the  first  and  last  point  of  contact  of 
the  same  pair  of  teeth,  estimated  on  the  circumference  of 
the  primitive  circle;  denoting  this  interval  by  a,  and  sub- 
stituting in  Eq.  (171),  we  find 


_     /•/^    Ri    +    R2  a  -^    /a  a      \  tangential  force 

^    "  J^l  — Sr-p —    X    "H-    —  /  Vl      9    r>       +     Q   r>    J'         at  primitive 

^^  -^  V^-^  -^^/  circninf««in««. 


Denote  the  number  of  teeth  on  the  wheel  whose  centre  is 
Ci  by  Til,  and  the  number  on  the  wheel  whose  centre  is  C^ 
by  722 ;  then,  because  the  teeth  and  intervals  between  them 
must  be  the  same  on  each  circumference,  in  order  to  work 
freely, 

distance  fW>m  the 

2  ^  Ml  2  ^  M^  place  of  first  to 

~  ^        >  that  of  last  point 


of  contact ; 


which,  substituted  above,  gives 


\ni        n^J  n^n^ 

Replacing  ^1  by  its  value  given  in  Eq.  (169)',  and  recollect- 
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final  value  of 
tangential  force 
which  is 
equivalent  to 
friction ; 


its  quantity  of 
work; 


example ; 


data; 


work; 
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ing  that,  within  the  limits  supposed,  Q  D^  becomes  R^  ve 
finally  have 

To  find  the  quantity  of  work,  multiply  both  members  d 
this  equation  by  R^s^  which  will  give 

Example,  Eequired  the  work  consumed  in  each  reT> 
lution  by  friction  on  the  teeth  of  a  wheel  whose  arbor  i? 
subjected  to  a  resistance  equivalent  to  lOOO  pounds,  tie 
number  of  teeth  on  the  wheel  being  64,  and  that  of  tie 
connecting  wheel  being  192 ;  let  the  teeth  be  of  cast  iro.). 
and  suppose  the  radius  of  the  arbor  equal  to  0.8  foot. 

Here,  i?  =  0.8 ;  ^  =  1000  lbs. ;  5^  =  2  x  8.1416;  *  = 
3.1416 ;  /=  0.152 ;  rij  =  64 ;  rij  =  192  ;  and,  therefore, 

W  J2,«,  =  0.162  X  8.1416  X  6.2882  X  1000*'x  0.8  ^  ^  |^^  =  60; 


refult 


that  is  to  say,  the  quantity  of  work  consumed  iu  one  revo- 
lution by  friction  on  the  teeth,  in  the  case  supposed,  is  suf- 
ficient to  raise  50  pounds  through  a  vertical  distance  of  ooe 
foot. 


XX 


THE     SCBEW. 


Thescreir. 


The  Screw,  regarded  as  a  mechanical  power,  is  a  device 
by  which  the  principles  of  the  inclined  plane  are  so 
applied  as  to  produce  considerable  pressures  with  great 
steadiness  and  regularity  of  motion. 
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fig.  266. 


mode  of 
generating; 


§  240. — To  form  a  clear  idea  of  the  figure  of  the  screw  screw  with 
iiid.  its  mode  of  action,  conceive  a  right  cylinder  ak,  with  •**"*^""®*'' 
circular  base,  and  a  rectangle  abcm  having  one  of  its  sides 
I  b  coincident  with  a  surface  element,  while  its  plane  passes 
ulirough  the  axis  of  this  cylinder. 
N'ext,  suppose  the  plane  of  the  rect- 
angle   to    rotate    uniformly   about 
the    axis,   and  the  rectangle  itself 
to  move  also  uniformly  in  the  di- 
rection of  that  line ;   and  let  this 
twofold  motion  of  rotation  and  of 
translation  be  so  regulated,  that  in 
one  entire  revolution  of  the  plane, 
the  rectangle  shall  progress  in  the 
direction  of  the  axis  over  a  distance 
greater  than    the   side  ai,   which 
is   in  the  surface  of  the  cylinder. 
The  rectangle  will  thus  generate  a  projecting  and  winding 
solid  called  2k  filht,  leaving  between  its  turns  a  similarly  the  miet,  channel, 
shaped  groove  called  the  channel.     Each  point  as  m  in  the  "^  ****  '*"*• 
perimeter  of  the  moving  rectangle,  will  generate  a  curve 
called  a  hdix^  and  it  is  obvious,  from  what  has  been  said, 
that  every  helix  will  enjoy  this  property,  viz. :  any  one  of 
its  points  as  m,  being  taken  as  an  origin  of  reference,  as 
well  for  the  curve  itself  as  for  its  projection  on  a  plane 
through  this  point  and  at  right  angles  to  the  axis,  the  dis- 
tances d!  m',  d"  m",  &c.,  of  the  sieveral  points  of  the  helix 
from  this  plane,  are  respectively  proportional  to  the  circu-  properties  of  a 
lar  arcs  md\  md"^  &c.,  into  which  the  portions  mm\  mm",  ^®"*' 
&c.  of  the  helix,  between  the  origin  and  these  points,  are 
projected. 

The  solid  cylinder  about  which  the  fillet  is  wound,  is 
called  the  riewel  of  the  screw;  the  distance  mm'"^  between  newel; 
the  consecutive  turns  of  the  same  helix,  estimated  in  the 
direction  of  the  axis,  is  called  the  helical  interval,    Theheiicaiinterrai; 
surfaces  of  the  fillet  which  are  generated  by  the  sides  of 
the  rectangle  perpendicular  to  the  axi§,  are  each  made  up 
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and  incliuatlona 
of  the  different 
belioee ; 


Fig.  266. 


of  a  series  of  helices,  all  of  whicli  have  the  same  inkr\ 
though  the  helices  themselves  are  at  different  distances fr.L 

relative  position   the  axis.     The  inclination  of  the  different  helices  to  tb 
axis  of  the  screw,  increases,  therefore,  from  the  newel  t^ 
the  exterior  surface  of  the  fillet,  the  same  heUx  preserv::: 
its     inclination      un- 
changed throughout. 
The     screw     is     re- 
ceived into  a  hole  in 
a  solid   piece  B  of 
metal  or  wood,  called 

the  out;  a  nut  OT  burr.     The 

surface  of  the  hole 
through  the  nut  is 
furnished  with  a  wind- 

fiuetofthenut;  ing  fillet  of  the  samc 
shape  and  size  as  the 
channel  of  the  screw, 
which  it  occupies ; 
while  the  fillet  of  the 
latter  fills  up  the 
channel  of  the  nut, 
formed  by  the  turns 
of  its  fillet,  whose 
inner  surface  is  thus 
brought  in  contact 
with  the  newel. 

From  this  arrangement  it  is  obvious  that  when  tie  nnt 

relative  mouon  of  is  Stationary,  and  a  rotary  motion  is  communicated  to  i- 

Bcrew  and  nut ;  g^j.^^^  ^^iQ  latter  wiU  movc  in  the  direction  of  its  axis ;  also 
when  the  screw  is  stationary  and  the  nut  is  turned,  tte  r.iit 
must  move  in  the  direction  of  the  length  of  the  screw,  i^ 
the  first  case,  one  entire  revolution  of  the  screw  will  cajrfiJ 
longitudinally  through  a  distance  (*qual  to  the  helical  inter- 
val, and  any  fractional  portion  of  an  entire  revolution  ^^^ 
carry  it  through  a  proportional  distance ;  the  same  of  tlie 
nut,  when  the  latter  is  moveable  and  the  screw  stationary. 
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The  resistance  Q  is  applied  either  to  the  head  of  the  screw, 
or  to  the  nut,  depending  upon  which  is  the  moveable  ele- 
ment ;  in  either  case  it  acts  in  the  direction  D  C  of  the 
axis.     The  power  F  is  applied  at  the  extremity  of  a  bar  appiicauonorthe 
ff  5"  connected  with  the  screw  or  nut,  and  acts  in  a  plane  '^•'■^">"x* 

'  *  power; 

at  right  angles  to  the  axis  of  the  screw.  Denote  the  per- 
pendicular distance  of  the  line  of  direction  of  F  from  the 
axis  of  the  screw  by  JR,  and  the  helical  interval  by  h  ;  then 
will  the  quantity  of  work  of  the  power  Fj  in  one  revolu- 
tion, supposing  it  to  retain  the  same  distance  from  the  axis, 
be 

woi^ofthe 
■*^    X    Z  ^  Jv  f  power  In  one 

revolution ; 

and  the  quantity  of  work  of  the  resistance  will  be 


Q  X  h. 


work  of  the 
resisUnoe; 


The  power  F  and  resistance  Q,  both  act  to  press  the  fillet 
of  the  screw  and  that  of  the  nut  together,  the  first  acting 
at  right  angles  to,  and  the  latter  in  the  direction  of  the 
axis.  To  find  the  work  of  friction  thence  arising,  it  will 
be  necessary  to  find  a  force  i^j,  parallel  to  F,  whose  efiect 
at  the  fillet  is  the  same  as  that  of  F,  acting  at  the  distance 
R  fi-om  the  axis,  and  to  resolve  both  Fi  and  Q  into  two 
components,  one  normal  and  the  other  parallel  to  the 
common  surface  of  the  pressing  fillets.  But  the  surfaces 
being  warped,  the  normals  at  their  different  points  will  be 
oblique  to  each  other,  and  so  inclined  to  the  axis  that  the 
normal  components  of  the  resistance  Q^  near  the  newel, 
will  be  less  than  those  towards  the  outer  surface  of  the  intermediate 
fillet,  while  the  reverse  will  be  the  case  with  the  power  Fi.  ^^^^'' 
The  resolution  must,  therefore,  be  made  with  reference  to  a 
normal  at  a  helix  midway  between  the  newel  and  outer  sur- 
face. This  helix,  like  all  others,  is  situated  upon  the  sur- 
face of  a  cylinder  of  which  the  axis  coincides  with  that  of 
the  screw.    Denote  the  radius  of  this  cylinder  C  m}^  by  r 
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ooDstructton;      Conceive  a  tangent  plane  to  this  cylinder  at  any  points 
vir^y  and  two  cutting*planes  normal  to  the  axia^  and  a  i 


projection  of 
intermediate 
helix ; 


Fig.  267. 


J 


distance  from  each  other  equal  to  a  helical  inteiral,  aji 
equally  distant  from  m*^.  If  we  now  develop  the  ponio!i 
of  the  cylindrical  surface,  included  between  the  cuttiiiZ' 
planes,   on   the   tan- 


,gent  plane,  the  sur- 
face of  the  cylinder 
will  become  a  rectan- 
gle whose  base  A  E 
dereiopmentor    is  equal  to  2  iT  r,  and 

the  intermediate        i  i^..     -,      n -n  ' 

heiix;  WhOSC  altltUQC  ±j  B  IS 

equal  to  h;  and  the 
helix  will  become  the 
diagonal  A  B,  De- 
note the  length  of  the 
resolution  of  the  hclix  ABhjl,  Then 

power  and 
resistance  into 
components; 


Fif.  268. 


draw  the  normal  m'^  Z,  and  resolve  Q  and  F^  as  before 
stated.  Since  Q  =  m^  K  is  perpendicular  \o  AE^^i^ 
L  iriy  perpendicular  to  J.  5,  the  angles  L  m}^  K  and  EA  B 
are  equal ;  also,  since  Fi  =  /m'^  is  perpendicular  to  BEi 
the  angles  Im^^  L  and  ABE  are  equal,  and  the  tnanfi^es 
ABE,  IwH^ 0,  and  L rriy^K,  being  right  angled,  are  similar, 
and  give  the  proportions 


I 


2flrr 


Q 


Lfri} 


17 


I 


■    • 


F^ 


m"  0; 
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whence 


Jjfnr    =    J ,  oomponeiit  of 


m*^  {J  ^ —  J  oomponentof 

*  power; 

and  the  total  pressure,  which  is  equal  to  the  sum  of  vnF'  0 
and  my  L,  becomes 

2*^  Q     ,        f^^i  toUlnoranl 

I  I     »  praMiire; 

and  the  friction 

^  I 

and  since  in  one  revolution  the*  path  described  by  this 
friction  is  the  diagonal  A  B  =  2^  its  quantity  of  work 
will  be 

Its  quantity  of 

A2*rQ  +  hF^;  workmow 

reyoltttion; 

and  because  the  work  of  the  power  F  must  equal  the 
work  of  the  resistance  Q^  increased  by  that  of  the  friction, 
we  have 

work  of  power 
equal  that  of 
2*E.F=    Qh   +f{2*rQ    +   F^h).  n»l.tanee 

Increased  by 
«  work  of  Motion; 

But  the  effect  of  F  and  Fi  being  the  same,  their  quantities 
of  work  must  be  equal,  and  hence 

2^EF  =  2*rFi; 

whence 

^,  =  F—i 

r 
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which  substituted    in   the  preceding   general    equatioc, 
we  get 

workofpower;  2* RF  ^   Qh  +/{2*rQ  +  F  —  h); 


and  finding  the  value  of  F, 


▼alttA  of  tbo 


^=Q I'l^yit. • .  •  (ij 


po""!  ^  2* Mr  —fRh 


■*)• 


Multiplying  both  members  by  2  «*  i?;  then  adding  aDd 
subtracting  Qh^  in  the  second  member  of  this  equados^ 
we  find 

workofpowr;  2^  R .  F  ^   Qh  +  fQ^^^^^;^^  .      .       (175), 

in  which  the  work  absorbed  by  firiction  is  giyen  by  fl»e 
last  term ;  that  is  to  say,  by 

work  absorbed  bj  Jt  q   ^    A    +  4  *^  r* 

fricUon;  ^V   •     2^r—fh' 

If  we  neglect  the  consideration  of  firiction,  or  make  /  =  0, 
we  find,  from  Eq.  (174),  simply 

reUtion  of  power  i 

and  redBtance  2^  ^    Q    X    « 

without  flriction ;  2  ^  x2 

that  is,  the  power  is  to  the  resistance  as  the  helical  inteml 
is  to  the  circumference  described  by  the  extremit  j  of  the 
perpendicular,  drawn  fi:om  the  axis  to  the  direction  of 
the  power.  From  which  it  is  obvious  that  the  pow^  of 
the  screw  may  be  increased,  either  by  diminishing  the 
■tatedinworda;  distance  between  the  thread  or  fillet,  or  by  increa^ng^e 
distance  of  the  power  from  the  axis. 
K  we  examine  the  expression 
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Intermediate 
helix  ahoald  be 


Fig.  269. 


we  shall  find  that  the  ntunerator  of  the  fractional  factor 
increases  more  rapidly  than   the  denominator   for   any 
increment  in  the  value  of  r,  the  radius  of  the  mean  helix. 
For  this  reason,  r  shoTild  be  made  as  small  as  possible  ndi}»  of 
consistently  with  sufficient  strength. 

Let  6  0  be  the  radius  of 
the  interior  helix,  or  that 
of  the  newel,  and  a  0  that 
of  the  exterior  helix;  it  is 
usual  to  make  the  projection 
a  6,  of  the  fillet,  equal  to  the 
thickness  ad,  measured  in  ^ 

the  direction  of  the  axis; 
and  for  facility  of  execution, 
the  dimensions  of  the  chan- 
nel are  made  equal  to  those 
of  the  fillet,  that  is  to  say, 
c'&is  made  equal  to  ad;  in 
which  case,  the  helical  in- 
terval aa^  will  be  equal  to 
2  ad  =^  2  ab,  when  there  is 
but  a  single  fillet.  Should 
there  be  two  fillets,  which 

are  often  employed  to  increase  the  helical  interval  without 
changing  the  size  of  the  newel,  and  therefore  of  r,  thenmie; 
will  the  helical  interval  be  4  a  6.  Considerations  aflFecting 
the  tmion  of  sufficient  strength  with  least  friction,  have 
suggested  this  general  rule  in  regard  to  the  dimensions  of 
the  fillet,  viz. :  make  the  projection  a  b  equal  to  one  third 
of  the  radius  Ob  of  the  newel,  or 


proportton  of  the 
different  parts  of 
theflcrew; 


a6  =  I  06. 


This  will  give 


Ob  =  8ab; 


ndioe  of  the 
newel; 
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and 


Ob  +  ^ab  =  r  =  Sab  +  ^ab  =  Ja6; 


ndlusof 
iatermediiite 
helix  $ 


and  because  h  =^  2  ab, 

r  =  ih; 

which  substitated  for  r,  in  the  expression  for  the  friction, 
gives 

workorflrlcUon;  /•    (Jh = y] 

22 
and  making  *  =  -y-  to  which  it  is  very  nearly  equal,  the 

expression  reduces  to 

122 


ItsfliulTalue;  f  X    Qh 


11-/ 


To  apply  this  to  a  particidar  example,  let  the  screw  b? 
Mampie;  made  of  wrought  iron,  and  the  nut  of  brass,  and  suppose 

an  unguent  of  tallow,  in  which  case  /=  0.103,  see  Tabk 
m,  §  212 ;  hence  the  value  of  the  friction*becomes 

1.152  X   Qh; 
which,  substituted  in  Eq.  (176),  gives 

rewit.  2^R.F  =  Qh  +  1.152  Qh  =  2.152  Qh; 

whence  we  see,  that  friction  occasions  a  loss  of  work 
greater  than  the  whole  work  performed  by  the  resistance. 

§  241. — The  endless  screw  is  employed  to  transmit  a 
very  slow  motion,  and,  at  the  same  time,  to  overcome  con- 
siderable resistance.    It  is  a  short  screw,  with  square  fillet. 
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stnd  so  supported  as  to  revolve  freely  about  its  axis,  with 
Qo  motion  of  translation.    It  is  usually  turned  by  means 
of  a  crank.  The  fillet  pass- 
es between  teeth  on  the 
circumference  of  a  wheel 
of  which  the  axis  is  per- 
pendicular to  that  of  the 
screw.     The  resistance  Q 
is  applied  to  the  circum- 
ference of  the  arbor  of  the 
wheel.     The  rubbing  faces 
of  the  teeth,  instead  of  be- 
ing parallel  to  the  axis  of 
the  wheel,  are  slightly  in- 
clined to  that  line,  so  as 
to  make  them  parallel  to 
the  surface  of  the  fillet 
when  the  latter  is  brought 
in  contact  with  the  teeth. 

A  rotary  motion  being  communicated  to  the  screw,  its  fillet 
presses  against  the  teeth  of  the  wheel ;  and  as  the  screw 
can  have  no  longitudinal  motion,  the  wheel  must  turn 
about  its  axis. '  As  the  teeth  are  withdrawn  towards  one 
end  of  the  screw,  others  are  interposed  towards  the  other 
end,  and  thus  an  endless  motion  may  be  kept  up ;  hence 
the  name  of  the  machine. 


lueaad 
deicripUon ; 


surface  of  teetl 
inclined  to  axil 
of  motion ; 


operation  and 
reason  for  the 
name; 


A  plane  through  the 
axis  of  the  screw  and  per- 
pendicular to  that  of  the 
wheel,  will  cut  from  the 
rubbing  surfaces  of  the 
fillet  and  teeth  a  profile ; 
and  if  we  confine  our- 
selves to  what  takes  place 
in  this  plane  during  the  * 
motion,  we  shall  find  that 
the  circumstances  will  be 


Fig.  271. 


■eeiloD  by  a  plane 
tbrongh  the  axis 
of  the  screw 
perpendicular  to 
the  axis  of  the 
wheel ; 
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the  same  as  those  of  two 

dreumstanoetof   whccls    acting    UpOU    One 
action  BuiM  ■•  11  11* 

ihoM  Of  two        another  through  the  inter- 

wheeto  with 
teeth; 


Fig.  271. 


<^. 


vention  of  teeth ;  for,  as 
the  screw  turns  about  its 
axis  to  bring  different 
parts  of  the  fillet  in  this 
cutting  plane,  the  section 
ab  will  move  in  the  direc- 
tion from  J.  to  jB,  driving 
the  section  he  of  the  tooth 
before  it 

Let  Q^  be  the  force  applied  at  6  in  the  direction  A  B, 
which  is  tangent  to  the  circumference  whose  centre  is  c^i 
the  axis  of  the  wheel,  and  whose  radius  is  Gb  =  R^  aci 
which  will  sustain  the  resistance  Q  in  equilibrio :  then  de 
noting  by  N  the  resultant  of  Q^  and  Q,  by  r  the  radius 
of  the  arbor,  and  by  r^  that  of  the  trunnion,  will 


quantity  of  work ; 


Q.B,>,  =  Qr,,  +fNr,»,: 


Taloe  of  the 
power; 


Motion; 


in  which  a^  is  the  arc  described  at  the  unit's  distance  from, 
the  axis  of  the  wheel. 
Dividing  by  B^s,^ 


Qs  =  «5-+/^J; 


(176> 


Find,  by  the  process  explained  in  §285,  Eqs.  (157)  to  (160), 
the  value  of  Q^  and  N.  The  pressure  upon  the  tooth  at  h 
will  thus  be  known,  being  equal  to  Q,.  This  pressure  pro- 
duces a  friction  upon  the  teeth  of  which  the  value  is 

nn  \n         nj 


wherein  n  denotes  the  number  of  teeth  on  the  wheel  whoae 
centre  is  C,  and  n!  the  number  on  the  other.    But  the  cir 
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3umference  of  this  latter  wheel  being  a  right  line,  is  in- 
Bjaite  as  well  as  the  number  of  its  teeth ;  hence 


k'  '  on  McUon  of 


reciprocal  of  the 
number  of  teeth 


■crew; 


9 


and  tlie  foregoing  becomes 


Talneoftbe 


J  n  friction 


which  must  be  added  to  §^  to  obtain  the  force  necessary 
to  turn  the  wheel  and  to  obtain  the  total  pressure  on  the 
fillet  of  the  screw.     This  sum,  which  is 


Q.+/i-   Q.=  Q.{l+/l), 


being  substituted  for  Q  in  Eq.  (175),  will  give 


2.ii^-e,(i +/!).  + /e,(iO|,tl^, 


total  preeenre  on 
theffllet; 


or 


2.BF^  C,(l  +/1)  [A+/.^±i^  .  .  (177). -r-" 


In  the  discussion  of  the  screw,  no  reference  has  been 
made  to  the  firiction  on  the  pivots  and  collars  by  which  friction  on  pwott 
the  screw  is  kept  in  position.    It  will  always  be  easy  to  ^^JJ|^ 
find  this,  in  any  particular  case,  by  the  rules  for  finding 
the  friction  upon  pivots,  sockets,  and  shoulders  or  rings^ 
explained  in  §  223. 
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THE    LETEB. 


levers  divided 
into  dlifereai 
orders; 

first  order; 


The  lew;  §  242. — ^The  Lever  is  a 

solid  bar  A  B,  of  any  form, 
supported  by  a  fixed  point 
0,  about  which  it  may  freely 

niierum;  tum,    Called    the   fulcrum. 

Sometimes  it  is  supported 
upon  trunnions,  and  fre- 
quently upon  a  knife-edge. 
Levers  have  been  divided 
into  three  different  classes, 
called  orders. 

In  levers  of  the  first 
order  J  the  power  F  and  re- 
sistance Q  are  applied  on 
opposite  sides  of  the  ful- 
crum 0;  in  levers  of  the 

■eoood;  secoTid  Order ^  the  resistance 

Q  is  applied  to  some  point 
between  the  fulcrum  0  and 
point  of  application  of  the 

third;  powcr  F;  and  in  the  third 

order  of  levers,  the  power 
F  is  applied  between  the 
fulcrum  0  and  point  of 
application  of  the  resist- 
ance Q. 

examples  of  The  commou  shears  ftir- 

dilTerent  orders  of     .  i  i         /•  • 

levers.  ^^^  ^^  example  of  a  pair 

of  levers  of  the  first  order ; 
the  nut-crackers  of  the  sec- 


Fig.  272. 
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ond;  and  fire-tongs 
of  the  third.  In  all 
orders,  the  conditions 
of  equilibrium  are  the 
same. 


Fig.  278. 


§  243. — When  the  lever  is  supported  upon  a  point,  the  Eqautbriumof 
equilibrium  requires  that  the  resultant  of  the  power  and  ^^ilh  ^J" 
resistance  shall  pass  through  this  point  in  order  to  be  micrumtaa 
destroyed  by  its  reaction  ;  to  have  a  resultant,  the  power  ^  "  ' 
nd  resistance  must  lie  in  the  same  plane,  and  as  the  re- 
sultant will  also  be  in 
this  plane,  the  power, 
resistance,    and    ful- 
crum, must  be  in  the 
same.     K  the  result- 
ant pass  through  the 
fulcrum,  its  moment 
taken    in     reference 
thereto  must  be  zero, 
which    requires  that 
the   moment   of  the 
power  shall  be  equal 
to  that  of  the  resist- 
ance.   That  is,  when 

a  lever  ^^  is  in  equilibrio  and  solicited  by  the  power  i^  moment  of  poww 
and  resistance  Q^  0  being  the  fulcrum,  if  we  draw  from  ^stance-"* 
this  latter  point  Om  and  On,  perpendicular  respectively 
to  the  direction  of  the  power  and  resistance,  then  will 


power,  reiilRlance, 
and  fulcrum  In 
nme  plane ; 


F  X   Om  =  Q  X   On. 

If  the  lever  turn  upon  trunnions,  then  will  the  moment  of  when  lever  is 
the  power  F,  be  equal  to  that  of  the  resistance  increased  Jr^ions;^** 
by  the  moment  of  the  friction  on  the  trunnion.     Designa- 
ting the  radius  of  the  latter  by  r,  then  will 


i 
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moment  of  power  F  X     Om   =    Q    X     On   •\-  fN.V; 

equal  to  that  of 
reeistance,  plus 

that  of  friction ;    in  wluch  N  is  the  resultant  of  F  and  Q, 

Multiplying  both  members  by  5^,  we  have 

F  X   Om  X  8^  =   Q  X   On  X  s,   +  fNr.s,; 

that  is  to  say,  Oie  qumUity  of  work  of  the  power  F^  musi  5? 
equal  to  that  of  the  resistance  Q,  increased  by  the  qtuoi^  cf 
work  of  the  friction. 


work  of  the 
power. 


Use  and  §  244. — The  lever  is  not  intended  to  produce  a  (ss- 

J^J^.***^  **'  *^®  tinuous  rotation,  but  is  usually  employed  to  move  a  he&n 

burden  or  great  resistance  through  a  short  distance  during 

each  separate  effort  of  the  power. 

It  is  not,  therefore,  always  necessary  to  make  it  tun 

about  trunnions  which  generally  operate  to  disadvantage; 

since  these,  to  afford 


sufficient  resistance, 
must  be  large,  which 
increases  the  term 
flfrs,,  or  the  quan- 
tity of  work  absorbed 
by  friction.  If  the 
lever  be  laid  upon  a 
simple  knife-edge,  r 
becomes  zero,  and  the 
foregoing  equation  be- 
comes 


Rg.  2T4. 


relation  of  power 
to  resiatanoe  on 
an  edg^  for  a 
fulorom; 


F  X   Om  X  s,  =   Q  X   On  X  «„ 


making  the  quantity  of  work  of  the  power  equal  to  tto 

of  the  resistance.    The  advantage  of  this  machine)  tk 

nfoaiij  the  lever  most  simple  of  all,  is,  that  it  transmits  without  Ices,  the 

transmit,  without        j^  ^^  ^^^     ^^^  ^  ^^^  Tcsistance.    But  this  is  not  all 

loss  the  power  to  * 

resistance;         a  simple  change  in  the  point  of  support  or  fulcrum,  whicD 
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may  be  made  at  pleasure,  gives  the  means  of  establishing 
any  desired  relation  between  the  power  and  resistance. 
If,  for  example,  the  point  of  support  0  is  placed  so  that 
the  distance  On  is  one  thousandth  part  of  Om,  then  will 

1000  ' 

-whence  we  see  that  with  a  very  small  power  we  may  hold  toefflwtagiTMi 
in  equilibrio  an  enonnous  resistance ;  but  as  the  quantity  ^ZiJl  of 
of  work  of  the  resistance  must  equal  that  of  the  power,  power  increaMs 
the  path  described  by  the  point  of  application  of  the  latter  ***^***» 
must  increase  in  the  same  proportion. 

To  give  an  idea  of  the  time  necessary  to  raise  a  heavy 
burden  through  a  moderate  height  with  the  lever,  suppose 
the  weight  to  be  raised  is  2000000  pounds,  and  that  it  is 
to  be  elevated  five  feet.  The  quantity  of  work  will  be 
2000000  lbs.  X  5  ft.  =  10000000  lbs.  Supposing  a  man  to 
act  by  his  weight  =  150  lbs.  at  the  end  of  a  lever,  he  would  exwnpie  to 

^     .u         I.       1  .   1   ^v. .  10000000    "^-^"^»--» 

have  to  describe  a  path  equal  m  length  to  — zr=^ —  = 

66666  feet,  nearly.  K  in  each  second  of  time  he  move  the 
point  of  the  lever  at  which  he  applies  his  weight,  through 

a  distance  of  0.2  ft.,  he  will  require       .  ^     =  838838 

seconds  nearly,  =  92.6  hours  nearly,  =  9.26  days,  suppo- 
sing the  man  to  labor  10  hours  a  day :  in  fact  a  man  left 
to  his  individual  eflforts  would  never  accomplish  such  a 
task. 

This  example  shows  us  that  the  lever  is  only  useful  for  practical  um  o( 
momentary  efforts,  and  when  the  burden,  being  considera-  *'*'®^'* 
ble,  is  to  be  moved  through  a  very  small  distance. 
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[V^/^ 


X 


XXII. 


atwood's  machine. 


Atwood^e 
machine; 


objects  of  the 
machine; 


§  245. — ^We  shall  terminate  this  branch  of  our  subje.: 
with  a  discussion  of  an  instrument  whose  object  is  an  ei- 
perimental  verification  of  the  laws  of  constant  fortxs.    Tu- 
instrument  is  the  invention  of  Ativood,  an  English  pliil  •:'.- 
pher,  and  bears  his  name.    Before  proceeding  to  des<.T!> 
it,  let  us  first  find  the  circumstances  of  motion  nnder/ti 
general  case  of  which  the  machine  in  question  is  tct  i 
particular  instance.     For  this  purpose,  let  A  J3  and  A  D  U 
two  inclined  planes 
having  a  common 
altitude    AE;    H 
and  n\  two  wheels 
of  diflferent  diame- 
ters mounted  upon 
the  same  arbor,  to 
which     they     are 
firmly       attached, 
and  of  which  the 
axis   is   supported 
upon  trunnions  par- 
allel to    the  com- 
mon intersection  of 
the  two  planes ;  W 

and  W  two  weights  supported  upon  the  inclined  planes 
by  means  of  cords  c  and  c '  wound,  the  first  about  the 
one  body  ascends  whccl  -ff  and  the  sccoud  about  the  wheel  n\  the  cords  be- 
ing parallel  to  the  inclined  planes.  Now  if  the  weight 
W  be  made  sufiiciently  heavy,  it  will  overcome  Jtl 
opposition  to  motion  and  slide  down  the  plane  A  B^  while 


the  general 
of  which  this 
machine  is  a 
paiiicuiar 
example ; 


while  the  other 
descends; 
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the  weight  W  must 
from  its  connection 
move  up  the  plane 
AD,  It  is  required 
to  find  the  circum- 
stances of  motion. 
Denote  the  angle 
which  the  planes 
A  ^  and  id  i>  make 

r^pectivelj  with  the  vertical  -4 -iF,  by  9  and  9' ;  the  radius 
of  the  wheel  jBT  by  jB;  that  of  H'  by  E^  and  that  of  the 
trunnion  by  r.  The  pressure  of  TFupon  the  plane  AB 
we  have  seen,  is 


to  iBTMtlgata  tiM 
eimiiiMtaaew  of 
motion; 


Wsin  9; 
that  of  W  on  the  plane  AB  is 

T<^'.sin9'; 


componenti  (tf 
the  w«lghto 
Boimal  to  tho 
plaaet; 


and  the  friction  on  the  planes  AB  and  AB  will  be,  re- 
spectively, 

/  TT.  sin  9,      and     / TF'  sin  9'. 


frietlon  doe  to 
theie  prewurei ; 


The  stifQiess  of  the  cord  c\  which  alone  opposes  the  mo- 
tion since  the  cord  c  unwinds,  is,  §  229, 


jr+/.(^. 


■tUDMWofoord 
whlcliwiiidi; 


in  which  d,  represents  d*,  (jP»  n,  or  d  in  Eqs.  (127)  to  (180), 

inclusive,  according  to  the  cord  or  rope  used,  and  (Q) 
the  tension  of  the  cord  c'.  This  latter  is  equal  to  the 
component  of  W  parallel  to  the  plane  AB^  W cos 9', 
increased  by  the  friction  due  to  its  normal  component 
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=  /TF'  sin  <p' ;  that  is  to  say, 

ntll^wtlu;    (e)  =  Tr'co8  9'+/Tr'sin9'=  TT' (cos o'  + /sine}; 

which,  substituted  in  the  expression  above,  for  the  sti&es 
of  the  cord  c',  gives 


ita  stlflbeii ; 


,  K  +  I.W  (cos  (p^  +  /.  sin  (pQ 


At  the  instant  motion  be- 
gins, let  the  centres  of  grav- 
ity of  W  and  W  be  at  0' 
and  0,y  respectively,  and  in 
any  subsequent  instant  at 
(?"  and  Q^^;  denote  the  dis- 
tance G'G"  by  a,  and  Q^G,, 
by  x\  then  will  x  and  x'  be 
the  paths  described  by  the 

centres  of  gravity  parallel  to  the  planes  in  the  interval: 
and 


l«Dgtfa  of  patha  in 
direction  of 
wetghts; 


X  COS  9,      and      x'  cos  (p^, 

will  be  the  corresponding  distances  in  the  direction  of  the 
weights. 

The  quantity  of  work  performed  by  TF^will  be 


quantity  of  work; 


Wx  COS  9, 


and  that  performed  by  W  in  the  same  time, 


quantity  of  work ; 


-  TT' cc' COS  9', 


and  the  total  quantity  of  work  of  both  will  be 


total  qnantlty ; 


Wx  COS  9  —   W  x'  cos  9'. 
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The  quantity  of  work  absorbed  by  friction  on  the  plane 
A£iB 

work  alMorbed  b7 
J.W.X  Bin  9|  Mettonon  one 

pbuie; 

and  that  absorbed  by  fiiction  on  the  plane  ^  2>  is 


/ .  TT'  x'  sin  9',  ttiat  on tiM  other; 

and  the  total  quantity  absorbed  by  friction  will  be,  sup- 
posing the  unit  of  friction  the  same  on  both  planes, 

/ (  TTiB  sin  9  +  W'x'  sin  (p\  ''**  ■'*^'^ ^^ 

•^  ^  ^  ^  ^  aU  the  MctioDS ; 

The  quantity  of  work  absorbed  by  the  stif&iess  of  the  cord 
c'  will  be 


,  K  +   I.W  (cos  9^    +  /sin  yQ     ,  ^ork eb»rbed by 

*  2  R  ■tlflhevofoonl: 


The  work  consumed  by  friction  on  the  trunnions  will  be 

j,^  workabaorbedby 

J    ^  »  T  ,  Sf  f  Mction  on 

trunnions; 

in  which  N  is  the  resultant  of  the  tensions  of  the  cords  c 
and  c';  in  other  words,  is  the  diagonal  of  a  parallelogram, 
of  which  the  contiguous  sides  have 

eomponentfl  of 
TTCOS  9    —  /  TTsin  9,      and       W*  cos  9     +  /  Tr     Sm  9  ,      the  prenore  on 

tmnniona; 

for  their  values,  and  9  +  9'  for  their  inclination  to  each 
other,  s,  is  the  arc  described  at  the  uniVs  distance  from 
the  axis. 

The  work  absorbed  by  the  inertia  of  the  wheels  and 
arbor,  or,  which  is  the  same  thing,  half  the  living  force  of 
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the  wheels  and  arbor  will^  be 

work  absorbed                                                          .  9 

by  tbe  loeriU of                                                     ^   A    __  9^1  ^l. 

'  "2  27"' 


wheels  and 
arbor; 


in  which  Vi  is  the  angular  velocity,  and  /  the  momeo^t  vi 
inertia. 

Denote  by  Fthe  velocity  of  the  body  whose  weigh;  L- 
TFJ  and  by  V  that  of  the  body  whose  weight  is  W ;  li^ 
living  force  of  the  first  will  be 

Uvlng  foroe  of  W  V^ 

one  body ;  ^1 

9 


and  that  of  the  second, 


tluU  of  the  other ; 


W'Y^ 


9      • 
and  the  quantity  of  action  in  the  two  bodies^  will  be 

quantity  of  actlOD  "W  Y^   4-    W  V^ 

in  the  two 


bodiea;  2  g 

The  quantity  of  work  of  the  weights  produces  the 
living  force  of  the  bodies,  that  of  the  wheels  and  arb(^. 
as  well  as  the  work  of  friction  and  that  of  the  stiffiiess  d 
cordage;  hence 


WV^  +  IP  F'* 


work  of  the 

weighta  equal  to 

the  living  foroea 

of  moTing  parte      W*  OO6  ^  —  W  x' CM  f'  ^  •* 

and  the  work  of 

fkietionand 

•tiflDMM; 


^9 


+  f{Wxmnf+  Wx'daf') 


+fyr»,  +  ^ (1TO> 


The  variables  in  this  equation,  for  the  same  inclination  of 
the  planes,  are  FJ  F',  Fi,  x,  x,  and  s^ ;  but  these,  by  the 
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lature  of  the  system,  axe  connected  by  the  following  rela- 
dons,  -viz.: 


r  :    V  ::  B  :  R  .:   7'  = 


X  :  af   : :  B  :  Sf  .'.    a^  = 


VB' 
B 

xB' 
B 


.  .  (179), 


.  .  (180X 


1  :  B  : :  «,   :   X    .'.    t,    =      „     .  .  (181), 


B  :    V  ::    1   :  Vi   .'.    Vi  = 


relation  between 
theangnlAr 
Telodttet  and 
qwoea; 


■^  .  .  (182). 


These  values  of  "FJ,  F',  a?',  and  8^,  being  substituted  in 
Eq.  (178),  wiU  give 


Ji' 

Ji 


wr^+  ypv 


2y 

1?/ 

+  /(Trpr  am  ^  +  TP«  —  ain  ^0 


equation  (178)  la 
dilRirent  terms ; 


and  solving  this  equation  with  respect  to  F*, 


F»=«. 


^9 


W^+l»^-C+^-;^ 


•  < 


i2* 


R 


— /(Tr.Bin^  +  Tp.  _.  .  Bin  ^')  raluefor  the 

•quareof  the 

'  R'  jr+/.TP.(oo6^'+/am0')  ''***^'^' 
'   R  ^R* 


-f-K.-^ 


The  coefficient  of  x  containing  no  variable,  we  find 
that  the  space  described  by  the  body  on  the  plane  A  -B, 
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yaries  as  the  square  of  its  yelocitj.    Hence  the  motion  is, 
mouon  uniformly  §  68,  Eq.  (8),  Uniformly  varied ;  and  the  coefficient  of  z  is 
twice  the  velocity  which  the  force  producing  this  motion 
is  capable  of  generating  in  a  unit  of  time.     Making 


▼wled; 


Tilae  of  thB 

Telocity 

generated 

in  a  unit  of  time; 


A  = 


ff 


^+^W  +  ''§^ 


ir.006^—  IP  .^  -OQSf' 


••»■  it,  •  — —  •       I  I 


R 


--f'N 


2M' 


^ 


.  (i^r 


square  of  the 
Telocity ; 


the  foregoing  equation  may  be  written 


V^  =  X.2A 


(183> 


Since  the  motion  is  uniformly  varied,  if  ?*  denote  the  tinje 
of  describing  the  space  x,  then  will  Eq.  (7)  become 


■pace  deacribed ; 


X  =  iAT* 


(184); 


writing  A  for    Vj,  and  x  for  S:  substituting  this  for  x 
above,  we  find 


or 


Talae  of  Telodty ; 


r  ==  AT 


(18o> 


Eqs.  (183),  (184),  and  (185),  give  the  laws  of  uni- 
laws  of  uniformly  formly  Varied  motion,  or,  as  it  is  usually  expressed,  the 
Taried motion;  ^^^  ^  constant  forces.  Thesc  laws  are,  1st.  The  vdocities 
are  to  each  other  as  the  times  in  which  the  force  produces  them : 
2d.  The  spaces  described^  are  to  each  other  as  the  squares  of 
the  velocities  acquired  in  describing  them  ;  or  as  Hie  squares  (^ 
the  times  in  which  they  are  described. 
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Any    device    that    will 
make  the  time  in  which  the 
motion    takes    place    com- 
paratively great,  while  the 
velocity  acquired   shall   be 
small,     will    enable    us    to 
verify  these  laws  from  ob-  ^ 
servation.      For    this    pur- 
pose, A  must  be  small.    By 
reference  to  Eq.  (182)',  we 
find  that  A  may  be  dimin- 
islied  at  pleasure  by  increas- 
ing the  angle  9,  or  decreasing 
9' ;     this    wiU   increase  the 
effect  of  friction,  which  op- 
poses, while  it  will  diminish 
the  component  of  W,  which 
aids  the  motion.     Or  A  may 
be  diminished,  by  diminish- 
ing   the   angles    9   and    9', 
the    difference  between  the 
weights  TTand  TT'  and  that 
between  R  and  R'.     Owing 
to  the  uncertainty  of  friction 
it  is  better  to  accomplish  the 
object  by  the  latter  method, 
and  this  Atwood  has  done. 

His  machine  consists  es- 
sentially of  a  fixed  pulley 
-ff,  over  which  passes  a  cord 
having  attached  to  each  ex- 
tremity a  basin  5,  for  the 
reception  of  weights ;  a  ver- 
tical graduated  scale  r  of 
equal  parts,  say  inches,  to 
measure  spaces ;  and  a  pen- 
dulum clock  h  which  beats 


Fig.  277. 
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Rg.  211. 


seconds,  to  mark  the  tune; 
The  basins  are  short  cvlin* 
ders  of  brass,  having  a  to 
e  coincident  with  the  aiis 
and  projecting  some  three 
or  four  inches  beyond  the 
upper  bases ;  the  ooid  is  at- 
tached to  the  ends  of  tbejc 
wires.  The  weights  are  either 
circular  plates  m^  or  bais  s, 
of  greater  or  less  thicknes. 
depending  upon  the  purpose 
for  which  they  are  employeJ. 
Both  are  perforated  at  the 
centre,  and  a  channel  is  cr. 
from  the. hole  to  the  marru 
to  permit  the  cord/ to  enter, 
that  the  wei^ts  may  be 
dropped  upon  the  basins. 

The  scale  piece  r  is  pn> 
vided  with  three  sliding 
stages,  two  of  which  a  and 
a'  are  rings,  and  the  third  c 
is  plane.  The  rings,  vhos? 
diameters  are  less  than  the 
length  of  the  bar-weights, 
serve  to  take  the  latter  from 
a  descending,  or  to  add  them 
to  an  ascending  basin.  The 
oflSce  of  the  plane  stage,  is 
to  arrest  the  motion  of  ^ 
descending  basin. 

A  fourth  and  revolving 
stage  0,  connected  bj  an  am 
d  with  an  arbor  A,  in  front, 
is  used  to  support  the  basin 
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"bearing  the  greater  load  opposite  the  zero  point  of  the  deyice  for 
scale.     The  arbor  is  also  connected  by  means  of  a  second  ^^to^the* 
arm  vrith  the  escapement- wheel  of  the  clock.     This  stage  of  scale; 
may  be  thrown  from  under  the  basin  when  the  seconds' 
hand  reaches  a  particular  point  on  the  dial  plate;   thus 
causing  the  motion  to  begin  at  a  particular  instant,  and 
from  the  zero  of  the  scale. 

If  we  examine  the  value  of  -4,  we  shall  find  that  for 
Atwood's  machine,  (p  and  9'  are  both  zero,  and  therefore 


zero 


sin  9  =  0;      sin  9'  =  0 ;      cos  9  =  1 ;      cos  9'  =  1 : 


redaction  of 
general  equatioa 
to  the  cam  of 
Atwood*s 

moreover  jBis  equal  to  5',  and  hence  machine; 


The  cord  is  very  fine,  and  usually  made  of  raw  silk  but 
slightly  twisted,  so  that  the  term  involving  the  stiffness  of  omiaaiom; 
cordage  has  no  appreciable  value,  and  may  be  neglected. 
The  arbor  of  the  pulley  or  wheel  rests  upon  circumferences 
of  four  other  wheels  of  large  radii  compared  with  the  radii 
of  their  trunnions,  after  the  manner  explained  in  §  228,  so 
that  the  term  involving  the  friction  on  the  trunnions  may 
also  be  neglected  without  appreciable  error. 

Making  the  foregoing  substitutions  and  omissions  in  the 
value  for  A^  we  find 

M     fV    ""      W  corresponding 

'O.    —    g    *  J-.  yalueofthe 

W  +     W    +   g  -^  general 

■^  coefficient ; 

The  circumference  of  the  wheel  has  the  same  velocity 
as  the  points  of  the  cord,  and  therefore  the  same  as  the 
basins.  Designate  by  if",  the  mass  which  if  concentrated 
in  the  circumference  of  the  wheel  would  have  a  momenr 


454 


NATUBAL    PHILOSOPHY. 


of  inertia  equal  to  tbat  of  the  wheel,  then 


moment  of  inertia 
of  the  wheel ; 


if"  IP  =  I; 


whence 


/ 


and  this,  substituted  above,  gives 


Telocity  ^    «.     1^'  "PfT  _      ^rr 


■pace; 


in  which  TT"  denotes  the  weight  of  the  mass  M'\ 

This  value  of  -4,  substituted  in  Eqs.  (184)  and  (185), 
gives 


X  = 


T^-  TF' 


IT  +  TT'  +  H^ 


tf 


^gT*.    .    {mi 


▼elocitj ; 


F  = 


W-  W 


W  +   W  +  W 


r,-gT.    .    (187> 


experimental 
determination  of 
the  weight  fT"; 


Before  proceeding  to  verify  the  laws  expressed  by  these 
equations,  it  will  be  necessary  to  determine  the  constant 
weight  W",  For  this  purpose  load  the  machine  by  placing 
the  same  number  of  circular  weights  in  each  basin ;  then 
add  a  bar-weight  to  the  basin,  which  moves  in  front  of  the 
scale.  The  basins  being  of  the  same  weight,  the  di£feren<» 
W—  W  will  be  the  weight  of  the  bar ;  the  sum  TF+  IF, 
will  be  the  sum  of  the  weights  of  the  basins,  increased  by 
that  of  the  circular  weights  added,  and  that  of  the  bar,  all 
of  which  are  known.  Now  place  the  basin  which  carries 
the  bar  at  the  zero  of  the  scale,  by  means  of  the  revolving 
stage ;  set  the  clock  in  motion,  and,  supposing  the  bar  to 
commence  its  descent  at  a  particular  beat  of  the  clock, 
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lote  ^wLether  the  bar  is  taken  off  by  the  upper  ring  stage, 
x>incidently  with  any  subsequent  beat  of  the  clock ;  if  it 
.s,  tlien  the  distance  of  the  ring  below  the  zero  of  the  scale 
being  substituted  for  x,  and  the  number  of  seconds  elapsed  the  experiment 
from  the  beginning  of  motion  till  the  bar  is  removed,  be-  TOtocidew!!!of 
ing  substituted  for  T  in  Eq.  (186),  will  enable  us  to  find  TT",  c»ock  beat  with 
since  all  the  other  quantities  in  that  equation  are  known.  ^ obtained-" 
If  the  removal  of  the  bar  and  the  beat  of  the  clock  be  not 
coincident,  the  ring  stage  must  be  shifted,  and  the  experi- 
ment repeated  till  the  coincidence  is  obtained. 

JEJocample.    Let  each  basin  weigh  11  units,  and  suppose 
14  units  of  weight  to  be  placed  in  each  basin,  and  a  bar  example; 
weighing  1  unit  to  be  added  to  the  basin  in  front  of  the 
scale,  then  will 

W  -     W    =    \,  data; 

TT  +   IT'  =  51 ; 

making  ^  =  32  feet  =  884  inches ;  \g  =  192  inches.     Sub- 
stituting these  values  in  Eq.  (186),  we  find 


—  ■*•  .109    V    T^'  conpeepondlng 

"   51  +    W"  '  value  of  epaoe^ 


whence 


W"    =    —    '   T^   --    61.  yataeofir"; 


X 


Now  supposing  the  bar  to  be  removed  at  the  end  of  the 
third  second,  and  that  we  find  x^  or  the  space  described  by 
the  bar  to  be  27  inches,  then  will 


109 
T^"  =  i^  X  (Sy  -  51  =  64  -  51  =  18;  numerical  r^ne 

27  'of  W"; 


that  is  to  say,  the  moment  of  inertia  of  the  wheel  will  have 
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the  same  effect  to  resist  motion  as  the  inertia  of  thincen 
imits  of  weight  placed  in  the  basins. 

Substituting  this  value  for  TT"  in  Eqs.  (186)  and  (ii7i, 
they  become 


X 


W-  W 


W+  W'  +  19 


\g'n.     .     (188), 


Telocity  In  the 


F  = 


W-  W 


w+  w  +  u 


gT. 


(189); 


and,  loading  the  machine  as  before, 


•xp«rtni«ntal 
TerlilMUon; 


a;  =  ^   X  192  X  r«  =  3  r«, 
F=Ax884Xr=6J! 


Making  7^  equal  to 


times; 


1,    2,    3,    4,    &c.  seconds ; 


the  corresponding  spaces  will  be 


ipeeee: 


3,     12,     27,    48,    &C.  inches; 


and  the  corresponding  velocities, 


Telodties; 


6,    12,    18,    24,    &c.  inches. 


terlflcation ; 


Place  the  basin  with  the  bar-weight  at  the  zero  of  the 
scale,  and  connect  with  the  clock;  adjust  the  ring  so  as 
to  remove  the  bar  when  its  basin  reaches  the  3  inch 
mark,  and  place  the  plane  stage  at  the  9  inch  mark 
=  3  +  6.  The  clock  being  put  in  motion,  the  bar  will 
strike  the  ring  at  the  first  beat  of  the  clock  after  it  begins 
to  descend,  and  its  basin  will  strike  the  plane  stage  at  the 
second  beat.    The  bar  being  removed,  there  will  be  no 
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excess  of  weight  in  either  basin,  and  the  motion  will  be-  motion  nnifbrm 

after  the  b 
removed ; 


come  uniform,  there  being  no  reason  why  it  should  be  *"*'    *  ^^  ^ 


accelerated  rather  than  retarded.    To  show  that  the  motion 
will  be  uniform,  repeat  the  experiment,  placing  the  plane 
stage  first  at  1  foot  3  inches,  then  at  1  foot  9,  then  at 
2  feet  3  inches,  and  so  on,  adding  6  inches  each  time, 
and  it  will  be  found  that  the  basin  will  be  arrested  at  the  its  proof; 
third,  fourth,  fifth,  &c.,  beats  of  the  clock  after  its  motion/ 
begins;  thus  showing  that  the  spaces  described  are  pro- 
portional to  the  times,  which  is  the  characteristic  of  uni- 
form motion.     Next  adjust  the  ring  so  as  to  remove  the 
^ar  when  its  basin  reaches  the  12  inch  or  1  foot  mark,  and 
place  the  plane  stage   at  the   2  feet  mark,   it   will   be  repetition  or  the 
found  that  the  bar  will  strike  the  ring  at  the  second  beat  ^^p®''*"*"^^ 
after  its  motion  begins,  and  that  the  scale  will  be  arrested 
at  the  third  beat.     That  the  motion  is  uniform  after  the 
removal  of  the  bar  may  be  shown,  a^*  before,  by  repeating 
the  experiment,  and  adding  12  inches  each  time  to  the 
space  to  be  described  after  the  bar  is  arrested.     In  the 
same  way  all  the  other  results  may  be  verified. 

K  a  bar- weight  be  placed  upon  the  second  ring,  and  the  inuBtration'of 
latter  be  so  adjusted  that  the  ascending  basin  shall  take  "'*^"*°*^"^°' 
it  up  at  the  moment  the  bar  on  the  descending  basin  is 
removed,  the  motion  will  become  retarded,  and  we  shall 
have  the  case  of  a  body  projected  vertically  upward  from 
rest  with  a  velocity  equal  to  that  of  the  basins.     The 
plane  stage  being  placed  at  a  distance  below  the  ring 
which  takes  oflF  the  descending  bar,  equal  to  that  through 
which  the  latter  has  descended,  it  will  be  found  that  the  aii  the  laws 
basin  will  just  reach  this  stage  at  the  instant  the  motion  ^efluilfh!^ 
is  destroyed  by  the  action  of  the  ascending  bar.     All  the  bodies  may  be 
laws  which  regulate  the  fall  of  heavy  bodies  may  be^y^i^^^ 
verified  by  means  of  Atwood's  instrument.  '^ 
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XXIII. 


IMPACT    OF    BODIES. 


imiMci  of  bodies;  §  246. — ^When  a  body  in  motion  comes  intocollisoE 
with  another,  either  at  rest  or  in  motion,  an  imfnas 
said  to  arise. 

We  have  seen,  §  204,  that  the  action  and  t^:- 
which  take  place  between  two  bodies,  when  pressed  tc- 
gether,  are  exerted  along  the  same  right  line,  perpenfc 
lar  to  the  surfaces  of  both,  at  their  common  point  c 
contact 

When  the  motions  of  the  centres  of  gravity  of  thctfo 
direct  imfMMt;     bodics  are  paraUd  tqi  this  normal  before  collisioOf  ihe  ii> 

pact  is  said  to  be  direct 

When  this  normal  passes  through  the  centres  of  gis^* 
ity  of  two  bodies  which  come 
into  collision,  and  the  mo- 

direct  and  central  tions    of    thcSC    CCUtrCS    are 


fig.  278. 


impMsi;  aUmg  that  line,  the  impact  is 

said  to  be  direct  and  central. 

When  the  motion  of  the 
centre  of  gravity  of  one  of 
the  bodies  is  along  the  com- 
mon normal,  and  the  normal 
does  not  pass  through  the 
centre  of  gravity  of  the  oth- 

diieetuid  er,  the  impact  is  said  to  be 

eccentric  imp«^;  ^^y^^  ^^^  eccentric. 

When  the  path  described 

by  the  centre  of  gravity  of 

one  of  the  bodies,  makes  an 

obuqae impact;   angle  with  this  normal,  the 

impact  is  said  to  be  oblique. 


Fig.  279. 


Fig.  280. 
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Bodies  resist,  by  their  inertia,  all  effort  to  change  eireumatanceeor 
either  the  quantity  or  the  direction  of  their  motion.  J^i^,^!^  *** 
When,  therefore,  two  bodies  come  into  collision,  each  will 
experience  a  pressure  fironl  the  reaction  of  the  other;  and 
as  ail  bodies  are  more  or  less  compressible,  this  pressure 
will  produce  a  change  in  the  figure  of  both ;  the  change 
of  figure  will  increase  till  the  instant  the  bodies  cease  to 
approach  each  other,  when  it  will  have  attained  its 
maximum,  and  the  bodies  will  have  the  same  velocity. 
The  molecular  spring  of  each  will  now  act  to  restore  the 
former  figures,  the  bodies  will  repel  each  other,  and  finally 
separate. 

In  the  impact  of  bodies,  three  periods  must  therefore  three  periods  of 
be  distinguished,  viz.:  1st.,  that  occupied  by  the  process  **** *"'***' 
of  compression ;  2d.,  that  during  which  the  greatest  com- 
pression exists,  and  in  which  it  is  obvious  the  bodies  have 
the  same  velocity;  3d.,  that  occupied  by  the  process,  as 
far  as  it  extends,  of  restoring  the  figures.     We  are  also 
carefully  to  distinguish  the^orce  of  restitution  from  the  force  force  of 
of  distortion;  the  latter  denoting  the  reciprocal  action  ex-  JJ^JJIIIot""^^ 
erted  between  the  bodies  in  the  first,  and  the  former  that 
exerted  in  the  third  period. 

The  greater  or  less  capacity  of  the  molecular  springs 
of  a  body  to  restore  to  it  the  figure  of  which  it  has  been 
deprived  by  the  application  of  some  extraneous  force 
when  the  latter  ceases  to  act,  is  called  \X&^elasticity.  eiasueitydeiiaed;* 

The  ratio  of  the  force  of  distortion  to  the  force  of  resti- 
tution, is  the  measure  of  a  body's  elasticity.     This  ratio  is 
sometimes  called  the  coefficient  of  elasticity.     When  these  coeffleient  of 
two  forces  are  equal,  the  ratio  is  unity,  and  the  body  is®**'"*'"^* 
said  to  he  perfectly  elastic;  when  the  ratio  is  zero,  the  body  perfect  eiuucitj; 
is  said  to  be  non-elastic.     There  are  no  bodies  that  satisfy  non-eiasiic 
these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

§  247. — Suppose  two  bodies  A  and  B  to  move  in  the 
same  direction,  the  body  A  to  overtake  5,  and  the  impact 
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Direct  impact  of  to  be  direct     The  forces  of  distortion  and  of  restiwri  ♦- 
i«t;        arising  as  they  do  from  the  reciprocal  action  of  the  V*!.^ 

upon  each  other,  are  real  pressures,  measurable  in  pn:..- 

and  are  capable  of  generating  in  each  body,  in  a  -si.' 

time,  a  certain  quantity  of  motion.     Denote  the  int*-:-' 
.   of  this  force,  at  any  instant  of  the  impact,  by  F:  t 

small  velocity  lost  by 

the  body  A,  in  the 

short     time     during  ^-  *^i- 

which  F  may  be  re- 
notation;  gardcd    as    constant, 

by  V  ;  and  the  small 

velocity  gained  by  J?, 

in  the  same  time,  by 

the  action  of  the  same 

force,  by  v';  also  denote  the  mass  o{  A  hy  Af,  and  tha:  •' 

B  by  M^ ;  then  will  F,  which  may  be  called  indiffer^-:: 

the  action  of  one  body  or  the  reaction  of  the  other.  ^ 

measured  by  Jtfv,  or  M'  v' ;  and,  because  of  the  equa/' 

of  action  and  reacti<»n, 

equality  of  action  ly- ,    jrt  ^j 

androaetion:  MV    ^    M   V . 

That  is  to  say,  iJve  qvantity  of  motion  lost  or  gained  h  ^^ 
of  the  bodies,  in  any  small  time,  is  equal  to  that  '?'  • 
or  lost  by  the  other :  and  if  we  take  the  sum  of  aJl  -- 
quantities  of  motion  lost  or  gained  by  each  of  the  bo-li'i 
we  shall  have  the  whole  quantity  of  motion  gained  or  1.^^ 
by  the  one,  equal  to  that  gained  or  lost  by  the  otb*': 
Denoting  the  entire  gain  or  loss  of  velocity  of  the  bc-iy  J 
by  F^,  that  of  the  body  B  by  F^„  we  shall  have 

gain andloaa of  LTTT    irf  IT 

motion  equal;  M  V,    -^    M    F,,. 

But  the  force  F  acts  in  opposite  directions  upon  the  t^" 
bodies,  and  hence,  if  we  give  the  positive  sign  to  tte 
velocity  generated  in  one  body,  that  of  the  other  mnsl « 
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negative;  that  is,  if  V^  be  counted  positive,  F)^  must  be 
negative,  which  will  make 

forces  prodncUlf 

MV    =    -    M'V  the-ewtlB 

JXL   f ^    ^  JXL     r^^,  opposite 

direcUoDB ; 

or 

MY,  +  M'  V,,  =  0. 

That  is  to  say,  the  algebraic  sum,  or  the  whole  quantity  of  qoanuty  of 
motion  lost  and  gained  will  be  zero;  and  in  every  stage  of  the  "!!^**°^,!!l!-* 
irapact  the  quantity  of  motion  in  the  entire  system  will^  there- 
fore, be  the  same  as  before  the  impact  began, 

§  248. — ^At  the  instant  the  bodies  have  ceased  to  ap-  To  tod  the 
proach  each  other,  they  will  have  attained  their  greatest  ^momejrlir*'^ 
compression,  and,  considering  their  condition  before  the  greatest 
retrocession   begins  under  the  action  of  the  molecular  °    '•"®°' 
springs,  it  is  obvious  that  they  may  be  regarded  as  a  single 
body,  having  a  common  velocity.    Denote  this  velocity  by 
U;  also  denote  the  velocity  of  the  body  A,  before  the 
impact,  by  V;  that  of  the  body  J?,  before  the  impact,  by 
F',  the  masses  being  M  and  Jf '  as  before.    The  whole 
quantity  of  motion  before  the  impact  will  be 

MV  +  M'V\ 

and  that  at  the  instant  of  greatest  compression  will  be 
{M  4-  if)  U,  But  these,  by  the  last  article,  must  be 
equal,  or 

{M  +  M')U  =  MV  +  M'  F'; 

whence 

u  =  ^!^"^  ^,'^' .  .  .  (190).  ""jjr^'*^ 

M  +   M  ^        relocitj- 

That  is  to  say,  when   two  bodies  moving  in  the  same 
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expressed  in 
words; 


Tslue  when 
bodies  move  in 
opposite 
direclioDs. 


direction  have  a  direct  impact,  the  common  vehcit^,  ^  "' 
instant  of  greatest  compression^  is  eqmd  to  the  sum  of  ^  q^r, 
tities  of  motion  before  the  impact,  divided  by  the  sum  of  v 
mosses. 

If  the  bodies  moved  in  opposite  directions,  either  V 
V  would  be  negative,  say  V\  and 


cr  = 


MV  ^  M'V 
M  +  M' 


(191. 


Velocity  gained 
up  to  greatost 
compression ; 


§  249. — The  velocity  lost  by  the  body  A,  up  to  tl: 
instant  of  greatest  compression,  is  obviously  equal  to 

r-  u, 

and  that  gained  by  the  body  B  is  equal  to 

U-   V; 

the  force  of  distortion  will,  therefore,  be  measured  bj 


force  of 
distortion ; 


force  of 
restitntion ; 


M{y  -  CO, 


or  by 


M'iTT"   F'). 


Denote  by  F^  the  velocity  which  A  loses  by  the  ioni 
of  restitution ;  and  by  F^^,  that  which  B  gains  bv  :!-: 
action  of  the  same  force ;  the  force  of  restitution  will  i?e 
measured  by 

MV,    or    M'Y^,; 

and  if  e  denote  the  coefficient  of  elasticity,  then,  from  i^ 
definition 


coefficient  of 
elasticity ; 


MV] 

M(^V  -   U) 


=  «. 
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"^^     ^  ii  ^  .  ooefDcienl  of 


=  e; 


M'{U  —    V)  '  ota»licily; 


whence 


r,    =  e{V  -   U)     .    .    .    (192), 

Telocitles  kwl 
aud  gain6u , 

F,,  =  c(£r-  F')    .    .    .    (193). 

That  is  to  say,  the  velocity  which  A  loses  by  the  force  of 
restitutiouy   is  equal  to  the  coefficient  of  elasticity^  into   the  the  same 
velocity  xvhich  it  lost  by  the  force  of  distortion;  and  the  velocity  ^'P'**"^  ^ 

WOlQS  y 

gained  by  B  by  the  same  force^  is  equal  to  tJiat  which  it  gained 
by  the  force  of  distortion,  into  the  coefficient  of  elasticity. 

The  total  loss  of  velocity  which  A  will  experience  by 
the  impact  will  be 

Y  U    -^^    e  \Y  U;,  th<5  Impinging 

body* 

and  the  entire  gain  of  B  will  be 

t^  —     V    +    e{U  —     F').  gain  of  the  other; 

Denote  by  v  the  velocity  retained  by  A,  and  by  v'  that 
which  B  has  after  the  impact;  then,  since  the  velocity 
retained  by  A,  must  be  equal  to  that  which  it  had  before 
the  impact,  diminished  by  its  loss, 

V  ^V-V  +  l7-c(F-  J7)  =  (l  +  e)U-eV; 

and  as  B   must,   after  the  impact,   have  its   primitive 
velocity  increased  by  its  gain, 

« 

v'  =  F'+  U  -T+  eiU-V)  =  (1  +  e)  U-  eT ; 
and  substituting  for  U  its  value  in  Eq.  (190),  we  have 

IfVJ^    M'  V  Telocity  of  the 

V    =    (1   +  e)—,~^r^  -eV.      .      (19i),     impinging  body 
^  '        JH   -h  ilZ  aner  the  impact* 
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v'  =  (1  +  e) r^r- — tt; eV\    .    U^ 


in  wonls; 


when  the  hodlee 
meet. 


M+  M' 


Thiis,  the  velocity  of  either  body  after  impctct,  is  equal  fc  ■'-.  | 
coefficient  of  elasticity  increased  by  unity^  muUiphed  oii- 
common  velocity  a^  the  instant  of  greatest  compressm,  a 
this  product  diminished  by  the  product  of  the  cotpdou  ; 
elasticity  into  the  velocity  of  the  body  before  impact 

If  the  body  B  move  to  meet  the  body  -4,  its  vebcr 
will  be  negative,  and  the  above  reduce  to 


§  250.— If  the  body  5  be  at  rest  when  the  body  i 
impinges  against  it,  then  wiil  V  be  zero,  and 


m:+  M' 


When  one  of  the 
bodiea  ia  at  reet ; 


«'  =  (!+  «) 


MY 
M+M'   ' 


.  .  .  m 


From  the  last  equation  we  find 


coelDcIeiitof 
elntieitj; 


,  =  !!:(^+S_l.   .  .(«; 


and  when  the  masses  of  the  bodies  are  equal,  or  M=^' 


ita  raloe  when 
the  maasea  are 
equal; 


2v'      - 
e  =  ^-1 


.    .   .  (201); 


which  suggests  a  very  easy  method  of  finding  the  co- 
efficient of  elasticity  of  any  solid  body.     For  this  parp* 
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4^ 


Fig.  9S% 


turn  a  pair  of  spherical  balls  of  the  same  weight  &om  the  expertmentai 
body  whose  coefficient  of  elasticity  is  to  be  found ;  suspend  ^^^^^nt  ©r 
them  by  silken  strings,  so  that  when  the  latter  are  vertical  eiaaticity; 
the  balls  shall  just  touch  each  other,  be  upon  the  same 
level,  and  have  their  centres  opposite  the  zeros  of  two  cir- 
cular graduated  arcs  whose 
centres  of  curvature  are  at 
the    points    of   suspension. 
The  body  A  being  drawn 
back  to  any  given  degree 
upon  its  scale  and  abandon- 
ed, will  descend  and  impinge 
against  the  body  B  with  a 
velocity    due    to    a   height 
equal  to  the  versed  sine  of 
the  arc  which  it  describes 
before  the  impact ;  the  body 
B  will  ascend  on  the  oppo- 
site arc  to  a  height  due  to  the  velocity  with  which  it 
leaves  A;  this  height  will  be  the  versed  sine  of  the  arc 
described  by  B  before  it  begins  to  descend  again.    The 
arcs  being  known,  their  versed  sines  are  easily  computed 
from  the  properties  of  the  circles.    Denoting  these  versed 
sines  by  h  and  h\  then  will 


dMcription  of 
iDstnunent,  and 
mode  of  using  it ; 


F=  VYgh, 


v'  =  VTgh'; 


velocity  of 
impinging  body 
and  that  of  the 
body  Btruck ; 


which,  substituted  in  the  value  of  e,  gives 


=  .v/^- 


(202). 


coefficient  of 
elasticity ; 


Example.  Two  ivory  balls  of  equal  weights,  and  there- 
fore of  equal  masses,  were  made  to  collide  in  the  manner 
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above  described.    One  descended  through  an  arc  of  20 
example  or  two    degrees,  and  the  other  ascended  through  an  are  of  IS 
''^^       '        degrees  and  80  minutes ;  required  the  value  of  e. 

By  tables  of  natural  sines  and  cosines,  we  find 

nat  cos  20**  =  0.9396926 ; 

versed  sin  20**  =  1  -  0.9396926  =  0.0603074; 

and  denoting  the  radius  of  the  circular  scale  bj  S,  wt 
have 

height  of  fkn  or  ,  _      _ 

thecoUldlng  h  =   0.0603074^ 

body; 

Again, 

nat.  cos  18°  30'  =  0.9483236 ; 

versed  sin  18°  30'  =  1  -  0.9483236  =  0.05167ei; 

height  dae  to  the 

Telocity  of  the  ^/  =  0.0516764  J2; 

bodyitniek;  ' 

and 


ntnnericelydue  0/00516760/0.0516764  _^o...,. 

or  the  coefficient;  V  o.0603074.i2  V  0.0603074      •^-"•^^^-• 


whence  we  conclude  that  the  coefficient  of  elasticity  of 
the  specimen  of  ivory  employed,  is  about  0,85;  that  of 
glass  will  be  found  to  be  about  0.93,  and  that  of  st<^rl 
about  0.56. 

Example,  Two  ivory  balls,  whose  masses  are  repre- 
example  or  the  scntcd  by  6  and  4,  move  in  the  same  direction  with 
00^  ono  Tory  ygi^^j^jgg  q£  -^q  ^^^  ^j  ^^^^  ^  second  respectively.    Wlur 

is  the  velocity  of  each  after  impact?  The  conditions 
of  the  question  require  that  the  larger  mass  6  shall  over- 
take the  smaller  mass  4,  because  the  former  has  the  greater 
velocity.     Hence 
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M  =  6;       F  =  10; 
M'=  4;       7'=    7; 


e  =  0.85. 


given  daU' 


rhese  data,  in  Eqs.  (194)  and  (195),  give 


t;  =  1.85  ^  ^  ^  -  0.85  X  10  =  :r!78, 


V'  =  1.85  ^^—  -  0.85  X  7  =  ia33. 


TelodtieB  attar 
Impact ; 


JSxample.   Let  the  same  balls  move  in  opposite  direc-  another  example.   \ 
tions  so  as  to  meet,  each  with  the  same  velocity  as  before.  / 

The  same  data,  substituted  in  Eqa  (196)  and  (197),  give 


.t 


V  =  1.85  — jQ-^  -  0.85  X  10  = 


ft- 
-  2.58, 


v'  =  1.85  ^^  ^^  ^^  +  0.86  X  7  =  1L87. 


description  a|Mi 
notation ; 


§  251. — ^Now  suppose  the  bodies  A  and  B  to  move,  obuqne  impMt 

the  first  with  a  velocity  V  in  the  direction  from  JS  towards 

Fj  and  the  second  with  a 

velocity  F'  in  the  direction 

from  G  towards  D;  and  let 

the  collision  take  place  at  11. 

Through  the  point  ITj  draw 

the  common  normal  J?JV, 
and  resolve  each  of  the  ve- 
locities V  and  F'  into  two 
components,  one  in  the  di- 
rection of  the  normal  and 
the  other  in  the  direction  of 
the  tangent  plane  at  ff.  For 
this  purpose  designate  the  an- 
gle i^OiV^  by  9,  and  i?  0,  i\r 


488 


NATURAL    PHILOSOPHY. 


normal 
velodUet ; 


by  9';  the  components  in  the  directioa  of  the  nom^ 
will  be 

Fcos  9,      and      F'  cos  9' ; 
and  those  parallel  to  the  tangent  plane,  will  be 


tangential 
relocitlea 


rj 


'.T 


Fsin  (p,     and      F'  sin  9'. 

If  the  bodies  were  animated  by  these  last  veloddi? 
alone,  they  would  not  collide,  but  would  in  general  mo 
by  one  another  without  exerting  any  pressure ;  and  hei 
the  impact  will  be  wholly  due  to  the  components  in  uir 
direction  of  the  normal ;  but  these  acting  along  the  sfD^ 
line  perpendicular  to  the  surfaces  at  their  common  poii; 
of  contact,  will  give  rise  to  a  direct  impact,  and  denotb: 
the  velocities  of  the  bodies  A  and  B  after  impact  by  r  a:: 
v',  and  the  angles  which  their  directions  make  with  tbt 
normal  by  6  and  d',  respectively,  we  shall  have,  trom  £:i 
(194)  and  (195), 


componenta  of 
roiodty  In 
direction  of  the 
normal  alter 
Impact; 


V  COS  9  =s  (1  4-  tf) 


«'  COS  ff'  =  (1  +  0) 


M+  AT 


—  e  VoM^,  ..(*^i 


—  «FC08f'..(»4i 


Moreover,  because  the  effects  of  the  impact  ansng  &oil 
the  components  of  the  velocities  in  the  direction  of  ^ 
normal  will  be  wholly  in  that  direction,  the  component 
of  the  velocities  of  each  body  before  and  after  the  import 
at  right  angles  to  the  normal,  will  be  the  same,  and  heacs 


tangential 
componenta  of 
TBlocitj  after  the 
Impact: 


v  sin  d   =   F  sin  9     .     .    . 


v'  sin  «'  =   F'  sin  9'    .    .    .    (206). 


Squaring  Eqs.  (203)  and  (205),  adding,  extracting  the 
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Kjxiare  root,  and  reducing  by  the  relation, 

cos^  d  +  sin*  ^  =  1, 
vre  find 


=  \/L(^  +  ^)  VlJ^  ^  e Foos ^]'  +  r» Sin' ^..  (207 Ulmpinglug body 


and  treating  Eqa  (204)  and  (206)  in  the  same  way, 

^  '  the  impact ; 

Again,  dividing  Eq.  (206)  by  Eq.  (208),  we  have 

Ysmq>  ,o^^,    direction  of  the 

tand  = =7r== .^, ^.,  ^ ; . .  (209);  nrstbody'. 

(1  +  ,)^V'^l+if'J'^'^'  _  ,yeos  ,  ''-"on, 

M  -{•  M 

and,  dividing  Eq.  (206)  by  (204), 

ta^<'= TTTr TS^,r' > •  •  (210).  "^T* 

„    .     .if  Fc08(p  +  if'F'cOS(p'         „,  ,        ^        '   mKOtA; 

^^  +  *> W+M- '^"^^ 

The  Eqs.  (207)  and  (208)  will  make  known  the  velocities, 

and  (209)  and  (210)  will  give  the  directions  in  which  the 

bodies  will  move,  after  the  impact 

Now  suppose  the  body  B  at  rest,  and  its  mass  so  great  suppose  one  body 

that  the  mass  of  ^  is  insignificant  in  comparison,  then  ;:;;',-»•««' - 

will  F'  be  zero,  M'  may  be  written  for  M  +  M\  and 

M 

-jf?  will  be  a  fraction  so  small  that  all  the  terms  into  rodnetions; 

which  it  enters  as  a  factor  may  be  neglected.    Applying 
these  considerations  to  Eq.  (207),  we  find 

Telocity  of  the 
^____^____________^^  Impinging  body 

V   =    F^  V  e*  COS*  ^    +    sin^  9  ;  niter  impact; 
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and  to  Eq.  (209), 


direction  of  the 
impinging  body's 
motion  after 
impact; 


tan  ^  =   — 


tan  9 


.    (211> 


Fig.  284. 


The  tangent  of  6  being  negative,  shows  that  the  angLs 

NHK^  which  the  direction 

of  J-'s  motion  makes  with 

the  normal  NN'  after  the 

impact,  is  greater  than  90 
graphical  degTCCs ;    in  other  words, 

iih«i«uonofthi.^j^^^  the  body  A  is  driven 

back  or  reflected  from  B, 
This  explains  why  it  is  that 
a  cannon-ball,  stone,  or  oth- 
er body  thrown  obliquely 
against  the  surface  of  the 
earth,  will  rebound  several 
times  before  it  comes  to  rest. 

If  the  bodies  be  non-elastic,  or,  which  is  the  same  thing, 
if  c  be  zero,  the  tangent  of  tf  becomes  infinite ;  that  is  ta 
say,  the  body  A  will  move  along  the  tangent  plane,  or  if 
the  body  B  were  reduced  at  the  place  of  impact  to  a  smootii 
plane,  the  body  A  would  move  along  this  plane. 

K  the  body  were  perfectly  elastic,  or  if  c  were  equal  to 
unity,  which  expresses  this  condition,  then  would  Eq. 
(211)  become 


body  will  not 
rebound  when 
nen-elaatic ; 


tan^  =s  —  tan  9 


(212); 


In  perfectly 
elastic  bodies  the 
angle  of 
incidence  equal 
to  angle  of 
reflection ; 


which  means  that  the  angle  NHF=^  EHN'  becomes  eqwl 
to  KHN\  The  angle  EHN'  is  called  the  angle  of  inci- 
dence, the  angle  KHK^  commonly,  the  angle  of  reflectioa 
Whence  we  see,  that  when  a  perfectly  elastic  body  is 
thrown  against  a  smooth,  hard,  and  fixed  plane,  the  angle 
of  incidence  will  be  equal  to  the  angle  of  reflectioiL 

K  the  angles  9  and  9'  be  zero,  then  will  cos  <p  =  1,  *^^ 
9'  =  1,  sin  9  =  0,  and  sin  9'  =  0,  and  Eqs.  (207)  and  ^20^.^ 
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oecome 


/I  ^    xifF+  M'V       ^T^ 


-a-)^^^-«^v 


eaaeofdlreel 
tmpaet; 


the  same  as  Eqs.  (194)  and  (195);  and  passing  to  the 
limits,  non-elasticity  on  the  one  hand  and  perfect  elasticity 
on  the  other,  we  have,  in  the  first  case,  e  =  0,  and 


_  MY  +  M'V 
* M  +  M'        '    '    '    ^      ^' 


^  MV+M'V  . 

*' M+  M'        •    '    •    ^^^^^' 


bodiet 
Don-elaatio; 


and  in  the  second,  e  =  1,  consequently 


bodies  perftetl J 
elasUa 


Mr  +  M'V 

V  _  z  ______  y   .    ,    (^15), 


^-^^ii^-v..in,, 


§  252. — The  equations  which  have  just  been  deduced, 
are  sufficient  to  make  known  the  circumstances  of  motion  owique  and 
of  the  centres  of  gravity  of  the  colliding  bodies,  for  we  •'^"''^^  *°'*^' 
have  seen,  §  146,  that  whenever  a  body  is  acted  upon  in  a 
directioD  normal  to  its  surface,  its  centre  of  gravity  will 
move  as  though  the  force  were  applied  directly  to  that 
point.     But   we  have   also  seen,   in   the   same  article, 
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will  rotate ; 


that  when  the  direction  of 
in  the  eccentric  the  force  does  not  pass 
'^r^^!"^  through  the  centre  of  grav- 

ity,  which  is  the  case  in 
the  eccentric  impact,  the 
body  will  also  have  a  ro- 
tary motion. 

Employing  the  same  no- 
tation as  before,  and  sub- 
tracting Eq.  (203)  from  the 
identical  equation, 

F  cos  9  =   FcoB  9, 


we  And 


Io08  of  velocity  of 
one  body  in 
direction  of 
normal; 


Fig.  285. 


Fcos  9  —  i;cos^  =  (l-f«) 


if^(Fco89  -  F^cos 


the  first  member  is  the  loss  of  velocity  of  the  body  i  t 
the  direction  of  the  normal,  during  the  impact ;  and  mi 
tiplying  both  members  by  the  mass  of  J.  =  Jf^  we  have,  for 
the  quantity  of  motion  lost  in  the  direction  of  the  nonnal 


r-TJ^fjr.  ifirco.,-vco.^)=ii+e)Miii^i^i^:^. 


that  direction; 


constmoUon ; 


If  the  force  of  which  either  member  of  this  equation  meas- 
ures the  intensity,  and  of  which  the  direction  coincides 
with  the  normal,  does  not  pass  through  the  centre  of  grav- 
ity, it  will  give  rise  to  rotary  motion.  From  the  centre  of 
gravity  0\  of  the  body  B,  let  fall  the  perpendicular  G  C 
upon  the  normal,  and  denote  its  length  by  b  ;  also  denote 
the  angular  velocity  of  the  body  B  by  s^,  and  its  moment 
of  inertia  with  reference  to  an  axis  through  the  centre  of 
gravity,  and  perpendicular  to  the  plane  of  the  nonnal  and 
centre  of  gravity,  by  ij ;  then,  because  the  angular  velocity 
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is  equal  to  the  moment  of  the  impressed  force  divided  by 
the  moment  of  inertia,  Eq.  (64), 

,-    ,    .  ,     MM'     ^    Fees  9  —  F'  cos  <p'         ,^^  ^  ««'»'"  ▼•»<>«"/ 

Sj    =    (1  +  C)0  -jTr- — =77  X  r •    •    (^l'>  ofonoofthe 

M+M  Ii  bodj„. 

Also  let  fall  from  the  centre  of  gravity  G  of  the  body  A, 
the  perpendicular  0  C  upon  the  normal,  and  call  its  length 
a.  Since  the  reaction  of  the  body  J?,  which  is  equal  to  the 
action  of  A,  does  not  pass  through  the  centre  of  gravity 
>f  the  latter,  it  will  communicate  a  rotary  motion ;  and, 
aenoting  the  angular  velocity  of  A  by  5^^,  we  shall  have, 

in  which  i^'  is  the  moment  of  inertia  of  the  body  A,  in 
reference  to  an  axis  through  its  centre  of  gravity  and 
perpendicular  to  the  plane  containing  this  point  and  the 
normal. 

In  what  precedes,  no  reference  is  made  to  friction,  butthMfcrno 
it  is  obvious  that  this  principle  cannot  be  wholly  dis-  J^^"^^^^,^^^" 
regarded;  for  the  bodies  acting  upon  each  other  in  the 
direction  of  the  normal  with  a  pressure  of  which  the 
measure  is 


(l  +  e)  -^^.(FooBy-  F'oob<pO; 


this  pressure  will  give  rise  to  friction,  whose  intensity  is 
measured  by 


measure  of  the 


MM' 

and  this  acting  in  the  direction  of  the  tangential  com- 
ponerts  of  the  velocities  will  accelerate  the  one  and  retard 
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tangential  foroe 
to  overcome   , 
friction ; 


limits  within 
which  friction 
may  act 
to  produce 
rotation; 


Fig.  286. 


the  other.  Let  C]  denote  the  tangential  velocity  lost  by 
the  body  A;  then,  the  force  exerted  to  overcome  be 
friction  will  be  meaflured  by 

MU,. 

Now  if  the  tangential  velocities  be  equal,  it  is  obvious  th: 
the  bodies  will  move  together  in  the  direction  of  the  tangeit, 
M  U^  will  be  zero,  the  friction  will  not  be  called  into  action, 
and  the  bodies  will  not  rotate  from  friction.     If  the  tan- 
gential velocities  differ  by  a  quantity  that  will  make  Jf  T, 
equal  to  the  friction,  then 
will  the  whole  of  the  latter 
be  exerted  to  produce  ro- 
tation.    If  the  tangential 
velocities   be   such   as   to 
give  to  MU^   any    value 
between    these    limits,    a 
part  only  of  friction  will  be 
exerted,  and  this  part  alone 
will  determine  the  rotation. 
If  the  difference  of  the  tan- 
gential velocities  be  such 
as  to  make  MU,  greater 
than  the  friction,  the  bodies 
will  slide  along  each  other 
and   rotate    at    the    same 
time;     the   latter   motion 
being   due   to   the  entire 

friction,  and  the  former  to  the  excess  of  JfU,  over  tic 
value  of  this  force. 

Denote  by  w,  the  ratio  of  the  friction  to  MU^^  then  viD 


quantity  of  MM' 

tangential  motion      M  U,  =  ^fO-  +  ^)    *  Tr iTvC^^^^  9  —    F''  COS?'). 

lost;  M  +  M 

Let  fall  from  the  centres  of  gravity  of  the  two  bodies  tte 
perpendiculars   0  T  and   0'  T\  upon  the  tangent  TT, 
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denote  the  length  of  the  first  by  a^  and  that  of  the  second 
by  6^.  Then  will  the  angular  velocity  of  the  body  -B, 
produced  by  friction,  be 


lodty 
due 


^/i     .      vr       MM'           FC0S9—    F'COSO'  angularyek 

n/(l  +  e)  h, y ;  of  one  body 

and  that  of  the  body  A, 

.,^     ,      ,  MM'  FCOS  (p  -    F' COS  (p'  angular  velocity 

n/(l  +  e)  a  . ;  of  the  other,  due 

in  -j-  in  li  to  Motion ; 

whence  the  whole  angular  velocities  of  the  two  bodies 
will  become 

-«  T"  -"  ■'i  Whole  aogutar 

Telocity  of  the 

If  the  bodies  be  spherical  and  homogeneous,  the  nor- 
mal will  always  pass  through  the  centre  of  gravity,  h  and  a 
will  reduce  to  zero,  and  the  rotation  will  be  due  to  friction 
alone.  If  the  impact  be  direct,  then  9  and  9'  will  be  zero,  particoiar 
there  will  be  no  tangential  componente  of  the  velocities  ®^***'^- 
MJJ^y  and  consequently  n  will  reduce  to  zero,  and  the 
rotation  wiU  be  due  to  the  eccentricity  of  the  impact. 
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INTRODUCTORY    RBMABKS- 


condition  ofau  §  253. — We  have  seen,  §  18,  that  the  physical  condition 
u^nthe*'^"***  of  every  body  depends  upon  the  relation  subsisting  amori' 
molecular  foroet;  its  molecular  forces.  When  the  attractions  prevail  greadj 
over  the  repulsions,  the  particles  are  held  firmly  together, 
a  Boud ;  and  the  body  is  called  a  solid.    In  proportion  as  the  di^* 

ence  between  these  two  sets  of  forces  becomes  less,  the  bodj 
is  softer,  and  its  figure  yields  more  readily  to  extenial 
pressure.  When  these  forces  are  equal,  the  particles  will 
yield  to  the  slightest  force,  the  body  will,  under  the  «• 
tion  of  its  own  weight,  and  the  resistance  of  the  sides  oft 
vessel  into  which  it  is  placed,  readily  take  the  figure  of  the 
auqaid;  latter,  and  is  called  a  liquid.    Finally,  when  the  repukiye 

exceed  the  attractive  forces,  the  elements  of  the  body  tend 
to  separate  from  each  other,  and  require  either  the  applica- 
tion of  some  extraneous  force  or  to  be  confined  in  a  closed 
vessel  to  keep  them  together ;  the  body  is  then  called  a 
•  gaaorrapor-  ga$  OT  vopor^  according  to  the  greater  or  less  pertinadij 
with  which  the  repulsive  retain  their  ascendency  over  die 
attractive  forces.  In  the  vast  range  of  relation  among  the 
molecular  forces,  from  that  which  distinguishes  a  solid  to 
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that  which  determines  a  gas  or  vapor,  bodies  are  found  in  wuds,  uquiiU, 

and  vapors  run 
into  embh  other. 


all    possible    conditions — solids    run    imperceptibly  into  "^  ^"^^^  "*° 


liquids,  and  liquids  into  gase^.  Hence  all  classification  of 
bodies  founded  on  their  physical  properties  alone,  must,  of 
necessity,  be  arbitrary. 

§  254. — ^Any  body  whose  elementary  particles  admit  of  iMiniUons,  «(c.; 
motion  among  each  other,  is  called  b,  fluid — such  as  water,  anuid; 
wine,  mercury,  the  air,  and,  in  general,  liquids,  gases,  and 
vapors;  all  of  which  are  distinguished  from  solids  by  the 
great  mobihty  of  their  particles  among  themselves.     This 
distinguishing  property  exists  in  different  degrees  in  dif- 
ferent liquids — ^it  is  greatest  in  the  ethers  and  alcohol ;  it 
is  less  in  water  and  wine ;  it  is  still  less  in  the  oils,  the 
sirups,  greases,  and  melted  metals,  that  flow  with  difficulty, 
and  rope  when  poured  into  the  air.    Such  fluids  are  said 
to  be  visamsj  or  to  possess  viscosity.     Finally,  a  body  may  Tiaooua  nuids ; 
approach  so  closely  both  a  solid  and  liquid,  as  to  make  it 
difficult  to  assign  it  a  place  among  either  class  of  these 
bodies,  as  paste,  putty,  and  the  like.  paste;  putty. 

§255. — ^Fluids    are   divided    in  mechanics    into  two  ciaasuieauonof 
classes,  viz.:  compressible smd  incompressible.     The  term  in-  °*  ** 
compressible  cannot,  in  strictness  of  propriety,  be  applied  compressible  and 
to  any  body  in  nature,  all  being  more  or  less  compressible ;    *^™^ 
but  the  enormous  power  required  to  change,  in  any  sensible 
degree,  the  volumes  of  liquids,  seems  to  justify  the  term, 
when  applied  to  them  in  a  restricted  sense.     The  gases  and 
vapors  are  highly  compressible.    All  liquids  will,  there-  uquids 
fore,  be  regarded  as  incompressible;  the  ga.ses  and  vapors  ^^^^^^^^* 

1  o  r  1  if  ir        gases  and  vapors 

as  compressible.  compressible 

§  256. — There  are  many  fluids  that  readily  pass  from 
the  compressible  to  the  incompressible  class,  when  sub- 
jected to  moderate  increase  of  pressure,  and  reduction  of 
temperature.     These  are  called  vapors^  and  are  such  as  arise  rapors; 
from  the  application  of  heat  to  liquids,  particularly  when 
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vftpon 

diatlngaished 
from  mists  and 
doads ; 


gases 

distinguished 
from  vapors : 


atmosphere ; 


Its  composition ; 


mechanical  use 
of  oxygen ; 

proof  of  the 
existence  of 
vapors  and  gases ; 


atmospheric 
resistance ; 


used  as  a  moter. 


confined  in  closed  vessels,  as  in  the  instance  of  steam  ii 
boilers.  Vapors  are  generally  invisible,  and  mnst  no^  :•; 
confounded  with  the  mists  and  clouds  which  are  often  see: 
suspended  above  the  surface  of  the  earth,  and  which  a:^ 
nothing  more  than  water,  in  the  form  of  small  veaek- 
filled  with  air,  and  supported  by  the  buoyant  action  of  tr? 
atmosphere.  Others  of  the  compressible  flaids  are  mcr? 
permanent,  requiring  very  great  pressure  and  reduction  :•: 
temperature  to  bring  them  to  a  liquid  form.  All  such  fla>i 
are  called  gases.  The  most  familiar  instance  of  this  clas 
of  bodies  is  the  atmosphere  which  surrounds  us  on  everr 
side  and  in  which  we  live.  It  envelops  the  entire  eartb. 
reaches  far  beyond  the  tops  of  our  highest  mountains,  ai- 
pervades  every  depth  from  which  it  is  not  excluded  bv  the 
presence  of  soUds  or  liquids.  It  is  even  found  in  the  pore? 
of  these  bodies.  It  plays  a  most  important  part  in  li 
natural  phenomena,  and  is  ever  at  work  to  influence  xtt 
motions  and  to  modify  the  results  of  machinery,  h  i« 
essentially  composed  of  oocygen  and  niirogen^  in  a  state  o: 
mechanical  mixture.  The  former  is  a  supporter  of  com- 
bustion, and,  with  the  various  forms  of  carbon,  is  one  J 
the  principal  agents  employed  in  the  development  of  me- 
chanical power. 

The  existence  of  air,  gases,  and  vapors,  is  proved  bji 
multitude  of  facts.  Contained  in  a  flexible  and  impeme- 
able  envelope,  they  resist  pressure  like  solid  bodies.  Tie 
gas  in  an  inverted  glass  vessel  plunged  into  water,  willn<M 
yield  its  place  to  the  liquid,  unless  some  avenue  of  escap? 
is  provided  for  it.  Those  winds,  hurricanes,  and  tomad«K5 
which  uproot  trees,  overturn  houses,  and  devastate  entire 
districts,  are  but  air  in  motion.  Air  oppos^  by  its  inerri 
the  motion  of  solid  bodies  through  it,  and  this  opposirio" 
is  called  its  resistance.  Finally,  we  know  that  wind  is 
employed  as  a  moter  to  turn  windmills  and  to  give  motion 
to  ships  of  the  largest  kind. 


§  257. — Many  bodies  take,  successively,  the  solid,  liquiJ, 
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or  vaporous  state,  according  to  the  heat  to  which  they  are 

subjected.     Water,  for  instance,  is  solid  in  the  state  of  ice  cbBQg«oritai«; 

and  snow,  liquid  in  ite  ordinary  condition,  and  vapor  when 

heated  in  a  closed  vessel.     The  process  by  which  a  body 

passes  from  a  solid  to  a  liquid  state,  is  called  liquefaction  or  liquefaction; 

fusion;  from  a  liquid  to  a  state  of  vapor,  vaporization  or  vaporization; 

volatilization  ;  that  by  which  a  vapor  returns  to  a  liquid,  condensation; 

condensation  ;  and  a  liquid  to  a  solid,  solidification  or  congela-  ■ouducation. 

turn.     Some  bodies  appear  to  take  but  two  of  these  states, 

while  others  constantly  present  themselves  only  under  one, 

which  is  the  case  with  the  infusible  solids  and  permanent 

gases,  including  among  the  latter,  the  atmospheric  air ;  but 

the  number  of  these  bodies  is  constantly  diminishing  in 

the  progress  of  physical  science. 

§  258. — The  subject  of  the  mechanics  of  fluids,  is  usual-  Mode  of 
ly  divided,  as  before  remarked,  into  hydrostatics  and  hydro-  ^^^^  ^* 
dynamics^  the  former  treating  of  the  equilibrium  of  fluids,  hydroetatica; 
and  the  latter  of  their  motions;  and  not  unfrequently  the  ^      ^      **' 
compressible  fluids  are  discussed  under  a  separate  head 
csHqA.  pneumatics.     In  the  present  instance,  these  divisions  pneumaucs; 
will  not  be  adhered  to,  as  it  is  believed  the  whole  subject 
may  be  presented  in  a  manner  more  connected  and  per- 
spicuous by  disregarding  them.     And  in  the  discussions 
which  are  to  follow,  the  fluid  will  be  considered  as  with- 
out viscosity ;  that  is  to  say,  the  particles  will  be  supposed 
to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  a  fluid  is  said  to  be  perfect.    The  results  deduced  perfect  fluid, 
upon  the  hypothesis  of  perfect  fluidity  will,  of  course, 
require  modification  when  applied  to  fluids  possessing 
sensible  viscosity.     The  nature  and  extent  of  these  modi- 
fications can  be  known  only  from  experiments. 
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AiBTel  fari)M» ; 


when  at  nU ; 


normal  to  the 
resultant  of  the 
forces  which  act 


§  259. — ^From  the  nature  of  a  fluid,  it  is  obvious 
when  a  force  is  applied  to  any  one  of  its  particles,  the  btk: 
must  move  in  the  direction  of  the  force,  unless  prevenw^l 
by  the  reaction  of  the  surrounding  particles ;  but  tW 
being  equally  free,  can  only  react  to  prevent  motioa  k 
being  supported  or  acted  upon  by  opposing  forces.  Fn-i 
this  arises  a  general  law,  viz.:  that  when  a  fluid  is  :: 
equilibrio,  its  free  surface  is  always  normal  to  the  re- 
sultants of  the  forces  which  solicit  each  of  its  surfao^ 
particles.  For  if  the  result- 
ant OF  of  the  forces  which 
act  upon  any  one  of  these 
particles  0  were  oblique  to 
the  surface  A  B^  this  result- 
ant might  be  resolved  into 


F^.  289. 


upon  the  sorfiud  two  componcnts,  one   OF' 


particles; 


lerel  iurfaca 
defined; 


normal,  and  the  other  OF" 
tangent  to  the  surface;  the 

former  would  be  destroyed  by  the  reaction  of  the  Mi 
mass  supposed  in  equilibrio,  while  the  latter  would  move 
the  particle  along  the  surface,  and  with  the  greater  fkilitr 
in  proportion  as  similar  components  tend  to  move  tke 
particles  to  which  they  are  applied  in  the  same  directioiL 
Hence  the  supposition  of  an  oblique  resxdtant  is  inconsi^t- 
ent  with  the  equilibrium.  This  free  surface  which  everr 
fluid  in  equilibrio  presents  in  a  direction  normal  to  tk 
resultant  of  the  forces  which  act  upon  each  of  its  sur&ce 
particles,  is  called  a  level  surface._    Hence  every  hean 
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fluid  upon  the  earth's  surface  in  a  state  of  repose,  presents 
its  upper  or  fi-ee  sur&ce  normal  to  the  direction  of  thetoTeirarfteeor 
force  of  gravity.    If  the  earth  did  not  rotate  about  an'*«»^*"""5 
axis  PP\  thus  giving  rise  to  a  centriiugal  force,  every 
such  sur&ce  would  be  a  portion  of  the  surface  of  a  sphere, 
having  its  centre  at  the  centre  of  the  earth;  but  its  cen- 
trifugal  force  M  (7,  combined 
with  the  weight  if  G^  of  each 
element^  giving  rise  to  a  re- 
sultant MN  slightly  oblique 
to  the  direction  of  the  weight,  ,  ,,,    x  -       ..  .    . 

^    ^  /  /  ^/      \  «fn»  of  the  letel 

every  free  surface  is  in  strict-  /  ^'lir      \  laritee  ofhetTy 

ness  a  portion  of  the  surface  \  J  *"****' 

of  a  spheroid  of  revolution, 
flattened  at  the  poles  and 
protuberant  at  the  equator. 

The  great  size  of  the  earth,  and  the  limited  field  that 
may  be  brought  under  observation  at  the  same  instant, 
will  scarcely  permit  us  however  to  distinguish  any  visible  TUbie  i^om 
portion  of  fluid  surfSsMse  from  a  plane.     Instance,   the*®"*^"^*^**"' 
ponds,  lakes,  ocean.    The  same  is  true  of  the  atmosphere. 
This  fluid  being  elastic,  its  elements  tend  to  recede  from 
each  other  and  from  the  earth's  surfiwje;  in  proportion  as 
it  expands,  the  repulsive  action  becomes  less ;  the  weight 
of  the  elements  tends  to  draw  them  towards  the  earth ; 
at  the  upper  surface  of  the  atmosphere  these  opposing  cue  or  the 
forces,  which  act  towards  and  from  the  centre  of  the  earth,  **™<»«p**«"- 
become  equal,  and  the  further  retrocession  of  the  particles 
ia  impossible.    The  atmosphere  would,  under  the  opera- 
tion of  these  causes  alone,  come  to  a  state  of  rest,  and 
present  an  exterior  boundary  similar  to  that  of  the  earth. 

§  260. — ^Let  the  vessel  ABD  0  contain  a  heavy  fluid, 
or  a  fluid  acted  on  only  by  its  own  weight;  the  upper 
surface  R8  will,  from  what  we  have  seen,  be  horizontal 
when  at  rest ;  and  it  is  obvious  that  this  position  of  the 
sur&ce  will  not  be  disturbed,  or  in  the  least  altered,  if  the 
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Fig.  28& 


A  homogeneoQB 
heavy  fluid  In 
TeBsals 

communicaling 
freely  will  stand 
in  aU  at  the 
■ame  lerel ; 


Q    S 


experimental 
Uloatration; 


portion  of  the  fluid  indicated  by  tlie  shaded  parts  of  ia 
second  figure  were  to  become  solid,  leaving  the  fiiai 
portions  E  T,  F  H, 
Ha,  communicating 
freely  with  each  oth- 
er ;  that  is  to  say,  the 
surfSaces  at  E,  F,  and 
Oj  of  the  communi- 
cating fluid  would  be 
upon  the  same  level. 
Whence  we  conclude, 
that  a  heavy  fluid,  as 
water  or  mercury, 
poured  into  severed  ves- 
sels which  communi- 
cate fredy  toith  each 
offier,   will,    when   in 

equiUhrio,  have  its  upper  surface  in  all  the  vessds  m  *m 
same  level.  This  important  fisust  is  easily  illustrated  br 
experiment.  Jl  is  a 
vessel  at  the  bottom 
of  which  is  a  horizon- 
tal tube  connecting 
freely  with  the  vessels 
£  and  £7,  and  having 
a  stop-cock  D  inter- 
posed, so  that  the  con- 
nection may  be  inter- 
rupted or  established 
at  pleasure.  Fill  A 
with  water,  the  stop- 
cock being  closed. 
When  the  water  in  A 
is  at  rest,  open  the 


Fig.  2S9. 


cock  jD;  the  water  will  descend  in  A  and  ascend  in  B 
0  till  it  comes  to  the  same  level  in  ^1. 

If  the  vessel  G  be  broken  off  at  E,  the  water  will  oTff- 
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flow  at  tlus  point  till  it  sinks  in  the  vessels  -1  and  3  to 
the  level  of  ^. 

To  the  operation  of  this  principle  we  are  indehted  for  tu*  prindpia 
the  transfer  of  water  from  remote  locations  to  artificial  ^"™*"*  "■" 
reservoirs  for  the  supply  of  cities  and  towns.     Springs  lo  ikiiwh 
also  owe  their  existence  to  it.     The  greater  part  of  the  „„o«epoinu- 
solid  crust  of  the  earth  consists  of  various  strata  ranged 
one  above  another;  many  of  these  are  of  a  loose  and  po- 
rous nature  and  are  penetrated  with  clefts,  whilst  others 
are  more  dense  and  free  from  fiaws.     Through  the  former 
of  these,  rains  and  melted 
snows  find  their  way  to  Kg-  8W- 

the  latter,  where  their  fiir- 

ther  progress  is  for  a  time  w^onpringi 

cheeked,  till  the  water 
accumulates  in  sufBcient 
quantity  to  force  its  way 
through  the  sides  of  hills 
and  mountains,  and  often 
at  points  of  considerable 
elevation.       When     the 

harder  and  impervious  strata  form  the  outer  crust  of 
mountain  ranges,  they  often  force  the  water  to  take  an 
oblique  underground  course  through  porous  strata,  that 
extend    to    considerable 


depth  and  reach  to  re- 
mote districts.  Here, 
if  a  channel  be  provi- 
ded for  the  water  by 
boring  through  the  hard 
crust 'which  confines  it^  it 
will  spout  forth  or  over- 
flow, in  its  effort  to  gain 
the  level  of  its  source 
in  the  dbtant  mountain. 
This  constitutes  an  Arte- 
sian vkU,  a  name  derived 


ng.S9L 


or  lh>  dltchuj* 
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Prinelple  of 
eqaalprewimt; 


Kg.  292. 


a  heary  fluid ; 

■everal  TMMla 
communioatlBg ; 


Mvenl  colamnf 
of  unequal 
weights 

supporting  each 
other; 


from  the  Frencli  province  Artois,  where,  according  to 
account,  this  mode  of  obtaining  water  was  first  practisei 

§  261. — ^From  the  principle  of  fluid  level,  it  is  easy  to 
pass  to  that  of  equal  pres- 
sure. Suppose  a  vessel, 
ABD  OFE,  in  which  the 
branches  EF  mABDO 
have  a  free  conmiimica- 
tion  with  the  part  AB; 
then  if  water,  mercury, 
wine,  or  any  other  fluid,  be 
poured  in  either  at  E^  A^ 
or  Oy  and  the  whole  be 
suffered  to  come  to  rest, 
the  surface  at  IK  of  the 
fluid  in  the  part  A  B,  at 
L  in  the  branch  EF,  and 
at  M  in  the  branch  BD  0, 
will  be  upon  the  same 
level. 

Through  the  point  N,  taken  at  pleasure  below  the  sm- 
fece  of  the  fluid,  conceive  a  horizontal  plane  to  be  passed. 
It  is  obvious  that  the  weight  of  the  fluid  contained  in  tis 
vessel  below  PNQ  can  contribute  nothing  to  the  support 
of  the  columns  LP,  10,  and  MQ,  since  this  weight  acts 
downward ;  and  the  equilibrium  would  obtain  if  the  fluia 
contained  in  the  part  of  the  vessel  below   PNQ  vere 
without  weight.     This  fluid  may  therefore  be  regarded  as 
solely  a  means  of  communication  between  the  colnmas 
LP,  10,  and  MQ,  in  such  manner  that  it  will  trausiD'' 
the  pressure  resulting  from  the  weight  of  the  columna 
LP  and  if  ^  to  support  the  weight  of  10,  and  redpnr 
cally.     If  now,  instead  of  the  columns  2/  P,  /O,  and  if  C 
of  the  fluid,  pistons  were  applied  to  the  surfaces  at  J',  -^'^i 
and  Q,  and  were  separately  urged  downward  by  pre&'Jrx*? 
respectively  equal  to  the  weights  of  these  columns,  the 
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equilibrium  would  manifestly  obtain  in  like  manner.     Or 
if  a  pressure  equal  to  that  arising  from  the  column  if  Q  weight  of 
be  applied  to  the  surface  Q,  while  the  columns  LP  and  ^p3  J*"*"* 
I O   remain,  the  equilibrium  will  still  subsist,   and  this,  preasuwa  upon 
whatever  be  the  directions  and  sinuosities  at  2?,  F,  &c.  p*****"*' 
Tbe  weight  "JT of  the  column  Qif  is  measured  by  &.  A.  c2.^; 
in  which  b  is  the  area  of  the  base  at  Q,  h  the  height  QM, 
d  tbe  density  of  the  fluid,  and  g  the  force  of  gravity.     The 
weight  W  of  the  column  10  is  measured  by  b'.h.d.g,  in 
which  &'  is  the  area  of  the  base  iVO,  the  other  quantities 
being  the  same  as  before.     Dividing  the  latter  by  the 
former,  we  find 

TXT'  J.f     T.      rt     ^  V  raUoofthe 

^     __  0  .  a  .  a  ,  g  __   o^  ('219V      ^®>«htaof 

W  b  ,  h  .  d  »  g  b       ''^        -''        column*  of  oqoal 

altitudes; 

hence,  the  weights  are  to  each  other  as  the  bases  6'  and  b. 
Now  these  weights  act  in  the  same  direction,  and  are 
unequal ;  they  cannot,  therefore,  maintain  each  other  in 
equilibrio,  unless  the  pressure  arising  from  the  column 
10  were  transmitted  by  the  fluid  down  the  vessel  NB,  up 
the  sinuous  vessel  BDQ  to  Q,  and  there  diminished  in 
the  ratio  of  the  base  NO  to  that  at  Q,  In  like  manner,  * 
the  pressure  from  the  column  MQ  must  be  transmitted  by 
the  fluid  down  the  tube  QDH,  up  the  vessel  BN  to  the 
base  NOj  and  there  increased  in  the  proportion  of  the  base 
at  Q  to  that  at  N. 

That  is,  the  forces  applied  to  two  pistons  in  a  vessel  filed  forces  on  two 
wtthflwid^  vnU  be  in  equilibrio  when  their  intensities  are  di-  ^^^1^1^^^ 
recUy  proportional  ib  the  areas  of  the  pistons  to  which  they  are  proporttonsi  to 
restively  applied.    If  the  areas  b  and  V  of  the  pistons  p^^^" 
become  equal,  the  forces  will  be  equal,  and  this,  whatever 
be  the  actual  dimensions  of  the  pistons.     Whence  we  con- 
clude, that  ike  force  impressed  upon  a  fiuid^  is  transmitted  by 
it  eqxudly  in  all  directions;  and  that  every  surface  exposed  to  pressure 
iheflmd  will  receive  a  pressure  which  is  directly  proportiorud    ^^^^^^ 
to  its  extent     Moreover,  this  pressure  will  be  perpendicular  directions; 
to  the  surface,  for  if  it  were  oblique,  it  might  be  replaced 
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praMnre  always    bj  its  two  oomponents,  One  normal,  the  other  parallel  to 
Boraiatothe      ^^^  surface ;  the  former  would  be  destroyed  by  the  resist- 
ance of  the  surface,  while  the  latter  would  give  motion  to 
the  fluid,  which  is  contrary  to  the  supposition  that  the 
fluid  is  in  equilibrio. 

From  Eq.  (219)  we  find 


Taloe  of  the 
pressure 
transmitled ; 


0 


(220); 


lit.  role; 


prrasive 
traiiBinitted 
when  the 
preasureis 
applied  to  a  unit 
ofsarfooe; 


whence  we  have  this  rule  for  finding  the  amount  of  pres- 
sure trtosmitted  to  any  surface,  viz. :  MuHiply  the  intensity 
of  the  pressing  force  into  the  ratio  obtained  hy  dividing  the  area 
to  which  the  pressure  is  transmitted,  by  that  to  ivhich  the  force 
is  directly  applied.  Making  6  =  1,  W  will  be  the  pressure 
upon  the  unit  of  surface,  and  Eq.  (220)  becomes 


TF'  =   W.V 


(221) ; 


id.  rale; 


Fig.  29S. 


whence  we  have  this  second  rule  for  finding  the  pressure 
transmitted  to  any  given  surface,  viz. :  Multiply  the  intensity 
of  the  force  applied  to  the  unit  of  surface  by  the  area  of  the 
surface  to  which  the  pressure  is  transmitted. 

The  truth  of  these  deductions  is  finely  illustrated  by 
the  Anatomical  Siphon.  A  short 
cylindrical  vessel  A,  made  of 
metal,  and  open  at  one  end,  is 
connected  with  an  upright  glass 
tube /A,  say  half  an  inch  in  diame- 
uisstraiionbythe  ter,  opcu  at  the  top.  The  vessel 
is  filled  with  water,  and  closed 
by  tying  over  it  a  bladder,  on 
which  a  plate  of  wood  or  metal 
is  laid  to  receive  weights  W\ 
Water  is  now  poured  down  the 
glass  tube  fh;  the  water  in  A, 
with  its  superincumbent  weights 
W,  will  be  raised  by  the  pressure 


aaatomiesl 
siphon; 
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arising  from  tlie  weight  of  that  portion  of  the  fluid  in 
the  glass  tube  above  the  level  of  the  bladder.    Let  this 
difference  of  level  be  60  inches,  then  will  the  volume,  in  uiiutntedbya 
cubic  feet^  of  the  pressing  water,  be 


nmnerioal 
example; 


tiu 


t«. 


iS?  X  60  _  8.1416  X  (0.26/  X  60  _  ^(!q^qo 
1728        "  1728  u.wooo. 


Now  one  cubic  foot  of  water  weighs  sixty-two  and  a 
half  pounds,  whence  the  weight  of  the  pressing  column  or 
TT  becomes,  in  pounds, 


lbs.  ib, 

W  =  62.6  X  0.00668  =  0.866. 


The  area  of  a  section  of  the  glass  tube  is 


6  =  *jB«  =  8.1416  X  (0.26)«  =  0.196; 


or,  in  square  feet, 


b  = 


0.196 
144 


=  0.00186,  nearly. 


weight  of  the 
preesiiig  column; 


area  of  a  section 
of  the  tube ; 


Let  the  diameter  of  the  vessel  A  be  one  foot  then  will       ju«ne*«rofthe 

larger  Tetsei; 


b'  =  8.1416  X  (0.60)«  =  0.7864; 


and  these  values  of  TPJ  J,  and  6',  substituted  in  Eq.  (220), 
give 


weight  sustained; 


that  is  to  say,  the  trifling  weight  of  three  tenths  of  a  pound 
sustains  in  equilibrio  a  weight  of  more  than  two  hundred  hydrostatie 
and  four  pounds;  a  result  usually  denominated  the  hydro-  p*^***» 
static  paradox. 
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veMel; 


If  the  bladder  K  the  bladder  were  removed,  and  the  vessel  extenid 

thnrlitel  would  upward  to  the  line  cd,  on  a  level  with  the  fluid  in  tiie 
rtae  to  the  larger  tube,  the  Water  would  rifle  in  it  to  that  height,  when  h 

would  come  to  rest    The  volume  of  the  added  water,  b 

cubic  feet  would  be 

in. 

~  X  0.7864  =  8.272 ; 

and  allowing  62^  pounds  to  each  cubic  foot^  the  weighi 
of  distilled  water  at  60°  Fah.  gives 


▼eriUcayoii. 


IbM, 


8.272  X  62J  =  204.5,  nearly, 


as  before. 


IIL 


WORK  OF  THE  POWER  AND   OP  THE  RESISTA5CL 


§  262.— It  follows  from  Eq.  (220),  that  a  given  power 
Mnitipueation  of  maj  be  multiplied  at  pleasure  by  this  principle  of  qo^ 
power  by  the      transmission  of  pressure.    It  will  be  sufficient  for  tliis 

prtociple  of  equal  ^ 

tranamiMion  of     purpOSC,  tO  prOvidc  a  StTOUg 

preaanre; 


vessel  for  the  reception  of  a 
fluid,  and  to  connect  with  it 
a  pair  of  pistons  whose  sur- 
faces bear  to  each  other  any 
desired  ratio ;  the  power  F 
being  applied  to  the  smaller 
piston  b  will  be  transmitted 
to  the  larger  V  and  made  to 
hold  in  equilibrio  or  over* 
come  almost  any  given  re- 
sistance B  applied  to  the 
latter.    But  we  are  not,  there- 


Fig.  294. 
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fore,  to  infer  that  there  is  any  gain  in  the  quantity  of  work  no  work  gained, 
performed,  for  if  we  multiply  Eq.  (220)  by  the  distance  ^°''*''*'' 
HI=s'  through  which  the  larger  piston  may  have  been 
moved  by  the  pressure  transmitted  to  it,   we  have,  by 
writing  li  for  W\  and  F  for  W] 


Us'  =  F  ' 


8'V 


(222). 


work  of  the 
resistance; 


The  product  s'h\  being  the  area  of  the  larger  piston  into 
the  distance  HI^  is  the  measure  of  the  volume  of  fluid 
'  "hich  has  passed  into  the  chamber  CE^  by  the  action  of 
the  power  F  upon  the  smaller  piston ;  and  if  we  regard  the 
water  as  incompressible,  this  must  be  equal  to  the  volume 
of  fluid  which  has  been  pressed  out  of  the  chamber  A  B, 
Supposing  the  smaller  piston  to  have  been  depressed  to  /', 
and  denoting  the  distance  S^  /'  by  5,  this  latter  volume 
will  be  measured  by  si,  and,  therefore,  from  what  has  just 
been  remarked, 


s'V  =  8b; 


whence 


f  i.t 


8    = 


8'h 


h     ' 


Tolumea  of  the 
fluid  equal ; 


which,  substituted  above,  gives 


B8'   =   F8 


(228). 


work  of  power 
equal  to  that  of 
feaiatance ; 


The  first  member  of  this  equation  is  the  work  performed 
by  the  resistance,  the  second  that  performed  by  the  power, 
whence  we  conclude,  that  in  hydraulic  machines  depending  conciuaion; 
upon  the  transmission  of  pressure^  as  in  other  machines,  the 
warlc  of  the  power  is  equal  to  that  of  the  resistance. 

If  the  friction  of  the  pistons  against  the  sides  of  their  wcuon  and 
respective  chambers  and  the  viscosity  of  the  fluid  be  taken  ^  "***    * 
into  the  account,  the  work  of  these  must  be  added  to  the 
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the  bydninlic 
machine  enables 
a  feeble  power  to 
perform  what 
it  could  not 
without  it; 


general  principle 
of  all  machines ; 


this  principle 
employed  to 
prove  that  of 
M)ual  pressure ; 


term  Bs\  which  would  make  the  effective  quantity  d 
work,  measured  by  Ms',  actually  less  than  the  work  of  tie 
power.  What  then  is  gained?  The  answer  is  the  saa» 
as  before,  viz. :  the  machine  gives  to  a  feeble  power  tie 
ability  to  perform,  by  a  succession  of  efforts,  an  amoun: 
of  work  which  it  could  not  accomplish  by  a  single  oiis. 
It  would  be  quite  within  the  physical  capabilities  of  aQ 
individual  to  raise  to  the  summit  of  a  wall  a  ton  of  brieka. 
by  taking  a  few  bricks  at  a  time,  wnereas  an  effort  to  dc- 
vate  the  whole  at  once  by  his  unassisted  strength  won': 
prove  an  utter  failure.  And  this  is  true  of  all  kinds  d 
machinery ;  whenever  a  given  amount  of  work  is  accon- 
plished  by  the  application  of  a  diminished  power,  the  spia 
through  which  the  latter  is  exerted  must  be  proportionaiij 
increased. 

Had  this  principle,  together  with  the  incompressitili^ 
of  the  fluid,  been  assumed  at  the  outset,  it  would  luvc 
been  an  easy  matter  to  deduce  Eq.  (220),  and  therefore  ti: 
principle  of  the  equal  transmission  of  pressure;  for,  tic 
volume  of  the  fluid  remaining  the  same,  we  should  hare 

and  the  quantity  of  work  of  the  power   and  resistaiK^ 
being  equal,  gives 


Ba'  =  Fs; 


preaanreaare 
proportional  to 
the  Burfaoea. 


dividing  the  first  of  these  equations  by  the  second,  we  fci 


b^ 
B 


b 
F' 


whence 


F   :    B    ::    b    :    V; 


that  is  to  say,  the  pressures  are  directly  proportional: 
the  areas  of  the  pistons  to  which  they  are  applied,  wU 
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re  is  an  equilibrium,  or  whea  the  pistona  have  a  umfonu 
tion. 

§  263. — One  of  the   most  interesting  and   important 

.plications   of   the  principle  of  equal   transmission   of 

issure  is  exhibited  by  the  Hydraulic  or  Bramah's  Press,  ujunmic  pnm; 

le  main  features  of  this  machine  are  the  following :  A 

ge     and    small 

;tallic    cylinder 

and     a,    are  Rg.  29S. 

ide  to  commu- 
cate  freely  with 
.cli  other  by  a 
act-pipe  T.  Wa- 
r  stands  in  both 

1    the   cylindera,  d«crip.i»,  .-d 

ttd  each  is  provi-  "«•»  of  "ppi/ioB 

ed  with  a  strong  ■    ^°^"' 

iston.  The  pis- 
3n  S  of  the  larger 
ylinder  carries  a 
trong  head-plate 

P,  which  works  in  a  frame,  so  as  to  move  directly  towards 
)r  from  a  plate  B  which  ia  stationary.  The  substance  to 
:>e  pressed  ia  placed  between  these  two  plates.  The  piston 
in  the  small  tube  a  is  worked  by  a  lever  cd,  of  the  second 
arder,  having  its  fulcrum  at  c,  the  piston-rod  being  attached 
at  i,  while  power  is  applied  at  d.  The  pressure  exerted  by 
the  smaller  piston  on  the  water  is  transmitted  by  the  latter 
to  the  piston  S. 

Let  the  diameter  of  the  cylinder  a  be  half  an  inch,  that  itapowar 
of  the  larger  200  inches,  then  wiU  '^^^^  •*  " 

»1=W=  160000; 

0  (J) 

and  suppose  the  distance  c  d  to  be  equal  to  50  inches,  and 


492  NATURAL    PHILOSOPHT. 


c  6  to  be  one  inch,  and  let  a  man  throw  his  weight  sij 
<iat*;  150  pounds,  on  the  point  d;  then  from  the  propertrct 

the  lever  will  the  force  F,  applied  to  the  smaller  pisto::,  l-: 
given  by  the  proportion 


im,  in.  Iht, 

1    :    50    ::     150    :    F; 


whence 


value  of 
resistance ; 


power  applied  at  JP  =    150    X    50    =    750a' 

smaller  piston ; 

If 

Substituting  these  values  for  F  and  -r-  in  Eq.  (222^  an: 
omitting  the  common  factor  s\  we  find 

as.  a«. 

B  =  7500  X  160000  =  1200000000 ; 

.  thus  an  eflfort  equal  in  intensity  to  a  weight  of  one  hundrr '. 
and  fifty  pounds  applied  at  d,  is  capable  of  holding  ii 
equilibrio  a  power,  or  of  maintaining  in  uniform  motion  ^ 
body  subjected  to  a  constant  resistance,  equal  to  oae 
billion  two  hundred  million  pounds. 

Dividing  both  members  of  Eq.  (223)  by  F^  we  find 

patti  of  the  power  H  .  8 

at  smaller  piston;  ^   ^^         e?      ' 

substituting  the  above  values  for  B  and  Fy  and  suppose  tie 
piston-head  to  have  been  raised  through  the  distance  of 
one  foot,  we  have 

its  numerical 

yalue  for  one  foot  1200000000  ^  nru^r^^ 

of  path  of  the  S   =    ?r=7vi ==    IdOUOO  ; 

resistance;  '^W 

and  because  the  power  applied  at*  d  must  pass  over  50 
times  this  distance,  we  find 

160000  X  50  =  8000000, 
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or 


8000000 
5280 


miies, 

=  1516, 


pathoftho 
power; 


for  the  distance  described  by  the  power  to  compress  the 
resistance  one  foot,  or  to  raise  a  weight  equivalent  to  the 
resistance  through  that  height.  The  hydraulic  press  is 
used  in  the  arts  to  press  paper,  cloth,  hay,  to  uproot  trees, 
to  test  the  strength  of  ropes,  chains,  building  materials,  uses  of  the 
and  guns;  and  two  were  recently  employed  with  success  ^^y^*™""®?"** 
to  raise,  through  a  vertical  height  of  more  than  one 
hundred  feet,  the  great  iron  viaduct-tube,  weighing  up- 
ward of  eighteen  hundred  tons,  over  the  Menai  Straits. 


Fig.  296. 


IV. 


PRESSUBB  OF  HEAVY  FLUIDS. 

§264. — ^Let  us  now  examine  the  pressure  which  apreesureofheayy 
heavy  fluid  exerts  on  the  base  of  a  vessel  in  which  it  is  ^**^**"' 
contained.     For  this 
purpose,  let  A  BD  G 
be  a  vessel  containing 
a  heavy  fluid,  as  wa- 
ter, in  equilibrio.  The 
upper  surface  AB  of 
the  fluid  will  be  hori- 
zontal.     Conceive  a 
horizontal  plane  Q  H 
to  be  passed,  and  sup- 
pose the  fluid  below  this  plane,  or  that  contained  in  the  fluid  beiow 
the  portion  GGDH,  to  be  devoid  of  weight;  then  it  is "»e horirontai 

*-'      '  Btratam  devoid 

obvious,  from  our  previous  principles,  that  the  weight  of  of  weuht; 
any  slender  vertical  column,  as  ^/,  will  exert  a  pressure 


^ 
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at  ij  which  is  distributed  equally  in  all  directions  tbr': 
the  fluid  OCDHy  and  that  this  pressure  acts  equ^. 
upward  to  oppose  the 


oolamn 

suBtainiDg  all  the 
othen; 


descent  of  the  other 
each  eieiBMiuuy  columns  which  Stand 

vertically  over  the 
plane  QH;  the  col- 
umn EI  alone  keeps, 
therefore,  in  equi- 
librio  all  the  other 
columns  of  the  mass 
A  O  H  B  ;     conse- 


Fig.  296. 


•i — ff 


7 


■i 


prewnre  upon 
the  bttM ; 


quently,  the  mass  0  CD  H,  being  still  supposed  \rA  : 
weight,  there  will  result  no  pressure  upon  the  base  '.'I' 
except  that  which  arises  from  the  weight  of  a  single  :^-  , 
ment  EI;  which  being  transmitted  equally  to  all  i. 
points  of  the  base  (72),  the  pressure  on  the  latter  yrL  :^ 
given  by  Eq.  (220) ;   that  is,  by 


V 


0 


in  which  W  is  the  weight  of  the  column  EIj  b  the  area 
of  its  base,  6'  the  area  of  the  base  GD,  and  W  the  presr: 
which  it  sustains. 

Denoting  the  height  of  the  column  EI  by  A,  its  veigi' 
TFwill  be  given  by 


weight  of  the 
preesingfllainent; 


prettarenpon 
thebaee; 


TF=  h.h.D.g; 

in  which  D  denotes  the  density  of  the  fluid,  and  g  the  force 
of  gravity. 

Substituting  this  above  for  TFJ  we  find 

W  ^h.V  .D.g     .    .    .    (224> 

If  now  the  plane  GRhe  depressed  so  as  to  learf  ^J 
the  heavy  fluid   above   it,  this  plane  will  coincide  witt 
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the  bottom,  /  will  come  to  /',  and  h  will  become  the  ver- 
tical height  EF  of  the  surface  of  the  fluid  above  the 
base. 

But  the  product  i' A  is  obviously  the  volume  GOO*  D  weight  of  the 
of  the  fluid  contained  in  a  right  cylinder  or  prism  having  ^*"'"°  ^^^^ 

°  •'  *■  °  measures  this 

for  its  base,  the  base  of  the  vessel ;  D.h\h\&  the  mass  of  this  pressure ; 
cylinder  or  prism,  and  D  .V  ,h,g\a  its  weight.  Whence 
we  conclude,  that  the  pressure  exerte^  by  a  heavy  fluid 
upon  the  horizontal  base  of  a  vessel  containing  it,  is  equal 
to  the  weight  of  a  column  of  this  fluid^  whose  base  is  the  base 
of  the  vessel,  and  whose  altitude  is  equal  to  the  depth  of  tliis 
base  below  the  surface  of  the  fluid. 

In  this  measure  for  the  pressure  on  the  base  of  a  vessel 
containing  a  heavy  fluid,  there  is  nothing  at  all  relating  pressure 
to  the  figure  or  actual  volume  of  the  vessel,  and  we  are,  J"***p«™*«°'  **' 

o  7  »  figure  of  vessel 

hence,  to  infer  that  this  pressure  is  wholly  independent  of  and  quantity  of 
both,  and  will  always  be  the  same  whenever  the  area  of  au^J^r^*"* 
the  base  and  altitude 
of  the  fluid  are  the 
same.  The  right  cyl- 
inder, inverted  and 
erect  truncated  cones, 
having  equal  inferior 
bases  -B,  5,  B,  and 
the  same  altitude  A, 
will,  when  filled,  con- 
tain very  different 
volumes  of  fluid,  yet 
the  bases  will  all 
experience  the  same 
amount  of  pressure 
from  the  weight  of 
the  fluid,  if  it  be  the 
same  in  kind,  or  of 
the  same  density. 

The  experimental 
verification    of    this 


Fig.  297. 


iilostratloii ; 


right  cylinder, 
truncated  conoi 
both  erect  and 
inverted ; 
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experimental 
veriflcailon  of 
this  fact; 


apparent  paradox  is  easy.  A  D  GB  is  a  glass  tube,  a 
which  the  ends  are  open  and  bent  upward;  the  e«a 
B  is  famished  with 


a  brass  ferrule  upon 
which  a  screw  is  cut 
for  the  reception  of  a 
mate-screw  jB"  around 
the  bottom  of  the  ves- 
sels F,  F\  and  F", 
also  open  at  both 
deecription  of  the  cuds.    On  the  end  A 

apparatus  for  the  jg    ^    sliding    ring    of 
purpose ;  °  ° 

metal  or  wood.  At 
^  is  a  short  wire  that 
may  be  moved  up  and 
down,  and  is  held  in 


Fig.  298. 


details  of  the 
experiment ; 


ciiin 


„jC, 


t 


j! 


7 


^ 


deductions; 


any  desired  position  by  friction. 

Pour  mercury  in  either  end  of  the  bent  tube  till  it  ri 
to  any  desired  level,  say  that  of  the  dotted  line ;  next, 
either  of  the  vessels,  say  F^  on  its  place  at  B^  and  fill  it  wiih 
water.  The  water  passing  freely  through  to  the  sor&ce  of 
the  mercury  will  press  upon  the  latter  by  its  weight  ai»i 
force  it  up  the  end  A,  When  both  fluids  come  to  rest, 
move  the  ring  on  the  end  u4  to  a  level  with  the  merouiy  to 
mark  its  place,  and  press  the  wire  E  down  to  the  sur&% 
of  the  water  to  determine  its  height.  Now  draw  off  the 
water  by  the  stop-cock  (7,  remove  the  vessel  F  and  replace 
it  by  F\  and  fill  with  water  as  before;  whea  the  level 
of  the  water  reaches  the  end  of  the  wire  E^  the  mercuiy 
will  be  found  to  have  reached  the  ring  on  the  end  A 
The  experiment  being  repeated  with  the  slender  vessel 
F'\  not  even  half  as  thick  as  the  tube  A  D  CB^  the  mer- 
cury will  again  be  found  at  the  ring.  In  all  these  ex- 
periments, the  base  pressed  is  the  same,  being  a  section 
of  the  bent  tube  at  the  level  of  the  mercury;  and  the 
altitude  is  the  same,  being  the  diflerence  of  level  of  the 
mercury  in  the  end  B  and  lower  extremity  of  the  wire  E^ 
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w^hen  the  mercury  in  the  end  A  stands  at  the  level  of  the 
ring.      The  quantities  of  water  employed  in  the  three  cases  ooneiutoo. 
are  very  different,  and  yet  the  pressures  exerted  by  their 
weights  are  the  same, 

§  265. — The  pressure  of  a  heavy  fluid  upon  a  horizon-  Prewuroofa 
tal  plane,  enables  us  to  pass  to  that  on  a  plane  inclined  ^^^  inclined 
under  any  angle  whatever  to  the  horizon,  and  thence  to  w'fccesj 
the  pressure  on  a  curved  surface. 

Let  ABD  (7  be  a  vessel 
with  plane  or  curved  sides, 
and  filled  with  a  heavy  fluid ;  ^-  2®^* 

suppose  0  H  and  O'  E'  to 
be  two  horizontal  planes  in- 
definitely near  each  other. 
The  layer  of  fluid  between 
these  planes  may  be  consid- 
ered as  without  weight,  and  as  transmitting  the  pressure 
of  the  superincumbent  fluid  to  the  surface  of  the  vessel 
with  which  this  layer  is  in  contact;  and  the  pressure 
upon  this  surface  will  'Be  the  same  as  though  it  were  in 
either  of  the  two  planes  in  question.  Designating  the  ex- 
tent of  this  elementary  surface  by  J',  and  the  depth  EI  by 
A',  the  measure  of  this  pressure  will  be 

prewore  upon  an 
D  .  g  .  b   .  A'/  elementarj 

inclined  sorlkoe ; 

in  which  D  and  g  denote  respectively  the  density  of  the 
fluid  and  force  of  gravity.  In  like  manner,  the  pressure 
upon  any  other  elementary  portions  6",  6'",  ^""j  &c.,  of 
the  surface  at  distances  A",  A'",  and  A"",  &c.,  respectively, 
below  the  upper  surface  of  the  fluid,  will  be 

D  .  g  .  V\  A",        D  ,  g  ,  6'"  .  A'",   &C. ;  similar prenona; 

and  the  pressure  upon  the  entire  surface  will  obviously  be 

the  sum  of  these ;  or,  if  the  total  pressure  be  denoted  by 
n 
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total  prcMore 
upon  the  entire 
surface; 


P,  then  will 

P  =  Dg(VK  +  J"  A"  +  h"'h'"  +  Ac)- 

But  if  we  take  the  upper  surfiace  of  the  fluid  as  a  plnie 
of  reference,  and  denote  by  b  the  entire  area  of  whiii 
J',  6",  &c.,  are  the  elements,  and  of  which  the  distance  :i 
the  centre  of  gravity  from  this  plane  of  reference  is  A,  ttei 
from  the  principle  of  the  centre  of  gravity,  wDl 

hh  =  VK  +  V'h"  +  V"K"  +  Ac; 


which,  substituted  above,  gives 


▼aloe  of  this 
pressure  in 
weight ; 


expressed  In 
words; 


example  first; 


P  =  D.g.b.h. 


(22o): 


that  is  to  say,  the  pressure  exerted  hy  a  heavy  fluid  ag*u-'* 
the  surface  of  any  vessel  in  whi(;h  it  is  contained^  is  measu^i 
by  the  weight  of  a  column  of  the  fluid  having  for  its  base  'V 
surface  pressed,  and  for  its  altitude  the  depth  of  the  centn  ;' 
gravity  of  this  surface  behw  the  upper  level  of  the  fluid. 

Example  1st,  Eequired  the  pressure  against  the  inn:?: 
surface  of  a  cubical  vessel  filled  with  water,  one  of  is 
fiices  being  horizontal.  Call  the 
edge  of  the  cube  a,  the  area  of  each 
face  will  be  a*,  the  distance  of  the 
centre  of  gravity  of  each  vertical 
face  below  the  upper  surface  will  be 
J  a,  and  that  of  the  lower  face  a ; 
whence,  the  principle  of  the  centre 
of  gravity  gives. 


Fig.  SOO. 


\ 

K 

1           1 

"x 

\ 

distance  of  centre 
of  gravity  below 
the  surface ; 


h   = 


_  4a«  X  ia  +  c?Xa  _ 


5a^ 


Again, 


=  fa. 


•urfkee  pressed ; 


h  =  5<^; 
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and  these,  substituted  in  Eq.  (225),  give 

P  =  D.g.b.h  =  D.g.Scf. 

Now  Dg  X  1'  =  2)g^  is  the  weight  of  a  cubic  foot  of  water 
=  62.5  lbs.  whence 

P  =  62.5  X  8  cf. 
Make  a  =  7  feet,  then  will 


TBlne  of  thm 
preMore; 


inpoonds; 


lbs. 


P  =  62.5  X  3  X  (7)»  =  27562.5. 


Ita  numerical 
value 


The  weight  of  the  water  in  the  vessel  is  62.5  a',  yet  the 
pressure  is  62.5  x  8  a',  whence  we  see  that  the  outward 
pressure  to  break  the  vessel,  is  three  times  the  weight  of  conduaioii; 
the  fluid. 

Exarrvple  2d,  Let  the  vessel  be  a 
sphere  filled  with  mercury,  and  let 
its  radius  be  R.  Its  centre  of  grav- 
ity is  at  the  centre,  and  therefore 
below  the  upper  surface  at  the  dis- 
tance R,  The  surface  of  the  sphere 
being  equal  to  that  of  four  of  its 
great  circles,  we  have 


Fig.  801. 


example  MeonA; 


h  =  4«'i22; 


whence 


h.h  =  4*jB»; 


and,  Eq.  (225), 


P  =  ^*  .B.g.RK 


wurftce  prewed ; 


Tolame  wboee 
weight  is  equal 
to  the  pressure ; 


whole  pressure; 


The  quantity  Dg  X 1*  =  JDg,  is  the  weight  of  a  cubic  foot 


600 


pressure  in 
pounds; 
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of  mercury  =  848.75  lbs.,  and  therefore,  substitatisg  ths 
value  of  ^r  =  3.1416, 


a». 


P  =  4  X  8.1416  X  843.75  .  BK 

Now  suppose  the  radius  of  the  sphere  to  be  two  feel,  tbes 
willi2»=8,  and 


its  numerical 
value; 


P  =  4  X  3.141«  X  843!75  X  8  =  848221 


The  volume  of  the  sphere  is  firiZ*;  and  the  weight  of  tk 
contained  mercury  will  therefore  he  ^*  R^gJ}  ^=  W,  IX- 
viding  the  whole  pressure  by  this,  we  find 


ratio  of  weight  of 
pressing  fluid  to 
pressure; 


w 


=  8; 


whence  the  outward  pressure  is  three  times  the  wei^t  of 
the^fluid. 
eiounpie third;         ExampU  3d  Let  the  vessel  be  a  cylinder,  of  which  tk 
radius  r  of  the  base  is  2,  and  altitude  2^  6  feet.     Then  will 

J.A  =  neTl{r  +  0  =  8.1416  X  2  X    6  X  8; 

which,  substituted  in  Eq.  (225), 


ralueof 
pressure; 


P  =  801.5936  X  Dg, 


and 


S2S.-M;  ^  =  8.1416  X  2»  X  6  X  i?<7  =  75.898  X  Dg; 


whence. 


ratio  of  weight  to 
pressure. 


P_  ^  801.5936  X  Dg  _  . 
^  75.S96i.  Dg     ~     ' 


W 
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geometrical 
representation 
•ad  notation ; 


that  is,  the  pressure  agamst  the  vessel  is  fpur  times  the 
weight  of  the  fluid. 

§  266. — Although  the  pressure  of  a  heavy  fluid  de-  centre  of 
pends  upon  the  position  of  the  centre  of  gravity  of  the  p"***^* 
surface  pressed,  yet  the  resultant  of  all  the  elementary 
pressures  passes  through  a  different  point,  the  position  of 
which   for    a  plane  sur&ce 
may   be    thus  found.     Let 
E  IF  be  any  plane,  and  MN  Pig.  302. 

the  intersection  of  this  plane 
produced  with  the  upper 
surface  of  the  fluid  which 
presses  against  it.  Denote 
the  area  of  any  elementary 
portion  n  of  the  plane  EIF 
by  V  ;  and  let  m  be  the  pro- 
jection of  its  place  upon  the 
upper  surface  of  the  fluid; 
draw  mM  perpendicular  to 

MNj  and  join  n  with  if  by  the  right  line  n  J/J  the  latter 
will  also  be  perpendicular  to  Mlfj  and  the  angle  nJfm 
will  measure  the  inclination  of  the  plane  EIF  to  the  sur- 
face of  the  fluid.  Denote  this  angle  by  9,  the  distance 
mn  by  A',  and  Mn  by  r' ;  then  will 

.    A'  =  r'  sin  9. 

The  pressure  of  the  fluid  upon  the  element  n  will,  Eq. 
(225),  be 

D.g.V  .h'  =  Dgb'r'sLXKp] 

and  its  moment,  in  reference  to  the  line  MN  as  an  axis, 

Dgb'r'^BajKp]  ita 


distance  of  an 
elementary 
preaaed  Mirflwe 
below  the  fluid 
■urfaoe; 


praaaoieupon 
this  element ; 


and  for  any  other  elements  of  which  6",  6'",  &c.,  denote  the 
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areas,  we  have,  in  like  manner, 


2?<76"r""sin9, 

moments  of  the 

elementary 

pTOMurea ;  ])  g  J'"  r'      sin  9, 


&C.,  &C. 

Denoting  by  A  the  depth  of  the  centre  of  gravitjr  of  tic 
area  EIF  below  the  surface  of  the  fluid,  and  bjr  r  the  dis- 
tance of  that  point  from  the  line  MN^  we  shall  have 

depth  of  centre 

of  gravity  of  the  ^  r  sin  (D ' 

wholearea  '^   ~"    ^^^9^ 

preaeed; 

and,  for  the  total  pressure  upon  EIF^ 

irtiolepreflsaro;  P  =   D.g.h.h   =   Z^^&rsin^, 

in  which  h  denotes  the  area  of  EIF;  and  if  x  denote  the 
distance  of  the  point  of  application  of  this  pressure  from 
the  line  MN,  its  moment  will  be 


moment  of  the 
entire  pr^aeure ; 


Dghr  sin 9  .  x. 

But  the  moment  of  the  entire  pressure  must  be  equal  to 
the  sum  of  the  moments  of  the  partial  pressures,  and  hence 

Dghrx  sin  9  =  iJe/sm  9(6'/  +  6"r"'  +  V"r"^  +  &c.); 
whence 

dirtance  of  the 

point  of  tow  6'r'*  +  J"r"*  +  h"'r"^  +  &c        ,„„ 

preaeure  fh>m  the  X   =    = .   .  {22ol 

axia:  OT  ^       ^ 
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The  numerator  of  the  second  member,  is  the  moment  interprouuon  of 
of    inertia  of  the  plane  EIF;  the  denominator  is  the**'"^'*'**"^*^' 
product  of  the  area  of  the  plane  itself  by  the  distance  of 
its   centre  of  gravity  from  the  axis,  and  as  a  similar  ex- 
pression would  result  if  the 


Fi^802. 


pressures  were  referred  to  any 
otlier  line  in  the  plane  EIF 
as  an   axis,  it  follows  from 

§  184,  Eq.  (86),  that  the  result- 
ant pressure  passes  through 

tlie   centre  of  percussion  of 

the    surface  pressed.   ■  This 

point  is  called  the  centre  of 

irressure.     It  is  that  point  in 

the  surface  to  whichj  if  a  single 

force  he  applied  in  a  direction 

contrary  and  equal  to  the  total  ,   _ 

,  ....   «>*n«W«nt  with 

pressure  exerted  upon  it^  the  surface  will  remain  in  equi-  centre  of 

lihrio.  percu«I«n. 


centre  of 
pressure; 


defined ; 


§  267. — ^The  principles  which  have  now  been  explained,  Appiicauonof 
are  of  high  practical  importance.     It  is  not  only  interest-  ^^^^P^^.*** 
ing,  but  necessary,  often  to  know  the  precise  amount  of 
pressure  exerted  by  fluids  against  the  sides  of  vessels  and 
obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the   dimensions  of  the  latter  as  to  give  them  sufficient 
strength    to    resist.     Reservoirs  in   which    considerable 
quantities  of  water  are  collected  and  retained  till  needed 
for  purposes  of  irrigation,  the  supply  of  cities  and  towns, 
or  to  drive  machinery ;   dykes  to  keep  the  sea  and  lakes 
from  inundating   low  districts ;    artificial   embankments  objeeu  to  which 
constructed  along  the  shores   of   rivers  to  protect  the  "*^ V't,  . 
adjacent  country  in  times  of  freshets ;  boilers  in  which  are 
pent  up  elastic  vapors  in  a  high  state  of  tension,  to  be 
worked  off  at  pleasure  to  propel  boats  and  cars,  and  to 
give  motion  to  machinery  generally,  are  examples. 
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thtckneM  of  the 
■utUinlng  wftU  of 
a  reservoir ; 


Let  A  B  CD  be  a  section  or 
profile  of  the  wall  of  a  reser- 
voir, MN  the  upper  surface  of 
the  water,  and  EE'  the  bottom. 
Denote  the  length  of  the  wall 
by  Z,  the  depth  NE  of  the  water 
against  its  fiice,  supposed  verti- 
cal, 6y  d;  then  will  the  surface 
pressed  be  measured  hj  Id;  the 
distance  of  the  centre  of  gravity 
of  this  surface  from  the  upper 
level  of  the  water  will  be  Jcf, 
whence  the  whole  pressure  will  be 


Fi^.  SOS. 


■^AS^- 


preMure  agalnat 
Uie  fkce; 


D.g.l.d^ 


in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.  The  inner  surface  of  the  wall  being  vertical,  tbis 
pressure  is  exerted  in  a  horizontal  direction,  and  must  be 
resisted  by  the  wall.  Now  the  wall,  if  it  move  at  all^  maj 
either  slide  along  its  base  D  (7,  or  turn  about  the  horizontal 
■uppoBe  the  wau  edge  passiug  through  C.  First,  let  us  suppose  it  sliJt& 
Denote  the  depth  of  the  face  AD  hj d\  the  mean  thick- 
ness mnhj  t;  then  will  the  weight  of  the  wall  be 


weight  of  the 
widl; 


fHciion  on  the 
ground; 


condition  of 
•Ubility ; 


D'.g.l.d'.t; 

and,  denoting  the  coefficient  of  friction  between  the  waS 
and  earth  by/  the  whole  friction  will  be 

f.D'.gA.d'.t, 

in  which  D*  is  the  mean  density  of  the  wall;  and  the 
condition  of  stability  will  be  satisfied  as  long  as  we  have 

^ —  =/D'gld't; 
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from  which  we  find 

D 


t  = 


▼alue  of  mfltii 


D'     ^    yd!'  thlckn-; 


The  density  of  water  is  usually  taken  as  unity,  and  on 
ordinary  earth,  the  value  of/  for  masonry,  does  not  vary 
much  from  ^,  whence 

3^9  Tftlueofthe 

^   ^      O   n^  ^^  •  thlckneMln 

2-^    a  ordliury 


The  thickness  is  the  only  unknown  quantity,  since  d  and 
d*  must  result  from  the  capacity  of  the  reservoir. 

K  the  wall  tend  to  turn  about  the  edge  (7,  then  must  suppow  the  waii 
the  moment  of  its  weight  be  equal  to  the  moment  of  the  "*^  "'"*!  ''^"* 

°  *  the  (hint  line  of 

pressure  when  both  are  taken  in  reference  to  that  line,  ittbue: 
Let  G  be  the  centre  of  gravity  of  the  profile  A  B  CD^ 
and  denote  the  distance  (70  of  its  projection  upon  the 
base  of  the  wall  from  CJ  by  r.    Then,  from  the  assumed 
figure  of  the  profile,  we  shall  have 

^  ntlo  of  lever  ami 

—    =    71,         or        r   =^    ntf  ofthewalltolte 

^  thlckneM ; 

in  which  n  is  known ;  and  the  moment  of  the  weight  of 
the  wall  will  be 

ly.g.l.d'.t^.n.  momentofthe 

^  weight  of  wall; 

The  centre  of  pressure  0\  being  that  of  a  rectangle  of 
which  the  side  through  N  is  horizontal,  is  at  a  distance 
below  N  equal  to  f  of  NE^  or  from  the  bottom  point  E 
equal  to  \d;  and  adding  the  distance  ED  denoted  by 
a,  the  moment  of  the  pressure,  in  reference  to  (7,  will  be 

^i^  (1  ^     .     ^y  moment  of  the 

2         VS"'    T   **^»  fluid  preieuw; 
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and,  to  insure  stability,  we  must  have 


condition  of 
stability; 


whence 


D'gld't^n  = 


^'(»<i  +  «): 


QUekiMnorthe 
v«U; 


.  _     Al        D       d*{d  +  3  a) 

'"VeTT  •  W d' • 


If  the  water  come  to  the  bottom  of  the  wall,  and  tb 
reservoir  be  full,  then  will 


a  =  0,        d  =  d', 


and 


t  =  d 


V  6n      D' 


toicknefls  of  Ncxt,  let  -4.  JB  (7  be  a  sec- 

water-pipes,  .  -  T     J    •      1 

boilers,  tc;  t^^n  of  a  cylmdncal  water- 
pipe  or  boiler  perpendicular 
to  the  axis,  the  inner  surface 
of  which  is  subjected  to  a 
pressure  of  ^  pounds  on  each 
superficial  unit.  Denote  by 
B  the  radius  of  the  interior 
circle,  and  by  I  the  length  of 
the  pipe  or  boiler  parallel  to 

sorfiMe pressed;  the  axis ;  then  will  the  sur- 
face pressed  be  measured  by 


Fig.  804. 


2ri?J, 


and  the  whole  pressure,  by 


whole  pressure 


2irJi  I  p. 
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If,  in  virtue  of  this  pressure,  th^ipe  stretches  so  that  its  luppoM  the  pip* 
interior  radius  becomes  -B  +  r,  it  is  obvious  that  the  small  ^  ^^^^ ' 
distance  r  will  denote  the  path  described  by  the  whole 
pressure,  and  its  quantity  of  work  will  be 

2  ^  jB  Ip  r,  quantUy  of  work ; 

The  interior  circumference  before  the  application  of  the 
pressure  was  2  *  J?,  and  afterward,  2  *  (i2  +  r) ;  the  differ- 
ence of  which,  or 

path  of  the 
2  *  (xL    +    r)    —    2«'jB=    2«'r,  reelstiDg 

molecular  actioa ; 

is  obviously  the  distance  through  which  the  resisting 
molecular  forces  of  the  material  of  which  the  pipe  or 
boiler  is  made,  have  acted  during  the  stretching  process. 
Denote  the  resistance  which  the  material  of  the  pipe  or 
boiler  is  capable  of  opposing,  without  losing  its  elasticity, 
to  a  stretching  force  on  a  section  of  one  superficial  unit, 
by  B;  the  length  of  the  pipe  or  boiler  by  I;  and  its  thick- 
ness by  t  The  intensity  of  the  force  which  a  section 
parallel  to  the  axis  is  capable  of  resisting  will  he  Bit,  and 
its  quantity  of  work 

»//    V    O^T  the  quantity  of 

±fCt   X    Z*r.  workofthit 

force; 

But  by  virtue  of  the  principle  of  the  transmission  of  work, 
this  must  be  equal  to  the  work  of  the  pressure,  and  we 
have 

2*Bltr  =  2*Blpr;  eondiuonof 

BUbtlity; 

whence 

Jg  *  thlokneia. 

The  value  of  p  is  easily  estimated  in  the  case  of  water 
in  a  pipe,  by  the  rules  just  given.     In  the  case  of  steam  in 
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a  boiler,  it  may  witli  eqAl  ease  be  found  by  rules  to  be 
given  presently.  The  yalue  of  jB  is  readily  obtained  from 
the  following  table  giving  the  results  of  experiments  on 
the  strength  of  materials : — 


TABLE. 

The  Tenacities  of  differeht  Substances,  and  the  Resistahceh 
which  they  oppose  to  dibect  compression. 


gUBSTANCBt  KXrEBIMBNTBD  ON. 


Wrought  iron,  in  wire  from  J 
l-20thtol-30thofan  V 
inch  in  diameter  -     -  ; 
in  wire,  1-lOth  of  an  inch 
in  bars,  Russian  (mean) 
English  (mean) 
hammered  -    - 
rolled  in  sheets,  and  cut ) 
lengthwise  -    -    -    -  j 
ditto,  cut  crosswise 
in  chains,  oval  links  6  in. 
clear,  iron  1^  in.  dia. 
ditto,    Brunton's,    with 
stay  across  link    -    - 
Cast  iron,  quality  No.  1  -    - 

2-    - 
8*     - 

Steel,  cast   - 

cast  and  tilted    -    -    - 
blistered  and  hammered 
shear 


■S    I 

cs  «  5 

B  5  2i 
o  o  o* 

HHOQ 


raw 

Damascus  -    •    -    - 
ditto,  onre  refined 
ditto,  twice  refined 
Copper,  cast     -    -    -    - 

hammered      •    -    - 

sheet 


wire  -  -  - 
Platinum  wire  -  - 
Silver,  cast       -    - 

wire  -  -  - 
Gold,  cast    -    -    - 

wire      -    -    - 
Brass,  yellow  (fine) 
Gun  metal  (hard) 
Tin,  cast      -    -    - 


6o  to  91 

36  to  43 

27 

25i 

3o 

14 
x8 

2li 

a5 

6  to  7f 
6to8 
6  to  9I 

44 

60 

59i 

57 

5o 

3i 

36 

44 

H 
i5 
21 

27i 

18 
17 

.2 

8 
16 


c4§ 

I' 


S   ^   (. 

0^ 


Ob* 


Lam6 

Telford 
Lam6 

Brunei 
Mitis 

Brown 

Barlow 
HodgkinsoD 


Mitis 
Rennie 


Mitis 

Rennie 

Kingston 

GuytoQ 


0% 


38  to  4i 
37  to  48 
5i  to  65 


HodgkinsoQ 


52 

46 


Rennie 


Rennie 
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*  The  BtroDgest  quality  of  cast  iron,  is  a  Sootoh  Iron  known  as  the  Deron  Hot  Blast, 
No.  3 :  its  tenacity  is  9|  tons  per  square  inch,  and  its  resistance  to  oompreeston  65  tons. 
The  experiments  of  Mi^or  Wade  on  the  gun  iron  at  West  Point  Foundry,  and  at  Boston^ 
give  results  as  high  as  10  to  16  tons,  and  on  small  cast  bars,  as  high  as  17  tons.~a6e 
Ordnance  Manual,  1850,  p.  402. 
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table;— C07l/t7IU«d. 


aUBSTANCKC  BXPBRIKKNTSD  ON. 


Tin  "w^ire 

Lead,  cast 

milled  aheet  -    -    -    - 

■wire       -----  #i. 

Stone,  slate  f  WeUh)  -    -    - 

Marble  (white)  -    -    - 

Givry 

Portland 

Craigleith  freestone 
Branolej  Fall  sandstone 
Cornish  gnmite   -    -    - 
Peterhead  ditto  -    -    - 
Limestone  (compact  blk) 
Purbeck     -    -    -    -    - 
Aberdeen  granite    -    - 
Brick,  pale  red      .... 
rea    -.---.. 
Hammersmith  (pavior's) 
ditto         (Durnt)  - 

Chalk 

Plaster  of  Paris    -    -    -    - 

Glass,  plate 

Bone  (ox)    .-.--- 
Hemp  fibres  glued  together 
Strips  of  paper  glaed  together 
AVood,  Box,  spec,  gravity  .86a 
Ash  -----      .6 
Teak     -.  -    .    -      .9 
Beech    -    -    .    -      .7 
Oak       ...    -      .92 
Ditto     -    .    -    -      .77 
Fir         ....      .6 
Pear     -    .    -    -      .646 
Mahogany  >    -    -      .687 

Elm 

Pine,  American  -    -    • 
Deal,  white    -    -    -    - 


d     "3 
TH  CLE. 


^&s 


3 
4-5ths 

li 
I.I 

5.7 

4 

I 


.13 


.o3 

4 
a. a 

4i 
i3 

t 

7 
5 
5 

4 
5 

•4i 

3i 

6 

6 

6 


it 


Rennie 

Tredgold 
Guyton 


Barlow 


^4 
-4 


sr 


g 


s 


£S. 


3i 


1.4 

1.6 

a.4 
a. 7 
a. 8 

3.7 
4 
4 
5 

.56 

.8 
I 

1.4 
.aa 


1.7 


.57 

.73 
.86 


Hi 
•  g 


Rennie 


In  the  result  just  obtained  for  the  value  of  t,  no  atten- 
tion has  been*  paid  to  the  pressure  upon  the  ends  of  the 
boiler  or  pipe,  but  these  are  usually  made  thick  enough  to 
throw  the  chances  of  breaking  altogether  upon  the  cylin- 
drical portion  of  the  sur&ce. 
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V. 


EQUILIBRIUM    OF    FLOATING     BODIES. 


Eqailibiium  of 
floating  bodies ; 


a  body  wholly 
immereed  in  a 
fluid; 


flnt  result ; 


Fig.  305. 


§  268. — The  rules  for  finding  th^  pressure  against  tir 
sides  of  vessels  are  equally  applicable  to  the  detenrnnat.  .--^ 
of  the  pressure  on  the  surfaces  of  bodies,  however  sf':- 
jected  to  the  action  of  a  homogeneous  heavy  fluid.  Br. 
when  it  is  the  question  to  ascertain  the  circumstances  iL- 
determine  a  heavy  body  to  be  in  equilibrio  or  in  mor:':i 
when  immersed  in  a  heavy  fluid,  it  is  usual  to  employ  m 
results  deduced  from  the  following  considerations. 

Suppose  a  vessel  A  to  contain 
any  heavy  fluid  in  a  state  of  rest 
All  parts  of  the  fluid  being  in  equi- 
librio, it  is  obvious  that  this  state 
will  in  no  respect  be  altered  by  sup- 
posing any  portion  B  to  become 
solid  without  changing  its  density. 
This  solid  is  entirely  immersed  in 
the  fluid,  with  which  it  has  the  same 
density,  and  is  in  equilibrio.  Now 
this  solid  is  urged  downward  by  its 
weight,  'which  passes  through  its 
centre  of  gravity.  This  weight  can  only  be  in  equii 
with  a  single  force  when  the  latter  is  directed  vertica  -J 
upward  through  the  centre  of  gravity  of  the  body,  vk  'i 
centre  coincides  with  that  of  the  fluid  converted  into  aso'--- 
or  that  of  the  displaced  fluid.  But  the  only  forces  tiut 
act  upon  the  solid  besides  its  weight,  are  the  pressures  of 
the  surrounding  fluid ;   whence  we  conclude  that' 

1st.  The  pressures  upon  the  surface  of  a  body  entirdy  ■  •* 
mersed  in  ajiuid^  have  a  single  resultant^  and  that  this  res^*' 
ant  is  directed  vertically  upward. 
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2d.  The  resultant  of  all  the  pressures  is  equal,  in  inttnsity, 
to  the  weight  of  the  displaced  fluid. 

3d.  The  line  of  direction  of  the  resultant,  passes  through 
the  centre  of  gravity  of  tJie  displaced  fluid, 

4tli.  The  horizontal  pressures  destroy  each  other. 

Again,  if  without  altering  the  volume  of  this  solid,  we 
give  it  an  additional  quantity  of  matter,  it  is  obvious  that 
the  weight  of  this  latter  will  cause  it  to  descend,  that  is, 
sink  to  the  bottom  of  the  vessel.  Or  if,  without  altering 
its  volume,  we  conceive  a  portion  of  matter  taken  from  its 
interior,  the  equilibrium  will  again  be  destroyed,  the  weight 
of  the  solid  will  be  diminished  by  that  of  the  subducted 
matter,  the  resultant  of  the  pressures  will  prevail,  and  the 
body  will  rise  to  the  surface,  through  which  it  will  con- 
tinue to  ascend,  till  the  weight  of  the  fluid  displaced  by 
the  part  immersed,  is  equal  to  that  of  the  entire  body. 

In  the  first  case,  the  density  of  the  body  will  be  in- 
creased, containing  a  greater  quantity  of  matter  under  the 
same  volume,  and  in  the  second  the  density  will  be  dimin- 
ished ;  and  as  the  density  of  the  original  body  was  the 
same  as  that  of  the  fluid,  we  see  that  when  the  density  of 
an  immersed  body  is  greater  than  that  of  tJie  fluid,  it  will  sink 
to  the  bottom;  when  less,  it  will  rise  to  the  surface,  and  float 

It  follows,  also,  from  what  has  been  said  above,  that 
ivlien  a  body  is  immersed  in  a  fluid,  it  will  lose  a  portion  of 
its  weight  equal  to  iliat  of  the 
displaced  fluid.  This  is  beau- 
tifully illustrated  by  what 
is  usually  called  the  "  cylin- 
der and  bucket'^^  experiment. 
Place  a  hollow  cylinder  a, 
in  one  of  the  scales  of  a 
balance;  suspend  to  this 
scale  a  second  cylinder  b,  of 
solid  metal,  exactly  fitting 
the  former,  and  in  the  oppo- 
site scale  put  a  weight  c,  that 


sect    *rwait< 


third  result ; 


fourth  result; 


an  immeraed 
body  will  sink  or 
flout,  according 
as  its  density  is 
greater  or  less 
than  that  of  the 
fluid; 


Fig.  806. 


JLdLsJL^ 


the  body  will  late 
a  portion  of  its 
weight  equal  to 
that  of  the 
displaced  fluid ; 
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cylinder  and 

bucket 

experiment; 


weight  of  the 
ImmerBed  solid 
trvuunitted  to  the 
vessel; 


ezperimental 
proof; 


(his  principle 
Qsedtoflnd 
weight  of  Bhlpe, 
Itc.; 


shall  restore  the  equilibrium  ^^g-  ^o*- 

of  the  balance.  Now  im- 
merse the  cylinder  6  in  a 
vessel  W  of  water,  the  scale 
of  the  weight  c  will  de- 
scend; fill  the  cylinder  a 
with  water  taken  from  the 
vessel  WJ  the  beam  of  the 
balance  will  return  to  its 
horizontal  position. 

The  weight  lost  by  the 
solid  is  transmitted  through 

the  fluid  to  the  vessel,  in  the  same  w^y  that  the  weight  of  i 
person  in  bed  is  transmitted  through  the  latter  to  the  bed- 
stead, and  thence  to  the  floor.  This  is  proved,  experinKni- 
ally,  thus :  Place  a  tumbler  of  water  in  one  of  Ae  seal« 
^  of  a  balance,  bring  the  beam  to  a  horizontal  podtiozi  cj 
means  of  the  empty  hollow  cylinder  a  of  the  last  experi- 
ment and  a  weight  c;  sus- 
pend the  solid  cylinder  h  by 
means  of  a  thread  &om  a 
detached  ring  i2,  and  depress 
it  till  it  is  wholly  immersed 
into  the  water  of  the  tum- 
bier;  the  scale  A  will  fall;  (r 
fill  the  cylinder  a  with  water 
of  the  same  temperature  and 
density  as  that  in  the  tum- 
bler; the  equilibrium  will 
be  restored. 

This  important  principle, 
which  determines  the  circumstances  under  which  a  body 
will  rest  upon  a  fluid,  is  frequently  employed  to  asoertaiji 
the  weights  of  large  floating  masses,  such  as  ships,  boats, 
and  the  like,  which  are  entirely  beyond  the  capacity  of  oiw 
ordinary  weighing  machines.  For  this  purpose  the  vd- 
ume,  in  cubic  feet,  of  the  immersed  part  is  computed  from 
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the  known  figure  and  dimensions  of  the  body,  and  this  is  weightof  aaup's 
multiplied  by  the  known  weight  of  a  cubic  foot  of  water,  ^^'^^ 
which  is  62.5  ponnds  avoirdupois;   the  product  is  the 
weight  of  the  floating  body,  in  pounds.    By  taking  in  this 
way  the  difference  of  weights  of  a  ship,  with  and  without 
her  cargo,  the  weight  of  the  latter  may  be  ascertained. 

The  upward  action  by  which  an  immersed  body  appa- 
rently loses  a  portion  of  its  weight,  is  called  the  buoyant  huoytaneminot 
effort  of  the  fluid;  and  as  the  line  of  direction  of  this  effort  *       ' 
passes  through  the  centre  of  gravity  of  the  displaced  fluid, 
this  point  is  called  the  centre  of  buoyancy.    The  vertical  centre  of 
line  through  the  centre  of  buoyancy,  is  called  the  line  of  ^^^^^'^'^ 
support    The  weight  of  a  body  acting  at  its  centre  of  grav-  iine  of  wj^ort; 
ity  downward,   and  the  buoyant  effort  at  the  centre  of 
buoyancy  upward,   the  body  can  only  be  in  eqnilibrio 
w^hen  the  line  joining  these  centres  is  vertical,  for  it  is  only 
then  that  the  forces  are  directly  opposed.     When  the  line 

joining  the  centre  of  buoyancy  and  the  centre  of  gravity 

of  the  floating  body  is  vertical,  it  is  called  the  line  of  rest  Mneofreit; 
When  the  equihbriimi  exists,  it  may  be  stable^  uvhstahle,  stawe,  unstable, 

or  indifferent    If  stable,  the  body  will  not  overturn  when  ^uiUbriutT" 

careened ;  if  unstable,  it  will ;  if  indifferent,  the  body  will 

retain  any  position  in  which  it  may  be  placed. 
Let  MQN  repre- 

sent  a  section  of  any 

body,    as    a  boat  at 

rest  upon  the  water, 

of  which  the  upper 

surface  is  AB^  called 

the  plane  of  floatation. 

When  this  plane  is 

produced  through  the 

boat,  it  will  divide  her 

into  two  partial  vol- 
umes, the   lower  of 

which  being  supposed  for  an  instant  to  consist  of  water, 

would  weigh  as  much  as  the  entire  boat  and  her  load,  and 


Fig.  808. 


plane  of 
floatation; 
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planes; 


Pig.  308. 


boat; 


this  whatever  be  her  position,  whether  caxeened  or  eie^ 
Whence  it  follows,  that  if  a  series  of  planes  M'  N\  M"  S\ 
&c.,  be  passed,  making  the  volumes  M'QN',  M'^QS', 

scries  of  cutting  &c.,  respectively  equal  to  MQN,  these  planes  wiU^  e&i 
in  its  turn,  come  to  coincide  with  the  plane  of  floaCtation, 
whenever  the  boat,  in  the  process  of  careening,  takes  i 
suitable  position.  But  these  planes  may  be  regarded  as  sc 
many  tangent  planes  to  a  curved  surface  abc^  which  miij 
be  conceived  as  invariably  connected  with  the  boat  2sow 
the  effect,  as  regards  the  careening  motion,  will  be  the  saiae 
as  though  this  surface  were  the  boundary  of  a  physkai 
axis  which  is  made 
to  roll  back  and  forth 

oscillations  of  the  ou  the  plane  of  float- 
ation, regarded  as  a 
physical  surface,  after 
the  manner  of  the 
pendulum  axis  on 
its  supporting  plane, 
during  an  oscillation. 
When  the  boat  has 
a  position  of  equi- 
librium, the   line   of 

support  and  of  rest  coincide,  and  are  normal  to  tiis 
surface  at  its  lowest  point  c.  As  the  boat  careens,  tk 
line  of  support,  being  always  vertical,  will  still  be  noraal 
to  this  axis  surface  at  its  lowest  point,  being  that  in  which 
it  is  tangent  to  the  plane  of  floatation;  hence  each  of  th«^' 
normal  lines  must  in  turn  become  a  line  of  support  t' 
two  normals  a  0  and  a '  0,  which  lie  in  the  same  plane,  be 
drawn  at  tangential  points  answering  to  two  consecutive 
positions  of  the  boat,  these  normals  will  intersect  at  some 
point  Oj  which  point  will,  obviously,  be  the  momentarj 
centre  of  rotation,  when  the  plane  of  floatation  coincides 
with  J/"  N'".  When  one  of  these  normals  coincides  vr& 
the  line  of  rest,  the  point  0  is  called  the  metacenirCj  being 
the  point  of  intersection  of  the  line  of  rest,  with  an  adjacent 


position  of  the 
line  of  rest 
during  the 
equilibrium ; 


metacentre ; 
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line  of  support    But  we  have  seen  that  the  equilibrium  of 
a  heavy  body  which  may  turn  about  a  fixed  point,  will  be 
stable  or  unstable,  according  as  the  centre  of  gravity  during 
a  slight  departure  from  a  position  of  equilibrium  is  com- 
pelled by  the  connection  to  ascend  or  descend ;  and  it  is 
obvious  that,  in  the  present  case,  the  centre  of  gravity  will 
ascend  or  descend  on  making  a  slight  derangement  of  the 
line  joining  the  centres  of  buoyancy  and  of  gravity  from 
the  line  of  rest,  according  as  the  centre  of  gravity  is  below 
or  above  the  metacentre.     Whence  we  see,  that  tke  equilih- 
rium  will  he  stable  when  the  centre  of  gravity  is  below  the  meta- 
centre^  unstable  when  the  relative  positions  of  these  points  are 
reversed,  and  indifferent  when  these  centres  coincide,  for  tJien  a 
slight  derangement  will  cause  no  motion  in  the  centre  of  gravity. 
It  is  also  obvious  that  the  stability  of  the  equilibrium  will 
be  the  greater,  in  proportion  as  the  centre  of  gravity  of  the 
floating  body  be  at  a  greater  distance  below  the  centre  of 
buoyancy.    It  is  for  this  reason  that  ships  sent  to  sea 
without  cargoes  are  provided  with  ballast  of  stone,  sand, 
or  other  heavy  mat- 
ter,   to  diminish  the 
chances  of  upsetting. 
The    buoyant    effort 
of  water  is  used  to 
great    advantage    in 
raising  heavy  sunken 
masses.    For  this  pur- 
pose it   is   usual    to 
connect  two  or  more 

boats  A  and  B^  by  means  of  a  substantial  cross-beam ;  to 
fill  them  nearly  full  of  water,  that  they  may  sink  as  low  as 
possible,  and  while  in  this  condition  to  attach  the  body  to 
be  raised  to  the  cross-beam  by  means  of  a  taught  chain  or 
rope,  and  then  to  pump  the  water  from  the  boats ;  the  ten- 
sion upon  the  chain  will  be  equal  to  the  weight  of  the 
water  pumped  from  the  boats.  If  it  is  the  question  to 
raise  a  sunken  boat,  one  of  the  most  effective  means  is  to 


Aeflned; 


the  nature  of  the 
equilibrium^ 
deteruiined  by 
the  relative 
positioDB  of  the 
centres ; 


ol>Ject  of  ship- 
ballast: 


Fig.  309. 


buoyant  eflTort 
used  to  raise 
sunken  masses ; 


a  common  mode 
of  emplo>1ng  thjfl 
principle. 
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force  empty  and  water-tight  barrels  betweea  her  de(^  sad 
huU. 


Lerel  Btrala  in 
heterogeneoos 
fluids ; 


mixture  of 
different  flalds 
having  no 
affinity  for  each 
other ; 


will  form  level 
strata ;  the  most 
dense  lowest ; 


the  same  results 
from  the 
properties  of  the 
centre  of  gravity ; 


§  269. — ^We  have  just  seen  that  when  a  body  is  im- 
mersed in  a  fluid,  it  loses  a  portion  of  its  weight  equal  co 
that  of  the  displaced  fluid,  and  that  it  will  sink  or  rise  to 
the  surface,  depending  upon  its  relative  density.  This  is 
universally  true  whatever  be  the  size  and  number  of  the 
bodies  immersed.  If,  therefore,  one  fluid  be  poured  ink* 
another  for  which  it  has  no  affinity,  as  oil  into  water^  ii 
will  sink  to  the  bottom  or  rise  to  the  sur&ce  and  flocU. 
according  as  its  density  is  greater  or  less  than  that  of  the 
fluid  into  which  it  is  poured.  The  elements  of  the  lighter 
fluid  will  act  as  so  many  immersed  bodies  till  they  read 
the  surface  of  the  heavier  fluid,  where,  being  freed  from  the 
buoyant  action  of  the  latter,  they  will  arrange  themselves, 
under  the  efforts  of  their  own  weight,  into  a  stratum  cf 
which  the  upper  surface  will,  like  that  of  the  fluid  below  it, 
be  perpendicular  to  the  direction  of  the  force  of  gravirj. 
What  is  here  said  of  two,  is  equally  applicable  to  three, 
four,  or  any  number  of  fluids  of  different  densities  mixed 
together;  whence  we  conclude,  that  such  fluids  will  comt  S? 
rest  only  cffier  arranging  tJianselves  into  lbvel  strata  in  ihs 
order  of  their  densities  ;  the  most  dense  being  at  t/ie  bottom  €u^ 
the  least  dense  at  the  top.  This  is  confirmed  by  daily  obser- 
vation, and  may  be  easily  illustrated  by  pouring  mercory, 
water,  and  oil,  into  a  common  tumbler.  The  mereuir 
will  come  to  rest  at  the  bottom,  the  oil  at  the  top,  the 
upper  surfaces  of  all  being  level. 

The  same  conclusion  follows  from  the  consideration, 
that  these  fluids  when  mixed  constitute  a  heavy  system, 
which,  we  have  seen,  can  only  come  to  a  state  of  stable 
equilibrium  when  its  centre  of  gravity  is  at  the  lowest 
point,  a  condition  only  fulfilled  by  the  arrangement,  in 
respect  to  density,  just  described. 

If  the  elements  of  one  fluid  have  an  affinity  for  those 
of  another,  this  affinity  will,  when  the  fluids  come  into  cun- 
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tact,   counteract  the  buoyant  action  of  the  heavier  fluid,  they  win  not 
and   the  lighter  will  be  held  in  a  state  of  mixture.    In-  «^*!*\^***"  "** 

<3  flaidB  have  aa 

stance  wine  and  water,  water  and  alcohol,  brandy  and  ««nity  for  each 
water,  and  the  like. 


YL 


SPECIFIC    GBAVITY. 


§  270. — ^The  specific  gravity  of  a  body,  is  the  weight  specific  gravity 
of  so  much  of  the  body,  as  would  be  contained  under  a  **®^***' 
unit  of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing 
the  weight  of  the  body  by  the  weight  of  an  equal  volume 
of  some  other  substance,  assumed  as  a  standard;  for  the  its  measure; 
ratio  of  the  weights  of  equal  volumes  of  two  bodies  being 
always  the  same,  if  the  unit  of  volume  of  each  be  taken, 
and  one  of  the  bodies  become  the  standard,  its  weight  will 
become  the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  density; 
among  the  particles  of  a  body.  Thus,  of  two  bodies,  that 
will  have  the  greater  density  which  contains,  under  an 
equal  volume,  the  greater  number  of  particles.  The  force 
of  gravity  acts,  within  moderate  limits,  equally  upon  all  luustration; 
elements  of  matter.  The  weight  of  a  substance  is,  there- 
fore, directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the 
ratio  of  their  densities.  Denote  the  weight  of  the  first 
by  WJ  its  density  by  i),  its  volume  by  FJ  and  the  force 
of  gravity  by  ^,  then  will  Eq.  (26)' 

TXT  —    ^      7)      XT.  measure  for  the 

ff    —    t^  .  ^  ,   r  ,  weight  of  a  body; 

and  denoting  the  like  elements  of  the  other  body  by  W), 
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weight  of  a 
second  body ; 


ratio  of  the 
weights ; 


D^y  and  F^,  we  have 


W.  =  g.L..Y, 


Dividing  the  first  by  the  second, 


W_ 


gDV 


and  making  the  volumes  equal, 


DY 


same  when  the 
volumes  are 
equal ; 


Bpecillc  gravity ; 


D. 


(227> 


Now  suppose  the  body  whose  weight  is  W^  to  be  assumed 
as  the  standard  both  for  specific  gravity  and  density,  then 
will  D,  be  unity,  and 


W 


W, 


specific  gravity 
and  density 
expressed  by 
same  numbeif 
for  same 
standard. 


in  which  S  denotes  the  specific  gravity  of  the  body  whose 
density  is  i?;  and  from  which  we  see,  that  when  specific 
gravities  and  densities  are  referred  to  the  same  substance 
as  a  standard,  the  numbers  which  express  the  one  will 
also  express  the  other. 


Choice  of  a 
standard ; 


§  271. — Bodies  present  themselves  under  every  variety 
of  condition — ^gaseous,  liquid,  and  solid ;  and  in  every  kind 
of  shape  and  of  all  sizes.  The  determination  of  their  specific 
gravity,  in  every  instance,  depends  upon  our  ability  to  find 
the  weight  of  an  equal  volume  qf  the  standard.  When  a 
solid  is  immersed  in  a  fluid,  it  loses  a  portion  of  its  weight 
equal  to  that  of  the  displaced  fluid.  The  volume  of  the 
body  and  that  of  the  displaced  fluid  are  equal.  Hence  the 
weight  of  the  body  in  vacuo,  divided  by  its  loss  of  weight 
when  immersed,  will  give  the  ratio  of  the  weights  of  equal 
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volumes  of  the  body  and  fluid ;  and  if  the  latter  be  taken 
as  the  standard,  and  the  loss  of  weight  occupies  the  de- 
nominator, this  ratio  becomes  the  measure  of  the  specific 
gravity  of  the  body  immersed.     For  this  reason,  and  in 
view  of  the  consideration  that  it  may  be  obtained  pure  at 
all  times  and  places,  water  is  assumed  as  the  general  stand-  water  aMumed  u 
ard   of  specific    gravities  and    densities  for  all    bodies.  gp^i^grovitu» 
Sometimes  the  gases  and  vapora   are  referred   to  atmo- M»d density; 
spheric  air,  but  the  specific  gravity  of  the  latter  being 
known  as  referred  to  water,  it  is  very  easy,  as  we  shall  gwes  someumes 
presently  see,  to  pass  from  the  numbers  which  relate  to  [Jmo«pheric  air. 
one  standard  to  those  that  refer  to  the  other. 

§  272. — But  water,  like  all  other  substances,  changes  its  varying  density 
density  with  its  temperature,  and,  in  consequence,  is  not  °  ^***" ' 
an  invariable  standard.  It  is  hence  necessary  either  to 
employ  it  at  a  constant  temperature,  or  to  have  the  means 
of  reducing  the  specific  gravities,  as  determined  by  it  at 
different  temperatures,  to  what  they  would  have  been  if 
taken  at  a  fixed  or  standard  temperature.  The  former  is 
generally  impracticable ;  the  latter  is  easy. 

Let  D  denote  the  density  of  any  solid,  and  Sita  specific  reducuontoa 
gravity,  as  determined  at  a  standard  temperature  corre-  J^^^ 
spending  to  which  the  density  of  the  water  is  D^.    Then, 
Eq.  (227), 

iSf  =    ■_  speclllc  gravity  at 

J)  '  one  temperatore ; 

Again,  if  /S"  denote  the  specific  gravity  of  the  same  body, 
as  indicated  by  the  water  when  at  a  temperature  different 
from  the  standard,  and  corresponding  to  which  it  has  a 
density  D,„  then  will 

^f  Z)  same  at  another 

^  T\    •  temperature; 

Dividing  the  first  of  these  equations  by  the  second,  we 
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have 


ratio  of  these 
tfoeciflc  gravities ; 


whence 


D 


ii 


D.' 


S=S'-^ 


(229); 


and  if  the  density  D^  be  taken  as  umty, 


specific  gravity 
reduced  to  a 
standard ; 


S  =  S'  •  D 


14 


(230). 


expressed  in 
words; 


That  is  to  say,  the  specific  gravity  of  a  body  as  determined  at 
the  standard  temperature  of  the  luater,  is  equal  to  its  specific 
gravity  determined  at  any  oilier  temperature^  multiplied  by  the 
density  of  the  water  corresponding  to  this  temperature^  the 
density  at  the  standard  temperature  being  regarded  as  unity. 

To  make  this  rule  practicable,  it  becomes  necessary  to 
find  the  relative  densities  of  water  at  different  temperatures. 
For  this  purpose,  take  any  metal,  say  silver,  that  easily 
resists  the  chemical  action  of  water,  and  whose  rate  of  ex- 
pansion for  each  degree  of  Fahr.  thermometer  is  accurately 
density  of  water  kuowu  froii  experiment;  give  it  the  form  of  a  slender 
cylinder,  that  it  may  readily  conform  to  the  temperature 
of  the  water  when  immersed.  Let  the  length  of  the  cylin- 
der at  the  temperature  of  82°  Fah.  be  denoted  by  Z,  and 
.the  radius  of  its  base  by  ml;  its  volume  at  this  tem- 
perature will  be, 


at  different 
temperatures ; 


Tolume  of  a 
slender  cylinder ; 


*m^l^  X  I  =  ^nflK 

Let  nZ  be  the  amount  of  expansion  in  length  for  each 
degree  of  the  thermometer  above  32°.  Then,  for  a  tem- 
perature denoted  by  ^,  will  the  whole  expansion  in  length 
be 


its  expansion ; 


nl  X  {f  -  32°), 
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LTTid  the  entire  length  of  the  cylinder  will  become 

!  +  ni(l-  32«)  =  ![1  +  »(1-  32')];  l^lj^ 

ivliich,  substituted  for  I  in  the  first  expression,  will  give 
:1ie  volume  for  the  temperature  t  equal  to 

*m  I    li    +   rut   ~    m  )].  »,rfuniei 

The  cylinder  is  now 

wreighed  in  vacuo  and 

in   the  water,  at  dif-  Fig-  810. 

fercnt    temperatures,  •jperimenui 

varying     froni     32°  tha  rtemiiy  or 

upward,  through  any  nimr  u  diifcreni 

desirable  range,  say 
to  one  hundred  de- 
grees. The  temper- 
ature at  each  pro- 
cess being  substituted 
above,  gives  the  vol- 
ume of  the  displaced 
fluid;  the  weight  of 
the  displaced  fluid  is 
known  &om  the  loss 
of  weight  of  the  cyl- 
inder. Dividing  this 
weight  by  the  vol- 
ume, gives  the  weight 
of  the  unit  of  volume 

uf  the  water  at  the  temperature  t.   It  was  found  by  Stampfer, 
that  the  weight  of  the  unit  of  Volume  is  greatest  when  the  gnuan  dami^ 
temperature  is  38.75  Fahrenheit's  scale.     Taking  the  den-  "  ^  ^  • 
sity  of  water  at  this  temperature  as  unity,  and  dividing  the 
weight  of  the  unit  of  volume  at  each  of  the  other  tem-  . 
peratures  by  the  weight  of  the  unit  of  volume  at  this, 
38.75,  the  following  table  will  result: — 
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TABLE 

OF  THE  Densities  and  Volumes  of  Water  at  differebt 

OF  Heat,  (according  to  Stamffer,)  for  every  Si  Degrees  « 

Fahrenheit's  Scale. 

(Jakrbuck  des  P4ttfUekni*cken  InttitmU*  in  fTcm,  Bd,  16l  &  TQl) 


t 

.A/ 

DiflT. 

V 

Die 

Temperature. 

Density. 

Vol  lime. 

M^^^^ 

33.00 

0.999887 

i.oooiiS 

34.25 

0.999950 

63 

i.ooooSo 

63 

36. 5o 

0.999988 

38 

I .ooooia 

38 

38.75 

I.OOO(XK) 

12 

I. 000000 

13 

41.00 

0.999988 

12 

I. 000012 

13 

43.25 

0.999952 

35 

1.000047 

35 

45. 5o 

0.999894 

58 

I. 000106 

* 

^ 

47.75 

0.999813 

81 

I .000187 

81 

5o.oo 

O.9997II 

102 

I .000289 
i.ooo4io 

I03 

52.25 

0.999587 

124 

134 

54. 5o 

0.999442 

1 45 

I.000558 

145 

56.75 

0.999278 

164 

1.000723 

165 

59.00 

0.999095 

1 83 

1.000906 

I&3 

61.25 

0.998893 

202 

i.ooiioS 

ao3 

63. 5o 

0.998673 

220 

1. 001329 

aax 

65.75 

0.998435 

238 

1. 001 567 

238 

68.00 

0.998180 

255 

1. 001822 

355 

70.25 

0.997909 

271 

1.002095 

3t3 

72.50 

0.997622 

287 

I.002384 

^ 

74.75 

0.997320 

3o2 

1.002687 

77.00 

0.997003 

3i7 

I.oo3oo5 

3iS 

79.25 

0.996673    . 

33o 

i,oo3338 

313 

81. 5o 

0.996329 

344 

I.003685 

34-r 

83.75 

0.995971 

358 

1.004045 

36o 

86.00 

0.995601 

370 

1.004418 

373 

88.25 

0.995219 
0.994825 

382 

1.004804 

386 

90.50 

394 

I.0052O2 

39S 

92.75 

0.994420 

4o5 

i.oo56i2 

4io 

95.00 

0.994004 

4i6 

i.oo6o32 

430 

97.25 

0.993579 
0.993145 

425 

1.006463 

43o 

99.50 

434 

1.006902 

440      - 

With  this  table  it  is  easy  to  find  the  specific  gravity  by 
means  of  water  at  any  temperature.  Suppose,  for  example, 
the  specific  gravity  S'  in  Eq.  (230),  had  been  found  at  the 
temperature  of  59°,  then  would  D^,  in  that  equation  i-e 
0.999095,  and  the  specific  gravity  of  the  body  referred  to 
water  at  its  greatest  density,  would  be  given  by 


/S  =  •  aS"  X  0.999095. 


MECHANICS    OF    FLUIDS. 


523 


le  column  under  the  head  V,  will  enable  us  to  determine  relation  of 
w  much  the  volume  of  any  mass  of  water,  at  a  tempera-  ^°  "™®"<>f^® 

J  1  r  game  amount  of 

re  tj  exceeds  that  of  the  same  mass  at  its  maximum  den-  fluid  at  different 
>y.     For  this  purpose,  we  have  but  to  multiply  the  volume    "p*™'"*^- 

the   maximum  density  by  the  tabular  number  corre- 
>oiiding  to  the  given  temperature. 


Fig.  311. 


§  273. — Before  proceeding  to  the  practical  methods  of  instrumenia  used 
udiiiiT  the  specific  gravity  of  bodies,  and  to  the  variations  *°^"^'*»® 

^  ^  o  J  1  specific  gravity  of 

\  the  processes  rendered  necessary  by  the  peculiarities  of  a  body; 

le  different  substances,  it  will  be  necessary  to  give  some 

lea  of  the  best  instruments  employed  for  this  purpose. 

?hese   are    the  Hydi^ostaiic  Balance  and  Nicholson* s  Hy- 

Iroraeter, 

The   first  is  simi- 

ar  in  principle  and 

brm  to  the  common 

balance.     It  is  provi- 
ded   with    numerous 

weights,       extending 

through  a  wide  range, 

from  a  small  fraction 

of  a  grain  to  several 

ounces.     Attached  to 

the  under  surface  of 

one   of  the  basins  is 

a  small  hook,  from 
which  may  be  sus- 
pended any  body  by 
means  of  a  thin  plat- 
inum wire,  horse-hair,  or  any  other  delicate  thread  that  mode  of  attaching 
will  neither  absorb  nor  yield  to  the  chemical  action  of  the  **»®*><^y5 
fluid  in  which  it  may  be  desirable  to  immerse  it. 

Nicholson* 8  Hydrometer  consists  of  a  hollow  metallic  ball  Nicholson** 
A,  through  the  centre  of  which  passes  a  metallic  wire,  ^y*™™***'' 
prolonged  in  both  directions  beyond  the  surface,  and  sup- 
porting at  either  end  a  basin  B  and  B'.     The  concavities 


hydrostatie 
balance; 
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of  these  basins  are  turned  in  the  ^^  •!*• 

same  direction,  and  the  basin  B'  is 

made  so  heavy  that  when  the  in- 
deicripiioii,  and  strument  is  placed  in  water  the 
coDdiaoMthe      g^^  ^^,  gj^^j  ^  vertical,  and  a 

inBtrament  must  ' 

•aUBty.  weight  of  500  grains  being  placed 

in  the  basin  B,  the  whole  instru- 
ment will  sink  till  the  upper  surface 
of  distilled  water,  at  the  standard 
temperature,  comes  to  a  point  G 
marked  on  the  upper  stem  near  its 
middle.  This  instrument  is  pro- 
vided with  weights  similar  to  those  of  the  Hydros-'i: 
Balance. 


Process  for 
fliiding  speciflc 
gravity  of  a  solid 
heavier  than 
watorby  the 
balance; 


§  274.-»-(l).  7/"  tJie  body  be  solid^  insoluble  in  waUr,  ■.: .  i 
will  sink  in  tJiat  jluidj  attach  it,  by  means  of  a  hair,  to  :!• 
hook  of  the  basin  of  the  hydrostatic  balance;  counten*j- 
it  by  placing  weights  in  the  opposite  scale;  now  imine:? 
the  body  in  water,  and  restore  the  equilibrium  by  pLu !:.: 
weights  in  the  basin  above  the  body,  and  note  the  v.i:- 
perature  of  the  water.  Divide  the  weights  in  the  basin  'y 
which  the  body  is  not  attached  by  those  in  the  basin  t.- 
which  it  is,  and  multiply  the  quotient  by  the  density  ci.r- 
responding  to  the  temperature  of  the  water,  as  given  I'j 
the  table ;  the  result  will  be  the  specific  gravity. 

Thus  denote  the  specific  gravity  by  Sj  the  density  of 
the  water  by  i>,^,  the  weight  in  the  first  case  by  IF,  aL.i 
that  in  the  scale  above  the  solid  by  w,  then  will 


speciflc  gravity; 


^  =  A.   X 


w 


w 


(2).  If  the  body  be  insoluble,  but  will  not  sink  in  waier,  as 
when  the  body  u  would  be  the  casc  with  most  varieties  of  wood,  wax,  and 
the  like,  attach  to  it  some  body,  as  a  metal,  whose  weiuh: 
in  the  air  and  loss  of  weight  in  the  water  are  previously 


lighter  than 
water; 
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found.     Then  proceed  exactly  as  in  the  case  before,  to  find 
the  weights  which  will  counterpoise  the  compound  in  air  prooeM 
and  restore  the  equilibrium  of  the  balance  when  it  is  im-  ' 

mersed  in  the  water.  From  the  weight  of  the  compound 
in  air,  subtract  that  of  the  heavier  body  in  air ;  from  the 
loss  of  weight  of  the  compound  in  water,  subtract  that  of 
the  heavier  body;  divide  the  first  diflerence  by  the  second, 
and  multiply  by  the  density  of  the  water  answering  to  its 

# 

temperature,  and  the  result  will  be  the  specific  gravity . 
of  the  lighter  body. 

Example. 

A  piece  of  wax  and  copper  in  air  =  438     =    W  +  W\  exunpie; 
Lost  on  immersion  in  water  -    -     =     95.8  =  t^    +  w\  ">»«Meofw«i 

Copper  in  air =  888     =    TT', 

Loss  of  copper  in  water    -    -    -     =     44.2  =  w\ 

Then 

'W+   W  "   IF  =  438    -  388    =50     =    TT, 
w    +  w'    -  w'    =  95.8  -  44.2  =  51.6  =   w. 

o 

Temperature  of  water  43.25, 

D,,  =  0.999952, 

S  =  D,,  X  —  =  0.999952  X  ^  =  0.968.         ^^^^^r 
"         w  51.6  of^«i 

(3).  If  the  body  readily  dissolve  in  water,  as  many  of 
the  salts,  sugar,  &c.,  find  its  apparent  specific  gravity  in 
some  liquid  in  which  it  is  insoluble,  and  multiply  this 
apparent  specific  gravity  by  the  density  or  specific  gravity  when  the  body 
of  the  liquid  referred  to  water  at  its  maximum  density  as  J^^j^^ 
a* standard;  the  product  will  be  the  true  specific  gravity,     fluid; 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the 
solid  is  insoluble,  saturate  the  water  with  the  substance 
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and  find  the  apparent  specific  gravity  with  the  water  thus 
saturate  the  saturated.  Multiply  this  apparent  specific  gravity  by  the 
body  and  procTOd  ^^^^sity  of  the  Saturated  fluid,  and  the  product  will  be  tae 
aa  before;  gpecific  gravity  referred  to  the  standard.     This  is  a  com- 

mon method  of  finding  the  specific  gravity  of  gunpowder, 
the  water  being  saturated  with  nitre. 

(4).    If   the  body  he  a  liquid^  select  some  solid   that 

when  the  body  is  wiU  rcsist  its  chcmical  action,  as  a  massive  piece  of  glass 

a  liquid ;  suspcudcd  from  fine  platinum  wire ;  weigh  it  in  air,  then 

in  water,  and  finally  in  the  liquid ;  the  difierences  between 

the   first  weight  and  each   of  the  latter,   will  give   the 

weights  of  equal  volumes  of  water  and  the  liquid.     Divide 

the  weight  of  the  liquid  by  that  of  the  water,  and  the 

quotient  will  be  the  specific  gravity  of  the  liquid,  pro- 

ruie ;  vidcd  the  temperature  of  water  be  at  the  standard.     If  the 

water  have  not  the  standard  temperature,  multiply  this 

apparent  specific  gravity  by  the  tabular  density  of  the 

water  corresponding  to  the  actual  temperature. 

Example, 


example ; 


grt. 

Loss  of  glass  in  water  at  41°,  150     =  w\ 
"  "'      sulphuric  acid,  277.5  =  w^ 


977  ^ 

«peciflc  gravity  g  ^    flf^    y^    0.999988    =    1.85. 

of  sulphuric  acid ;  loO 


(5.)  If  the  body  be  a  gas  or  vapor^  provide  a  large  glass 

flask-shaped  vessel,  weigh  it  when  filled  with  the  gas; 

when  the  body  is  withdraw  the  gas,  which  may  be  done  by  means  to  be  ex- 

a  fCB»  or  vapor;     p]^^inQ(j  presently,  fill  with  water,  and  weigh  again ;  finally, 

withdraw  the  water  and  exclude  the  air,  and  weigh  again. 
This  last  weight  subtracted  from  the  first  will  give  the 
weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume 
process;  of  Water;    divide  the  weight  of  the  gas  by  that  of  the 

water,  and  multiply  by  the  tubular  density  of  the  water 
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answering  to  the  actual  temperature  of  the  latter ;  the  result 
will  be  the  specific  gravity  of  the  gas. 

The  atmosphere  in  which  all  these  operations  must  be  influence  of  nie 
performed,  varies  at  different  times,  even  during  the  same  "^^^^p*^*"*? 
day,  in  respect  to  temperature,  the  weight  of  its  column 
which  presses  upon  the  earth,  and  the  quantity  of  moisture 
or  aqueous  vapor  it  contains.     That  is  to  say,  its  density 
depends  upon  the  state  of  the  thermometer,  barometer, 
and  hygrometer.     On  all  these  accounts  corrections  must  temperature; 
be  made,  before  the  specific  gravity  of  atmospheric  air,  or  preeaure; 
that  of  any  gas  exposed  to  its  pressure,  can  be  accurately 
determined.     The  principles  according  to  which  these  cor- 
re<;tions  are  made,  will  be  discussed  when  we  come  to  treat  moisture; 
of  the  properties  of  elastic  fluids. 

To  find  the  specific  gravity  of  a  solid  by  means  of 
Nicholson's  Hydrometer,  place  the  instrument  in  water,  mode  of  using 
and  add  weights  to  the  upper  basin  till  it  sinks  to  the  mark  !**^**°*~?'  - 

o  rr  hydrometer  for 

on  the  iipper  stem ;  remove  the  weights  and  place  the  solid  ■oiids; 
in  the  upper  basin,  and  add  weights  till  the  hydrometer 
sinks  to  the  same  point;  the  difierence  between  the  first 
weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  latter  in  air.  Take  the  body  from  the  upper 
basin,  leaving  the  weights  behind,  and  place  it  in  the  lower 
basin ;  add  weights  to  the  upper  basin  till  the  instrument 
sinks  to  the  same  point  as  before,  the  last  added  weights 
will  be  the  weight  of  the.  water  displaced  by  the  body; 
divide  the  weight  in  air  by  the  weight  of  the  displaced 
water,  and  multiply  the  quotient  by  the  tabular  density  of 
the  water  answering  to  its  actual  temperature ;  the  result 
will  be  the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instru- 
ment, immerse  it  in  water  as  before,  and  by  weights  in  the  also  for /luids; 
upper  basin  sink  it  to  the  mark  on  the  upper  stem ;  add 
the  weights  in  the  basin  to  the  weight  of  the  instrument, 
the  sum  will  be  the  weight  of  the  displaced  water.  Place 
the  instrument  in  the  fluid  whose  specific  gravity  is  to  be 
found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
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the  mark  as  before ;  add  these  weights  to  the  weight  of ._: 
'instrument,  the  sum  will  be  the  weight  of  an  equa!;  '• 
ume  of  the  fluid ;  divide  this  weight  by  the  weight  of  :!:^ 
water,  and  multiply  by  the  tabular  density  correspondm.'  *. 
the  temperature  of  the  water,  the  result  will  be  the  «.-• 
cific  gravity. 


The  scale 
areometer ; 


deacripilon ; 


Fig.  Sll 


§  275. — ^Besides  the  hydrometer  of  Nicholson,  vh: : 
requires  the  use  of  weights,  there  is  another  form  of  xiz 
instrument  which  is  employed  solely  in  the  detenniiiiii ' 
of  the  specific  gravities  of  liquids,  and  its  indicatioD-  ir- 
given  by  means  of  a  scale  of  equal  parts.  It  is  c£.-r: 
the  Scale-Areometer.  It  consists,  gen- 
erally, of  a  glass  vial-shaped  vessel 
A,  terminating  at  one  end  in  a  long 
slender  neck  C,  to  receive  the  scale, 
and  at  the  other  in  a  small  globe  Bj 
filled  with  some  heavy  substance,  as 
lead  or  mercury,  to  keep  it  upright 
when  immersed  in  a  fluid.  The  appli- 
cation and  use  of  the  scale  depend 
upon  this,  that  a  body  floating  on  the 
surface  of  different  liquids,  will  sink 
deeper  and  deeper,  in  proportion  as 
the  principle  of  the  density  of  the  fluid  approaches 
imeo  ,  ^j^^^  ^^  ^j^^  body ;  for  when  the  body 

is  at  rest  its  weight  and  that  of  the 
displaced  fluid  must  be  equal.  Deno- 
ting the  volume  of  the  instrument  by 
Vj  that  of  the  displaced  fluid  by  V\ 
the  density  of  the  instrument  by  D,  and  that  of  the  fluii 
by  D\  we  must  always  have 


eonditlons  of 
equilibrium ; 


gVD  =  gV'D'; 


in  which  g  denotes  the  force  of  gravity,  the  first  memt'e: 
the  weight  of  the  instrument,  and  the  second  that  of  ^-^^ 
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displaced  fluid.     Dividing  both  members  by  Z>'  F,  and 
omitting  the  common  factor  g^  we  have 

ratio  of  denslttet 
D  V  eqaal  to  that  of 

^7  ^"P^*  thevolumea 

inversely ; 

In  which,  if  the  densities  be  equal,  the  volumes  must  be 
equal ;  if  the  density  D'  of  the  fluid  be  greater  than  D,  or 
that  of  the  solid,  the  volume  Fof  the  solid  must  be  greater 
than  F',  or  that  of  the  displaced  fluid ;  and  in  proportion 
as  Z>'  increases  in  respect  to  i),  will  F'  diminish  in  lespect 
to  Fj  that  is,  the  solid  will  rise  higher  and  higher  out 
of  the  fluid  in  proportion  as  the  density  of  the  latter  is  in- 
creased, and  the  reverse.  The  neck  C  of  the  vessel  should 
be  of  the  same  diameter  throughout.  To  establish  the 
scale,  the  instrument  is  placed  in  distilled  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  eonatmction  of 
surface  of  the  water  on  the  neck  is  marked  and  numbered  *  •** 
1 ;  the  instrument  is  then  placed  in  some  heavy  solution 
of  salt,  whose  specific  gravity  is  accurately  known  by 
means  of  the  Hydrostatic  Balance,  and  when  at  rest  the 
place  on  the  neck  of  the  fluid  surface  is  again  marked  and 
characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another 
point  towards  the  opposite  extreme  of  the  scale,  which 
may  be  completed  by  graduation. 

To  use  this  instrument,  it  will  be  sufficient  to  immerse  use; 
it  in  a  fluid  and  take  the  number  on  the  scale  which  coin- 
cides with  the  surface. 

To  bring  into  view  the  circumstances  which  determine 
the  sensibility  both  of  the  Scale- Areometer  and  Nicholson's 
Hydrometer,  let  s  denote  the  specific  gravity  of  the  fluid,  aenaibiutyofuw 
e  the  volume  of  the  vial,  I  the  length  of  the  immersed  ^"•'™™®"'» 
portion  of  the  narrow  neck,  r  its  semi-diameter,  and  w  the 
total  weight  of  the  instrument.  Then  will  ^rr^,  denote  the 
area  of  a  section  of  the  neck,  and  wr^Z,  the  volume  of  fluid 
displaced  by  the  immersed  part  of  the  neck.    The  weight, 
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weight  of  fluid 
displaced 


therefore,  of  the  whole  fluid  displaced  by  the  rial  a::^ 
neck  will  be 

but  this  must  be  equal  to  the  weight  of  the  instniment, 
whence 


condition  of  the 
equilibrium ; 

W    ==    8(C   +    *7^l)j 

from  which 

we 

deduce 

■pedflc  gravity ; 

w 

'       c  +  *f^V 

length  of  neck 

J   _    W    —    8C 

immersed ; 

.     .     .     (231> 

Now,  immersing  the  instrument  in  a  second  fluid  whose 
specific  gravity  is  5 ',  the  neck  will  sink  througb  a  distance 
r,  and  from  the  last  equation  we  have 

length  immersed  jr    ^    —    ^  ^. 

for  eecond  fluid ;  ^  ^  ^'      ' 

subtracting  this  equation  from  that  above  and  ledndng 
we  find 

diflbreneeof  W     /s'  —  S\ 

■peclflc gravity;  ^   -    i     =    —.\——j. 

The  difference  l—V  is  the  distance  between  two  points  on 
the  scale  which  indicates  the  difference  5'  —  j  of  specific 
gravities,  and  this  we  see  becomes  longer,  and  the  instnh 
ment  more  sensible,  therefore,  in  proportion  as  u;  is  made 
snferenee;  greater  and  r  less.     Whence  we  conclude  that  the  Are- 

ometer is  the  more  valuable  in  proportion  as  the  vial  po^ 
tion  is  made  larger  and  the  neck  smaller, 
sensibility  of  K  the  specific  gravity  of  the  fluid  remain  the  same, 

hT^ometer-       which  is  the  case  with  Nicholson's  Hydrometer,  and  it 
becomes  a  question  to  know  the  effect  of  a  small  weight 
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added  to  the  instrument,  denote  this  weight  by  w\  then 
will  Eq.  (281)  become 


V  = 


to  -{•  W'   —  8C 


w  r* 


8 


subtracting  from  this  Eq.  (281),  we  find 


r  -  Z  = 


w 


*  7^  s' 


From  which  we  see  that  the  narrower  the  upper  stem  of 
Nicliolson's  instrument,  the  greater  its  sensibility. 


TABLE 

OF  THE  SfECIFIC  GkAVITIES  OF  SOME  OF  THE  MOST  IMPORTANT  BODIES. 
[The  density  of  distilled  water  is  reckoned  In  this  Table  at  its  maximum  38}<'  F.=:1XOO.] 


Name  of  the  Body. 


Bpeclflc  Graylty. 


L    SOLID  BODIES. 
(1)  Metals. 

Antimonj  (of  the  laboratoiy)      ... 

Brass 

Bronze  for  cannon,  according  to  lieut  Matzka 

Ditto,  mean 

Copper,  molten 

Ditto,  hammered 

Ditto,  wire-drawn      -        -        -        -        - 

Gold,  molten 

Ditto,  haofmicred 

Iron,  wrought 

Ditto,  cast,  a  mean 

Ditto,  graj 

Ditto,  white 

Ditto  for  cannon,  a  mean    .... 

Lead,  pure  molten 

Ditto,  flattened 

Platinum,  native 

Ditto,  molten 

Ditto,  hammered  and  wire-drawn 
Quicksilver,  at  82°  Fahr.    .... 

Silver,  pure  molten 

Ditto,  hammered         -        -   *    - 

Steel,  cast 

Ditto,  wrought 

Ditto,  much  hardened         .        -        -        - 

Ditto,  slightly 

Tin,  chemically  pure  -        -        .        -        - 
Ditto,  hammered 

I  Ditto,  Bohemian  and  SazcMi        ... 


4.2 

7.6 

8.4i4 
8.758 
7.788 
8.878 
8.78 
I9.a38 
19.361 
7.207 
7.25i 
7.2 

7.5 

7.21 
I I . 33o3 
11.388 
16.0 
20. 855 

21.25 

13.568 

10.474 
10. 5i 

7.919 
7.840 
7.818 
7.833 
7.291 
7.299 
7.312 


4.7 
8.8 

8.974 

8.726 
8.9 

19.253 
19.6 
7.788 


—  7.3o 

—  18.94 

—  13.598 

—  10.622 


—  7.475 
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TASLR— continued. 


Name  of  the  Body. 


Tin,  English  -  -  •  .  - 
Zinc,  molten  -  -  -  - 
Ditto,  rolled       -        -        -        - 

(2)  BuiLDiiro  Stonxs. 

Alabaster  -        -        -        -        - 

Basalt 

Dolerite  -  -  -  -  - 
Gneiss        .        .        -        -        - 

Granite 

Hornblende        -        - 
Limestone,  various  kinds    - 

Phonolite 

Porphyry 

Quartz 

Sandstone,  various  kinds,  a  mean 
Stones  for  building     .        -        - 

Syenite 

Trachyte    -        -        - 
Brick  .        -        - 

(8)  W00D& 


Alder 

Ash 

Aspen        

Birch 

Box 

Ebn 

Fir 

Hornbeam  .... 

Horse-chestnut  -        -        -        - 

Larch 

Lime 

Maple 

Oak   -        -        -        - 
Ditto,  another  specimen 
Pine,  Finut  Abtea  Pieea     - 
Ditto,  jPmiM  Sylvutrx9 
Poplar  (Italian) 

Wfilow 

Ditto,  white       -        -        -        - 

(4)  YAaiouB  Scud  Bodus. 

Charcoal  of  cork        -        -        - 

Ditto,  soft  wood 

Ditto,  oak  .        .        -        - 

Coal 

Coke 

Earth,  common  -        -        -        - 
rough  sand  -        -        -        - 
rough  earth,  with  gravel 
moist  sand    .        .        -        - 
gravelly  soil 
clay     -        -        - 
I        clay  or  loam,  with  gravel 


7.291 
6.861 
7. 191 


2.7 

2.8 

2.72 

2.5 
2.5 

2!64 

2.5l 
2.4 

2.56 

2.2 

1.66 

2,5 

2.4 

i.4i 


—    7.ai5 


Fresb-felled. 
0.857I 
0.9086 

0.7654 
0.901a 
0.9822 
0.9476 
0.8941 
0.9452 

0.8614 
0.9206 
0.8170 
0.9036 
1.0494 
I .0754 
0.8699 
0.9121 

0.7634 
0.7155 
0.9869 


0.1 
0.28 

1.573 

1.282 

1.865 

1.48 

1.92 

2.02 

2.o5 

2.07 

2.l5 

2.48 


3.0 

3.1 

2.93 

2.9 

*.fi6 

3.1 

2.72 

2.69 

2.6 

2.75 

2.5 

2.62 
3. 

2*6 

1.86 


Dty- 
o.5ooi 

6i*3 

4302 

63-4 

590^ 

54-4 
555o 
0.7695 
0.5749 
0.4733 
0.439a 
0.659) 
0.6777 
0.7075 
o.4ti6 
o.55o3 
0.3931 
0.5380 
0.4873 


o 
o 
o 
o 
o 
o 


0.44 

i.5io 
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TABLE— con/tnuei. 


Name  of  the  Body. 


Flint,  dark 

XKtto,  white        ... 

Qunpowder,  loosely  filled  in 

coarse  powder 

musket  ditto 
Ditto,  slightly  shaken  down 

musket-powder    - 
Ditto,  soUd 

Ice 

Lime,  unslacked 
Resin,  common  -        -        - 
Rock-salt  -        -        -        - 
Saltpetre,  melted 
Ditto,  crystallized 
Slate-pencil        ... 
Sulphur     -        -        -        - 
Tallow       .... 
Turpentine         -        -        - 
Wax,  white        ... 
Ditto,  yellow      -        -        - 
Ditto,  shoemaker's 

n.  LIQUIDS. 


Acid,  acetic        .... 
Ditto,  muriatic  .... 
Ditto,  nitric,  concentrated  - 
Ditto,  sulphuric,  English     - 
Ditto,  concentrated  (Nordh.) 
Alcohol,  free  from  water    - 
Ditto,  conmion   -        -        .        - 
Ammoniac,  liquid       ... 
Aquafortis,  double     *        .        . 
Ditto,  single       .... 

Beer 

Ether,  acetic  .... 
Ditto,  muriatic  -  -  •  • 
Ditto,  nitric  •  -  •.  " 
Ditto,  sul^Auric  ... 

Oil,  linseed  .... 
Ditto,  olive  .... 
Ditto,  turpentine  ... 
Ditto,  whale  -  -  .  - 
Quicksilver  .... 
Water,  distilled - 
Ditto,  rain  .        .        .        - 

Ditto,  sea 

Wine         ..... 

m.  GASES. 

Atmospheric  air  -=■  -yy^  ^ 
Carbonic  acid  gas        ... 
Carbonic  oxide  gas     -        -        . 
Carbureted  hydrogen,  a  maximum 

.  Ditto,  from  coals         ... 


) 


Specific  Gnviiy. 


a 

2 

O 
O 


.54a 
-741 

.886 
.992 


i.o63 
1. 211 

1. 521 

1.845 
1.860 
0.792 
0.824 
0.875 
i.3oo 
1.200 

X.023 

0.866 
0.845 
0.886 
0.715 
0.928 
0.915 
0.792 
0.923 
13.568 
1. 000 
i.ooi3 
1.0265  • 
0.992 

Water  =1. 
Temp.  38J<»  P. 
o.ooi3o 
0.00198 
0.00126 
0.00127 
o.oooSo 
0.00085 


2.563 
0.9268 


a. 24 
'•99 


—    i.5aa 


—  0.79 

—  i.o34 

—  0.874 

—  0.953 

—  0.891 

—  13.598 


-    1.028 
■    i.o38 

Barometer 

30  In. 

Temp.  =  34^. 

I. 0000 

I . 5240 

0.9569 

0.9784 
o.3ooo 
0.5596 
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TABLE— Cortfmueti 


Name  of  the  Body. 


Chlorine     -        -        -        - 

Hydriodic  gas    -        -        - 
Hydrogen  ... 

Hjdroeulphuric  acid  gas  - 
Muriatic  acid  gas 
Nitrogen  -  -  -  - 
Oxygen  -  -  -  - 
Phosphureted  hydrogen  gas 
Steam  at  212°  Fahr.  - 
Sulphurous  add  gas   - 


Specific  Gravi^. 

Bsroaeter 

Water  =  1. 

301a. 

Temp.  381^  F. 

TMp.=9r 

O.0O32I 

2.4?0O 

o.oo577 

4.4430 

0.0000895 

0.06S8 

o.ooi55 

I.I9I2 

0.00162 

I.24T4 

0.00127 

0.9700 

0.00143 

1. 10^ 

o.ooiiS 

0.8700 

0.00082 

0.6235 

0.00292 

2.2470 

OM  of  a  table  of         The  knowledge  of  the  specific  gravities  or  densities  of 
speciflcgraTitiea;  ^j^^^^^^  substances  18  of  great  importance,  not  only  for 

scientific  purposes,  but  also  for  its  application  to  m&nj  of 
the  useful  arts.  This  knowledge  enables  us  to  solve  such 
problems  as  the  following,  viz. : — 

1st.  The  weight  of  any  substance  may  be  calculated, 
if  its  volume  and  specific  gravity  be  known. 

2d.  The  volume  of  any  body  may  be  deduced  fix>m  its 
specific  gravity  and  weight.    Thus  we  have  always 


weight  of  any 
body; 


weight  of  a  cubic 
footofdistlUed 
water  at 
maximum 
density ; 


W  =^  gD  V; 

in  which  g  is^the  force  of  gravity,  D  the  density,  V  the 
volume,  and  W  the  weight,  of  which  the  unit  of  measure 
is  the  weight  of  a  unit  of  volume  of  water  at  its  maxi- 
mum density. 

Making  D  and  F  equal  to  unity,  this  equation  becomes 

W,  =  g; 

but  if  the  density  be  one,  the  substance  must  be  water  at 
88.75  Fahr.     The  weight  of  a  cubic  foot  of  water  at 

o 

60^  is  62.5  lbs.,  and,  therefore,  at  88.75,  it  is 


62.5 


0.99914 


lit. 
=  62.556; 


MECHANICS    OF    FLUIDS. 


586 


-whence,  if  the  volume  be  expressed  in  cubic  feet, 


Tolome  In  onbic 
feet; 


tb*.  weight  of  a  body 

W  =  62.556  X  DV.    .    .    (232),      m pounds, 

▼olume  being  in 
cubic  feet ; 

in  which  W  is  expressed  in  pounds ;  and  if  the  unit  of 
volume  be  a  cubic  inch, 


W  =  ?^^4^ Z>F  =  0.036201  i)F, . 


(233). 


Also 


W. 


weight  in 
pounds, 

volume  in  cublo 
inches; 


▼olume  in  cubic 


tb*. 

62.566 .  B 

•     V^^h 

feet; 

Y  -          ^- 

.    (235). 

▼olume  in  cubic 

0.036201 .  B 

inches; 

Eocample  1st    Eequired  the  weight  of  a  block  of  dry  eximpiefl»t; 
fir,  containing  50  cubic  inches.     The  specific  gravity  or 
density  of  dry  fir  is  0.555,  and  F  =  50;  substituting  these 
values  in  Eq.  (233), 


lb9. 


W  =  0.036201  X  0.555  X  50  =  1.00457. 


weight  of  50 
cubic  inches  of 
flr; 


Example  2d,  How  many  cubic  inches  are  there  in  a  example  second ; 
12 -pound  cannon-ball?     Here  W  is  12  pounds,  the  mean 
specific  gravity  of  cast  iron  is  7.251,  which,  in  Eq.  (235), 
give 


r.  = 


12 


0.036201  X  7.251 


m. 

▼olume  of  a  19* 

=  45.6. 

pound  cannon* 

ball 
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COMPRESSIBLE    FLUIDS. 


contract  and 
expand  according 
to  pressure  * 


conditions  of 
rest; 


Peculiarities  of  §  276. — The  properties  of  liquids  which  have  now  beea 

gaeeB  and  vapors  ;^j^gj^^^^^  are  common  to  all  fluids.      But  gases  acd 

vapors  have,  in  addition,  properties  peculiar  to  themsdves 
which  we  now  proceed  to  consider. 

Gases  and  vapors  differ  mostly  fix)ni  liquids^  in  tk 
readiness  with  which  they  yield  a  portion  of  their  voliiaF? 
and  contract  into  smaller  spaces  when  subjected  to  ai 
augmentation  of  external  pressure,  and  diffiise  themselv^ 
in  all  directions  when  this  pressure  is  withdrawn.  Th<s^ 
distinguishing  properties  are  due  to  the  repulsive  forces  or 
molecular  springs  by  which  the  particles  are  urge*!  to 
separate  from  each  other,  and  which  make  it  impossilW 
for  compressible  fluids,  that  are  also  highly  elastic,  evtr 
to  be  at  rest,  unless  these  forces  are  opposed  by  the  reactioc 
of  inclosing  surfaces,  as  the  sides  of  vessels,  or  the  apfli- 
cation  of  some  other  antagonistic  forces  acting  inwanUj, 
as  in  the  case  of  the  earth's  attraction  upon  our  atmosphere. 

Besides  these  essential  peculiarities,  there  are  other 
characteristics  that  distinguish  compressible  fluids,  usoaDj 
denominated  aeriform  bodies^  from  the  other  forms  of 
aggregation.  Between  solids  and  liquids,  a  gradation  i« 
observable,  and  in  the  degree  of  fluidity  of  the  latter,  a 
strongly  marked  variety  obtains — as  in  tar,  oil,  water, 
ether,  and  the  like ;  but  between  compressible  and  incom- 
pressible fluids,  these  connecting  links  are  less  obvioosL 
Again,  as  a  general  rule,  gases  are  highly  transparent 
for  most  part  colorless,  and  therefore  invisible,  and  are 
distinguished  from  all  other  bodies  by  their  small  degree 
of  density  and  consequent  low  specific  gravity. 


no  marked 
variety  of 
fluidity : 


vsaally 
transparent ; 


small  density ; 
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Fig.  314. 


The  atmosphere,  as  being  the  most  important  of  the 
aeriform  bodies,  may  be  taken  as  the  representative  of  the 
whole  class,  as  regards  their  mechanical  properties.  It  is 
to  this  class  of  bodies,  what  water  is  to  liquids.  It  exists 
all  over  the  earth,  and  its  ever-active  agency  in  the  pro- 
duction of  phenomena,  makes  it  not  less  interesting  than 
important  to  determine  the  laws  of  its  equilibrium  and 
motion. 

(1)  The  compressibility  and  elasticity  are  easily  shown 
by  inclosing  the  air  in  a  bag  of  some  impervious  substance, 
as  india-rubber,  and  pressing  it  with  the  hand;  the  hand 
will  experience  a  resistance,  while  the  volume  of  the  con- 
fined air  will  diminish:  on  removing  the  hand,  the  bag 
will  be  distended  by  the  elasticity 

of  the  air,  and  restored  to  its  for- 
mer dimensions.  Air-pillows  and 
cushions,  in  common  use,  are  famil- 
iar illustrations. 

(2)  ^  is  a  two-necked  bottle  con- 
taining some  liquid,  as  water,  B  an 
inflated  bladder,  or  india-rubber 
bag,  attached  by  the  neck  to  one  of 
the  mouths.  A  glass  tube  a  &,  open 
at  both  ends,  is  fitted  air-tight  to 
the  other  mouth,  its  lower  end  a 
reaching  nearly  to  the  bottom  of 
the  bottle.  On  compressing  with 
the  hand,  the  air  in  the  bladder  or 
bag,  the  liquid  will  be  seen  to 
mount  up  the  tube. 

(3)  IIero\s  Ball. — A  hollow  globe 
a,  from  which  the  external  air  can 
be  excluded  by  turning  a  cock  6, 
contains  a  tube  that  reaches  nearly 
to  the  bottom,  and  fits  in  the  neck  by 
a  screw.  Fill  the  vessel  about  half 
full  of  water,  screw  in  the  tube  cd^ 


atmosphere  the 
type  of  the  class ; 


compressibility 
and  elasticity 
shown ; 


india-rubber  bag ; 


india-rubber  bag 
connected  with  a 
two-necked 
boUle : 


Fig.  816. 


Hero's  baU; 
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principle  of  the 
fire-engine ; 


Fig.  816. 


breathe  througli  c,  and  close  the  pig.  315. 

stop-cock  b  ;  the  breath  will  ascend 
through  the  water,  mingle  with  the 
air  in  the  space  a,  take  from  it  a 
portion  of  its  volume  and  thus  in- 
crease its  elasticity,  which,  reacting 
upon  the  surfece  of  the  water,  will 
force  the  latter  up  the  tube  cd  on 
turning  the  cock  h.  On  this  princi- 
ple depend  the  operations  of  the  air-chamber  in  fire- 
engines  and  similar  machines. 

(4)  Het^o^s  Fountain. — ^In  this  apparatus,  also,  the  com- 
pression of  air  and  consequent  increase  of  elasticity,  are 
manifested  in  producing  a  water-jet. 
Two  vessels  a  and  g  are  united  by 
a  tube  f,  open  at  both  ends,  extend- 
ing from  the  upper  surface  of  the 
lower  vessel  to  near  the  top  of  the 

Hero's  fountain;  Other.  A  pipe  c  rf,  provided  with  a 
stop-cock  6,  screws  into  the  top  of 
the  vessel  a,  and  extends  nearly  to . 
its  bottom,  as  in  Hero's  Ball.  Upon 
the  top  of  this  vessel  is  a  basin  n  o, 
from  the  bottom  of  which  a  pipe  ef^ 
open  at  both  ends,  passes  clear 
through,  nearly  to  the  bottom  of 

description;  the  vcssel  g.  The  tube  cd,  being 
unscrewed,  is  removed,  and  after 
pouring  water  into  the  vessel  a  till 
its  surface  comes  nearly  to  the  up- 
per end  of  the  tube  ^,  the  pipe  c  d  is 
replaced,  and  the  stop-cock  b  closed. 

mode  of  action;  Water  is  now  pourcd  into  the  basin  no;  this  will  descend 
through  the  tube  ef  into  the  vessel  g^  and  expel  a  portion 
of  its  air  by  forcing  it  up  the  tube  t  into  the  vessel  a ; 
there,  finding  no  means  of  escape,  it  will  be  compressed, 
and  its  increased  elasticity  made  to  act  upon  the  water 
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precisely  as  in  the  case  of  the  Ball.  The  water  will  con- 
tinue to  descend  through  the  tube  ef  from  the  basin,  till 
the  increasing  elasticity  of  the  air  becomes  equal  to  the 
pressure  arising  from  a  head  of  water  equal  to  the  differ- 
ence between  the  level  of  the  water  in  the  basin  and  that 
in  the  lower  vessel,  when  the  flow  will  cease,  and  every 
thing  will  come  to  rest.  In  this  condition  of  things  turn 
the  cock  6,  and  the  water  will  spout  through  the  tube  c  d. 
The  fluid  in  the  upper  vessel  being  thus  ejected,  there  will 
be  room  for  more  air;  this  will  pass  from  the  lower  vessel 
through  the  tube  t,  and  the  water  will  i^ain  descend  from 
the  basin  to  the  vessel  y.  The  water  discharged  by  the 
jet  falls  into  the  basin  n  o,  and  is  ready,  in  its  turn,  to  pass 
down  the  tube  ef.  A  constant  flow  is  thus  maintained  as 
long  as  the  fluid  in  the  vessel  a  remains  above  the  bottom 
of  the  tube  c  d. 

(5)  The  Gartesian  Devil. — This  is  a  well-known  figure, 
constructed  so  as  to  float  in  a  glass  vessel  of  water,  above 
the  surface  of  which  a  portion  of  air  is  confined  in  such 
manner,   that  if  this  air   be  com- 
pressed, the  figure  will  descend,  and 
rise   again   when   the   compression  fig-  sn. 

ceases.  It  is  thus  contrived:  In 
the  middle  of  the  figure  a  ia  a  small 
capillary  tube  b,  through  which  so 
much  water  is  admitted  into  the  in- 
terior of  the  body  as  to  make  its 
mean  density  a  little  less  than  that 
of  the  water  in  which  it  is  to  float. 
Being  thus  adjusted,  the  figure  is 
immersed  in  a  wide-mouthed  glass 
vessel,  over  which  a  piece  of  blad- 
der or  sheet  of  india-rubber  is  then 
stretched  to  confine  the  air  over  the 
fluid.  The  finger  being  now  pressed 
upon  the  bladder  or  india-rubber, 
the  air  will  be  compressed,  the  increased  elasticity  thus  pro- 
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explaiuUlon  of 
the  motion. 


duced  will  be  exerted  upon  the  water,  which  will  be  forced 
by  it  through  the  tube  6,  the  mean  density  of  the  figure 
will  be  increased,  and  it  will  sink  to  the  bottom ;  on  re- 
moving the  finger,  the  air  above  the  water  as  well  as  that 
in  the  figure,  being  relieved  from  the  pressure,  expands,  the 
water  is  forced  back  through  the  tube  b  into  the  vessel 
again,  and  the  figure  will  rise  to  the  sur&ce  in  consequenoe 
of  diminished  mean  density. 


VIIL 


THE    AIR-PUMP. 


Air-pamp,  or 
air-syringe ; 


the  receiyer ; 


the  barrel  and 
piston ; 


§  277. — Seeing  that  the  air  expands  and  tends  to  diffuse 
itself  in  all  directions  when  the  surrounding  pressure  is 
lessened,  it  may  be  rarefied  and  brought  to  almost  any  de- 
gree of  tenuity.  This  is  accomplished  by  an  instrument 
called  the  Air-Pump  or  Exhausting  Syringe^  one  of  the 
most  important  pieces  of  apparatus  used  by  the  natural 
philosopher.  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.     It  consists,  essentially,  of 

Ist.  A  Beceiver  iZ,  or  chamber  from  which  the  exterior 
air  is  excluded,  that  the  air  within  may  be  rarefied.  This 
is  commonly  a  bell-shaped  glass  vessel,  with  ground  edge, 
over  which  a  small  quantity  of  grease  is  smeared,  that  no 
air  may  pass  through  any  remaining  inequalities  on  its 
surface,  and  a  ground  glass  plate  mn  imbedded  in  a  metallic 
table,  on  which  it  stands. 

2d.  A  Barrel  B,  or  chamber  into  which  the  air  in  the 
receiver  is  to  expand  itself  It  is  l  hollow  cylinder  of 
metal  or  glass,  connected  with  the  receiver  JR  by  the  com- 
munication ofg.  An  air-tight  piston  P  is  made  to  move 
back  and  forth  in  the  barrel  by  means  of  the  handle  a. 
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Fig.  818. 


gnpblcft] 
re^reaeotatlon ; 


Fig.  819. 


8d.  A  Stop-cock  A,  by  means  of  which  the  communica- 
tion between  the  barrel  and  receiver  is  established  or  cut 
off  at  pleasure.     This  cock  is  a  conical  piece  of  metal  fitting  stoinwck,  or 
air-tight  into  an  aperture  just  at  the  lower  end  of  the  bar-  ^^'^ 
rel,  and  is  pierced  in  two  directions ;  one  of  the  perfora- 
tions runs  transversely  through,  as  shown  in  the  first  figure, 
and  when  in  this  position   the   conamunication  between 
the  barrel  and  receiver  is 
established ;     the    second 
perforation  passes  in  the 
direction  of  the  axis  fi'om 
the  smaller  end,  and  as  it 
approaches    the  first,   in- 
clines sideways,  and  runs 
out  at  right  angles  to  it, 
as  indicated  in  the  second 

figure.     In  this  position  # 

of  the  cock,  the  communication  between  the  receiver  and 
barrel  is  cut  off,  whilst  that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of  the  barrel, 
and  the  communication  between  the  barrel  and  the  receiver  mode  of  aottoa; 
established ;  draw  the  piston  back,  the  air  in  the  receiver 
will  rush  out,  in  the  direction  indicated  by  the  arrow-head, 
through  the  communication  ofg^  into  the  vacant  space 
within  the  barrel.    The  air  which  now  occupies  both  the 


deaeriptioD  of 
■top-ooek; 
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mode  of 
operation ; 


barrel  and  receiver  is  less  dense  than  when  it  occupied  the 
receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  cut  ofl^  and 
that  between  the  latter  and  the  open  air  is  established; 
push  the  piston  to  the  bottom  of  the  barrel  again,  the  air 
within  the  barrel  will  be  delivered  into  the  external  air. 
•  Turn  the  cock  a  quarter  back,  the  communication  between 
the  barrel  and  receiver  is  restored;  and  the  same  operation 
as  before  being  repeated,  a  certain  quantity  of  air  will  be 
transferred  from  the  receiver  to  the  exterior  space  at  each 
double  stroke  of  the  piston. 
to  find  the  degree  To  find  the  degree  of  exhaustion  after  any  number  of 
of  exhaustion;  ^^^^1^  strokcs  of  the  pistou,  denote  by  I)  the  density  of 
the  air  in  the  receiver  before  the  operation  begins,  being  the 
same  as  that  of.  the  external  air ;  by  r  the  capacity  of  the 
receiver,  by  b  that  of  the  barrel,  and  by  ^  that  of  the  pipe. 
At  the  beginning  of  the  operation,  the  piston  is  at  the 
bottom  of  the  barrel,  and  the  internal  air  occupies  the  re- 
ceiver and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and 
occupies  the  receiver,  pipe,  and  barrel ;  and  as  the  density 
of  the  same  body  is  inversely  proportional  to  the  space 
it  occupies,  we  shall  have 


ratio  of  the 
densities ; 


r  +  p  +  b    :     T  +  p 


m     • 


D 


«; 


in  which  x  denotes  the  density  of  the  air  after  the  piston 
is  drawn  back  the  first  time.  From  this  proportion,  we 
find 


first  diminished 
density ; 


X  ■=  D 


r  +  p 


+  jp  +  6 


The  cock  being  turned  a  quarter  round,  the  piston  pushed 
back  to  the  bottom  of  the  barrel,  and  the  cock  again 
turned  to  open  the  communication  with  the  receiver,  the 
operation  is  repeated  upon  the  air  whose  density  is  x,  and 
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-we  have 

if*        I        v\ 

r    +   7>    +    &      :      r   +   p      ::      D   •'' ^— r      :      x';  ntloordenatttei; 

7*  +  p  +  o 

in  which  x'  is  the  density  after  the  second  backward  mo- 
tion of  the  piston,  or  after  the  second  double  stroke ;  and 
we  find 


\r  +  p  +  0/ 


<^=^^-y  n^; 


and  if  n  denote  the  number  of  double  strokes  of  the  piston, 
and  Xn  the  corresponding  density  of  the  remaining  air, 
then  will 


\r  '\-  p  -\-  0/ 


the  nth 

X,    =    i>    .    ( '     -^     ,  1  .  diminished 

density ; 


From  which  it  is  obvious,  that  although  the  density  of 
the  air  will  become  less  and  less  at  every  double  stroke, 
yet  it  can  never  be  reduced  to  nothing,  however  great  n 
may  be ;  in  other  words,  the  air  cannot  be  wholly  removed 
from  the  receiver  by  the  air-pump.     The  exhaustion  will 
go  on  rapidly  in  proportion  as  the  barrel  is  large  as  com- 
pared with  the  receiver  and  pipe,  and  aft«r  a  few  double  the  air  can  nerer 
strokes,  the  rarefaction  will  be  sufficient  for  all  practical  e^hluftied  from 
purposes.     Suppose,  for  example,  the  receiver  to  contain  «»e  receiver; 
19  units  of  volume,  the  pipe  1,  and  the  barrel  10 ;  then 
will 

r  +  p       ^  20  ^   J. 
r  -{-  p  +  h        30        *  * 

and  suppose  4  double  strokes  of  the  piston;  then  williiioBtratton; 
n  =  4:y  and 

/      ^    +  P       Y   ^    (7\4   _    16    _  ^  ,  density  Iter  4111 

\r   ^  p  +  b)     ""    ^*^     ""81    ■"    ^-^^'j^^^^Vj  double  stroke; 
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nurefkction  by 
best  pumps ; 


gauges; 


objects,  Bod 
coiistruction ; 


scale  of  the 
gauge,  and 
position ; 


first  inventor ; 


that  is,  after  4  double  strokes,  the  density  of  the  remaiLii: 
air  will  be  but  about  two  tenths  of  the  original  deiiNty 
With  the  best  machines,  the  air  may  be  rarefied  ftom  :•-• 
to  six  hundred  times. 

.    The  degree  of  rarefaction  is  indicated  in  a  Yery  sm:.: 
manner  by  what  are  called  gauges.     These  not  only  ici-' 
the  condition  of  the  air  in  the  receiver,  but  also  warn  :j 
operator  of  any  leakage  that  may  take  place  either  at  :i- 
edge  of  the  receiver  or  in  the  joints  of  the  instruin::;'- 
The  mode  in  which  the  gauge  acts,  will 
be  better  understood  when  we  come  to 
discuss  the  barometer;   it  will  be  suffi- 
cient here  simply  to  indicate  its  con- 
struction.    In  its  more  perfect  form,  it 
consists  of  a  glass  tube,  about  60  inches 
long,  bent  in  the  middle  till  the  straight 
portions  are  parallel  to  each  other ;  one 
end  is  closed  and  the  branch  termina- 
ting in  this  end  is  filled  with  mercury. 
A  scale  of  equal  parts  is  placed  between 
the  branches,  having  its  zero  at  a  point 
midway  fi-om  the  top  to  the  bottom,  the 
numbers  of  the  scale  increasing  in  both  directions.    It  -* 
placed  so  that  the  branches  of  the  tube  shall  be  verticjl, 
with  its  ends  upward,  and  inclosed  in  an  inverted  gus 
vessel,  which  communicates  with  the  receiver  of  the  air- 
pump. 

Eepeated  attempts  have  been  made  to  bring  the  lir 
pump  to  still  higher  degrees  of  perfection  since  the  timt 
of  Otto  von  Guericke,  burgomaster  of  Magdebmg,  who 
first  invented  this  machine  in  1560.  Self-acting  valves. 
opening  and  shutting  by  the  elastic  force  of  the  air,  have 
improremento;  been  uscd  instead  of  cocks.  Two  barrels  have  beei?  giren 
to  the  air-pump  instead  of  one,  so  that  an  uninterrupt^ 
and  more  rapid  rarefaction  of  the  air  is  brought  afwuC 
the  piston  in  one  barrel  being  made  to  ascend  as  that  of 
the  other  descends.     The  most  serious  defect  in  the  air 
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pump  was,  that  the  atmospheric  air  could  not  be  entirely  tbamoMMriot 
ejected  from  the  barreL but  remained  between  the  piston"?''*'""^ 
and  the  bottom  of  the  barrel.  This  intervening  space  is 
filled  with  air  of  the  ordinary  density  at  each  descent  of 
the  piston ;  when  the  cock  is  turned,  and  the  communica- 
tion re-estabhshed  with  the  receiver,  this  portion  of  air 
forces  its  way  in  and  diminishes  the  degree  of  rarefaction 

Fig.  SSI. 


already  attained.  If  the  air  in  the  receiver  is  so  far  rare- 
fied, that  one  stroke  of  the  piston  will  raise  only  such  a 
quantity  as  equals  the  air  contained  in  this  space,  it  is  plain 
that  DO  further  exhiustion  can  be  effected  by  continuing 
to  pump.  This  limit  to  rarefaction  will  be  arrived. at  the  limiui* 
sootier,  in  proportion  as  the  space  below  the  piston  is  [^™^r|I^,^^ 
larger;  whence  one  chief  point  in  the  improvements  has 
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been  to  diminish  this  space  as  much  as  possible.  AB'si 
highly  polished  cylinder  of  glass,  which  serves  as  the  Ic- 
dncripiioDofihs  Pel  of  the  pump ;  within  it  the  piston  works  perfectly  iJ 
mproT  pump ,  (.jgjjj._  rpj^g  piston  consists  of  washers  of  leather  soakfd  in 
oil,  or  of  cork  covered  with  a  leather  cap,  and  tied  toge'it: 
about  the  lower  end  C  of  the  piston  rod  by  mean;  of 
two  parallel  metal  plates.     The  piston-rod  Cb,  whieh  s 

rig.  321. 


toothed,  is  elevated  and  depressed  by  means  of  a  ct^-^nf^ 
that  is  turned  by  the  handle  M.  If  a  thin  fibn  of  oil  t< 
poured  on  the  upper  surface  of  the  piston  the  friction  i™ 
be  lessened,  and  the  whole  will  be  rendered  more  perfecllT 
air-tight.  To  diminish  to  the  utmost  the  space  between 
the  bottom  of  the  barrel  and  the  piston-rod,  the  form  w* 
truncated  cone  is  given  to  the  latter,  so  that  its  eiW!'!''? 
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may  be  brought  as  nearly  as  possible  into  absolute  contact 
with,  the  cock  E;  this  space  is  therefore  rendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  barrel  con- 
tributing still  further  to  lessen  it.    The  exchange-cock  J? exchange-cock; 
bas  the  double  bore  already  described,  and  is  turned  by  a 
short  lever,  to  which  motion  is  communicated  by  the  rod 
c  d.      The  communication  OH  is  carried  to  the  two  plates  communicaiion ; 
T  and  K,  on  one  or  both  of  which  receivers  may  be  placed ; 
the  two  cocks  JVand  0  below  these  plates,  serve  to  cut  off  ciitH>ffcock 
the  rarefied  air  within  the  receivers  when  it  is  desired  to 
leave  them  for  any  length  of  time.     The  cock  0  is  also  an 
exchange-cock,  so  as  to  admit  the  external  air  into  the  cock  to  readmit 

the  air ; 

receivers. 

Pumps  thus  constructed  have  advantages  over  such  as  advantages  of 
work  with  valves,  in  that  they  last  longer,  exhaust  better,     ' 
and  may  be  employed  as  condensers  when  suitable  receivers 
are  provided,  by  merely  reversing  the  operations  of  the 
exchange  valve  during  the  motion  of  the  piston. 


0( 


§  278. — The  following  are  some  of  the  most  interesting 
experiments  performed  with  the  aid  of  an  air-pump,  show- 
ing the  expansive  force  of  the  atmosphere,  and  also  the 
relations  between  air  of  ordinary  density  and  that  which 
is  highly  rarefied : — 

1st.  Under  a  receiver  place  a  bladder  tied  tightly  about  Experimenuwith 
the  neck  and  partly  filled  with  air ;  exhaust  the  air  in  the    '"P"™'** 
receiver,  and  that  confined  within  the  bladder  will  gradu-  Dntexperimem; 
ally  distend,  proving  experimentally  the  expansive  force 
of  atmospheric  air.     When  the  air  is  readmitted  into  the 
receiver,  the  bladder  will  resume  its  former  dimensions. 

An  analogous  appearance  will  be  exhibited  if  a  jar,  over 
which  some  india-rubber  has  been  tied,  be  placed  beneath  aecond; 
a  receiver,  and  the  air  be  then  exhausted. 

2d.  The  expansive  force  of  our  atmosphere  is  further 
shown  if  a  long-necked  flask,  or  retort,  be  inverted  so  that 
its  mouth  shall  be  below  the  surface  of  some  water  con- 
tained in  a  vessel,  and  the  whole  be  placed  under  the 
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Figi  S^ 


principle ; 


Tourth. 


Atmoepheric 
resistance 
illustrated ; 


receiver  of  an  air-pump ;  when  the 

air  within  the  receiver  is  rarefied, 

■howing  alio  the  that  which  was  contained  in  the 

expansion  of  air ;  in  •■.  .11 

bulb,  expanding,  escapes  through 
the  water ;  and  on  readmitting  the 
atmosphere  the  water  will  rise  and 
occupy  the  space  vacated  by  the  air. 

3d.  The  transfer  of  a  fluid  from  one  flask  to  another. 
Let  there  be  a  fluid  in  the  flask  A,     The  neck  of  this  flask 
contains  a  glass  tube  fitted  air-tight  into  it,  and  reach- 
third,  iUaatratiDg  ing  almost  to  the  bottom;   the  tube  being  bent  twice 
*""*  at    right    angles,    the    other    end 

passes  freely  through  the  neck  of  a  Fig.  sss. 

second  bottle  B.    Place  this  appa- 
ratus under  the  receiver  of  an  air- 
pump,  and  exhaust ;  the  fluid  will 
mount  up  firom  the  bottle  A  and 
pass  through  the  tube  over  into  the 
bottle  B,    Beadmit  the  air,  the  fluid  will  pass  back  again. 
4th.   Place  Hero's  ball  under  the  receiver  when,  half 
filled  with  water,  and  exhaust ;  the  expansion  of  the  air 
within  will  send  the  water  up  through  the  tube  in  a  jet 

§  279. — When  a  piece  of  metal  and  a  feather  are  ab«D- 
doned  to  their  own  weight  in  the  air,  they  Ml  with  very 
different  velocities.  The  cause  is  the  great  disparity  in 
the  extent  of  surfaces  exposed  to  the  resistance  of  the  air 
as  compared  with  the  weights. 

Let  a  and  h  be  two  wheels  re- 
sembling the  arms  of  a  windmill, 
with  this  difierence  only,  that  the 
vanes  of  h  shall  strike  the  air  with 
their  broad  faces,  whilst  those  of  a 
shall  cut  it  edgewise;  each  has  a 
separate  axis  on  which  it  revolves. 
By  means  of  a  mechanical  contri- 
vance a  rapid  rotary  motion  is  com- 


fig.  824. 
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instrument. 


miinicated  to  them.     In  order  that  this  may  act  tinder 

a  receiver,  a  rod  xnust  be  made  to  pass  through  an  air-  deacHption  and 

tight  leather  stuffing-box  e;  at  the  end  of  the  rod  is  a""**^**** 

curved  arm  rf,  which  drives  the  wheels.     If  the  rotation 

take  place  in  vacuo,  the  two  wheels  a  and  h  will  cease  to 

revolve  simultaneously ;  whereas,  if  the  motion  take  place 

in  the  ordinary  atmosphere,  the  resistance  of  the  latter 

"will  bring  6  to  a  stand  long  before  a  ceases  to  turn. 


Fig.  826. 


instrument  by 
which  this  may 
be  illustrated ; 


§  280. — The  atmosphere  is  the  ordinary  medium  through  Effeeu  of 
vyhich  sound  is  transmitted  to  the  ear.     In  proportion  as  ^^"^"  ^ 
the  air  becomes  more  rarefied,  the  transmission  of  sound 
through  it  becomes  more  feeble. 

Under  a  receiver  furnished  with  a  leather  stuffing-box, 
place  a  bell  whose  clapper  may  be  struck  by  a  rod  passing 
through  the  box,  taking  care  to  place  the  bell  on  some  soft 
nnelastic  substance,  to  prevent  its  communicating  sound  to 
the  plate  of  the  pump  and  thus  to  the  external  air.     The 
annexed  figure  represents  such  an 
apparatus,  which  may,  however,  be 
considerably  varied:  a  is  the  bell, 
b  the  clapper  attached  by  a  spring 
to   a   thin  plate  of  wood   c,   into 
which  the  support  of  the  bell  is 
screwed :  7  is  a  leather  drum  stuffed 
with    holhair,    fitting   into    the 
upper  wooden  plate  c,  and  into  a 
lower  plate  d,  by  which  the  whole 
apparatus  is  fastened  down  to  the 
plate  of  the  pump ;  lastly,  h  is  the 
lever  by  which  the  clapper  is  agi- 
tated.   After  about  10  strokes  of  the  piston,  the  sound 
becomes  sensibly  more  feeble,  and  if  the  exhaustion  be 
continued  long  enough  it  will  cease  altogether. 

Air  is  necessary  to  respiration.     Place  a  bird  beneath  air  is  necesswy  to 
the  receiver  of  an  air-pump;  a  few  strokes  of  the  piston  will  '^p*^**^'*' 
cause  it  to  make  convulsive  struggles,  and  death  will  soon 
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ensue  unless  air  be  admitted.  Warm-  Fig.  826. 

place  a  bird  in     blooded   animals,  as  birds,   die  if 
^J^Ja'^  *   rarefaction   be  carried  to   a  small 

pump  and 

exhaust;  degree;    cold-blooded  animals,   on 

the  contrary,  endure  a  high  degree 

of  rarefaction.   Many  birds  ascend  to 

considerable  heights  in   the  atmo- 
sphere, and  it  may  be  hence  inferred 

that  the  density  of  the  air  at  these  altitudes  is  greater  than 

that  in  the  exhausted  receiver  of  an  air-pump. 

Air  is  necessary  to  combustion.     Introduce  a  taper  inio 

a  bell-shaped  receiver  full  of  atmospheric  air,  and  observe 
air  is  necessary  to  the  time  it  will  coutiuuc  to  bum.  Light  the  taper  again, 
combusuon.        place  it  beneath  the  receiver  and  exhaust  quickly,  after  it 

has  been  replenished  with  fresh  air ;  the  flame  will  expire 

much  sooner  than  before. 

To  the  same  cause  it  is  owing  that  in  vacuo  no  light  is 

produced  by  striking  a  flint  and  steel  together. 


IX. 


WEIGHT    AND    PBESSUBE    OF    THE    ATMOSPHEBEL 

§  281. — ^From  the   resistance  which  the  atmosphere 

opposes  to  the  motion  of  bodies  through  it,  we  might 

infer  that  it  has  weight  as  well  as  inertia.     That  it  has 

The  Btmospbere    Weight  is   obvious   from  the  fact  that  the   atmosphere 

jias weight         incases,  as  it  were,  the  whole  earth:  if  it  were  destitute 

of  weight  and  subjected  only  to  the  repulsive  action 
among  its  own  particles,  it  would  recede  further  and 
further  and  extend  itself  throughout  space.  But  the 
existence  of  weight  in  the  atmosphere  may  be  shown 
experimentally,  thus: — 
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experiment  to 
Bhowthis; 


Take  a  flask  of  some  two  or  three  inches  in  diameter, 
having  an  air-tight  stop-cock.     Suspend  it  from  one  ead 
of  the  balance-beam  and  as- 
certain its  weight  when  filled 
with  air.    Exhaust  the  air,  Fig.  821 

by  means  of  the  air-pump,  « 

and  the  flask  will  be  found 
lighter  than  before ;  readmit 
the  air,  it  will  regain  its  for- 
mer uveight  Force  into  the 
flask  an  additional  quantity 
of  air,  by  means  of  the  air- 
pump,  used  as  a  condenser,  and  the  weight  will  be  found 
to  be  increased. 

Since  the  atmosphere  has   weight,   it  must  exert  a 
pressure  upon  all  bodies  in  it.     To  illustrate  the  truth  ihe  air  exerts  a 
of  this,  fill  with  mercury  a  glass  tube,  about  32  or  33  J^,^^"^^^t" 
inches   long,   and  closed  at 
one  end  by  an  iron  stop-cock. 
Close  the  open  end  by  press- 
ing the  finger  against  it,  and 
invert  the  tube  in  a  basin  of 
mercury ;  remove  the  finger, 
the  mercury  will  not  escape, 
but  remain  apparently  sus- 
pended   nearly    30    inches 
above  the  level  of  the  mer- 
cury in  the  basin. 

If  we  consider  the  cir- 
cumstances attending  this 
experiment,  it  will  be  seen 

that  the  tube  containing  the  mercury  forms  with  the 
basin  a  system  of  communicating  tubes,  as  in  §  260.    Now 
the  atmosphere  rests  on  the  mercury  in  the  basin,  and  is 
excluded  by  the  glass  firom  that  in  the  tube,  above  which  effect  of 
there  is  therefore  a  vacuum.     Withdraw  the  atmosphere  J^JJ^^'^^*"*  ^* 
from  the  surface  of  the  mercury  in  the  basin,  and,  by  the  atmoaphere; 


Fig.  828. 


=:_- 


experiment  to 
UluBtratethlB; 
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mk  instrument 
well  suited  to 
exhibit  the  fteU 
of  this 
experiment ; 


description  and 
use; 


law  of  equilibrium  of  fluids,  the  mercury  will  descend  k 
the  tube  till  it  comes  to  a  level  with  that  without ;  restore 
the  pressure  of  the  atmo- 
sphere, and  the  mercury  in 
the  tube  will  again  rise  to 
its  former  height.  This  is 
well  illustrated  by  the  fol- 
lowing device,  i?  is  a  re- 
ceiver closed  air-tight  at  the 
top  by  means  of  a  metallic 
plate ;  a  is  a  tube  filled  with 
mercury  after  the  manner 
just  described,  and  termina- 
ting at  the  open  end  in  an 
inverted  vial-shaped  vessel 
— ^this  tube  passes  air-tight 
through   the   plate   on   the 


receiver ;  6  is  a  second  tube 


.nference  fh>m 
this  experiment ; 


bent  in  the  manner  indicated 
in  the  figure,  and,  like  the 

tube  a,  it  terminates  at  one  end  in  a  vial-shaped  vessel, 
but  is  open  at  both  ends ;  this  tube  communicates  with 
the  receiver  by  passing  through  the  metallic  plate  at  top, 
and  thus  a  connection  is  established  between  the  open  air 
and  the  interior  of  the  receiver.  Mercury  being  poured 
into  the  vial  of  the  tube  6,  it  will  rise  to  the  same  level 
on  either  side  of  the  bend  wi,  and  the  communication 
between  the  interior  of  the  receiver  and  exterior  air 
will  be  interrupted.  The  receiver  being  placed  upon  the 
plate  of  the  air-pump  and  the  air  exhausted,  the  meitury 
will  descend  in  the  tube  a,  and  ascend  in  the  tube  b  to- 
wards the  bend  at  the  top ;  readmit  the  air  into  the 
receiver,  the  mercury  will  rise  in  the  tube  a  and  fell  m  the 
tube  b. 

From  this  we  see,  that  the  atmospheric  air  presses  on 
the  mercury,  and  indeed  upon  the  surfaces  of  all  bodi« 
exposed  to  it,  with  a  force  sufficient  to  maintain  thequici* 
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il  ver  in  the  tube  at  a  height  of  nearly  30  inches ;  whence, 
Uie  intensity  of  its  pressure  w/ust  he  equal  to  the  weight  of  a 
column  of  mercury  wliose  base  is  equal  to  that  of  the  surface 
pressed  and  whose  altitude  is  about  80  inches.     The  force  thus  atmospheric 
exerted  is  called  the  atmospheric  pressure,  prewure , 

The  absolute  amount  of  atmospheric  pressure  was  first 
discovered  by  Torricelli,  a  pupil  of  Galileo;   the  tubes 
employed  in  the  experiments  are  called,  on  this  account, 
Torricellian  tuhes^  and  the  vacant  space  above  the  mercury  Toiriceuiaa 
in  the  tube  is  called,  the  Torricellian  vacuum^  to  distinguish  jj^^JJ^uj^ 
it  from  that  of  a  receiver,  which  is  frequently  called  the  vacuum; 
Guerickian  vacuum,  from  Otto  von  Guericke,  who  first 
invented  the  air-pump. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea 
will  support  a  column  of  mfircury  30  inches  high.  Now, 
if  we  suppose  the  bore  of  the  tube  to  iiave  a  cross-section 
of  one  square  inch,  the  atmospheric  pressure  up  the  tube  atmospheric 
will  be  exerted  upon  this  extent  of  surface,  and  will  sup-  f/v"^the  mI- 
port  30  cubic  inches  of  mercury.  Each  cubic  inch  of 
mercury  weighs  0.49  of  a  pound — say  half  a  pound — ^from 
which  it  is  apparent  that  the  surfaces  of  all  bodies^  at  the  level 
of  the  sea,  are  subjected  to  an  atmospheric  pressure  of  fifteen 
pounds  to  each  square  inch. 

The  body  of  a  man  of  ordinary  stature  has  a  surface  of  preaaure  upon 
about  2000  square  inches ;  whence,  the  whole  pressure  to  ^^""^'''"^^^^ 
which  he  would  be  exposed,  at  the  level  of  the  sea,  is 
15  pounds  X  2000  =  30000  pounds. 

The  pressure  of  the  atmosphere,  resulting  as  it  does 
from  its  weight,  it  is  an  easy  matter  to  estimate  the  weight 
of  the  entire  atmosphere  of  the  earth.     It  will  be  sufficient  weight  of  the 
to  compute,  from  the  known  diameter  of  the  earth,  the*^^  j^^^. 
extent  of  its  surface  in  square  inches,  and  to  multiply  this 
by  fifteen ;  the  product  will  be  the  weight  in  pounds. 

When  the  height  of  the  mercury  in  the  Torricellian 
tube  is  30  inches,  the  atmospheric  pressure  will  support  in  column  or  water 
vacuo  a  column  of  water  34  feet,  the  specific  gravity  of  a^m^^JJi^rtT"** 
mercury  being  13.6  referred  to  water  as  a  standard.     This  pressure; 
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Magdeburg 
hemispheres ; 


description  and 
mode  of  using ; 


Fig.  33a 


has  been  verified  by  Hanson  and  Sturm,  who  actuaHj 
performed  the  experiment  at  Leipzig. 

The  atmospheric  pressure  is  exhibited  in  a  most  stri- 
king way  by  means  of  the  Magd^urg  hemispheres.  Thag 
are  two  hollow  hemispheres,  of  brass  or  copper,  whose 
edges  fit  air-tight,  each  hemisphere  being  furnished  with  1 
strong  ring  or  handle,  one  of  them  also  having  a  tube  wixk 
stop-cock.  Place  the  two  hemi- 
spheres together,  connect  them  with 
the  communication-pipe  of  the  air- 
pump,  exhaust  the  air,  and  turn  the  • 
stop-cock,  and  disconnect  from  the 
pump.  It  will  be  found  that  great 
force  will  be  necessary  to  pull  the 
hemispheres  asunder.  If  the  diame- 
ter of  the  hemispheres,  as  in  the  case 
of  those  employed  by  Guericke,  in 
one  of  his  experiments,  were  2  feet, 
the  number  of  square  inches  in  a 
great  circle  would  be 


examples  of 
Gueric1ce*8 
hemispheres ; 


3.1416  X  (y)    =  452.39, 


and  the  force,  estimated  in  pounds  to  overcome  the  pres- 
sure, would  be 


the  forcing  of 
fluid  through 
pores  of  solids ; 


15  X  452.39  =  6785.85. 

In  the  experiment  referred  to 
above,  there  were  successively  from 
14  to  30  horses  harnessed  to  the 
hemispheres,  without  efiecting  the 
separation. 

The  pressure  of  the  atmosphere 
will  force  fluids  through  such  solid 
bodies  as  are  porous.  Let  R  be  a 
long  receiver,  provided  with  a  tube 
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Fig.  832. 


and  stop-cock  C  at  one  end,  for  the  purpose  of  connecting 
with  the  air-purap,  and  at  the  other  a  perforated  metallic 
plate  a  a,  into  which  fits,  air-tight,  a  wooden  cup  6,  whose 
pores  are  in  the  direction  of  the  axis  of  the  tube.  This 
cup  being  filled  with  mercury,  and  the  air  exhausted  by 
the  air-pump,  the  mercury  will  fall  in  a  fine  shower  down 
the  receiver.  The  tube  below  is  made  to  enter  the  re- 
ceiver, and  to  curve  over  at  the  top  to  prevent  the  mer- 
cury firom  falling  into  the  communication-pipe  of  the 
pump. 

The  atmosphere  presses  not  only 
downward,  but  upward,  and  later- 
ally in  all  directions.   This  is  shown 
by  the  following  experiment :  The 
two  hemispheres  A  and  i?,  are  con- 
nected by  a  tube  in  such  manner 
that  one  of  them  may  turn  about  a 
joint  CJ  while  the  other  is  stationary. 
Place  the  hemisphere  A  upon  the 
plate  of  the  air-pump,  and  upon  B 
lay  a  plane  plate  of  glass  or  metal  fitting  it  air-tight.    Ex- 
haust the  air,  and  the  hemisphere  B  may  be  turned  in  any 
direction  without  its  plate  falling  off.     This  equal  pressure 
of  the  atmosphere  in  all  directions,  is  of  great  practical 
utility,  as  we  shall  presently  see  when  we  come  to  speak 
of  siphons  and  water-pumps.     To  this  pressure  it  is  owing 
that   flies,   and   other  insects,   are 
enabled  to  support  themselves  upon 
smooth  vertical  walls,  and  in  in- 
verted positions  upon  the  ceilings 
of  rooms,  &c.     The  feet  being  flat 


instrument  to 
exhibit  this ; 


atmospheric 
pressure  is 
exerted  in  ever} 
direction ; 


Fig.  888. 


^'■Mr^x,,^. 


and  flexible,  are  brought  close  a- 

gainst  the  wall  or  ceiling  so  as  to 

exclude  the  air,  the  centre  of  the 

foot  is  then  drawn  away,  leaving  the  margin  in  contact ; 

a  partial  vacuum  is  thus  formed,  and  the  external  pressure 

of  the  air  is  suflBcient  to  support  the  weight  of  the  insect. 


exempliflcaUon 
of  this  in  the 
adhesion  of 
insects  to  walla 
and  ceilings. 
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mariottb's  law. 


and  elasticity ; 


the  instrument 
for  compressing 
the  air; 


¥ig.  nL 


J? 


Mariotte'siaw;  §  282. — ^Wc  havc  sceii  that  the 

atmosphere  readily  contracts  into  a 
smaller  volume  when  pressed  exter- 
nally, that  it  as  readily  regains  its 
former  dimensions  when  the  pres- 
sure is  removed,  and  that  it  is, 
therefore,  both  compressible  and 
elastic.    Let  us   now  consider  the 

connecting  the     law  which  conuccts   the   pressurCj 

pressur^  density,  ^^^  .       ^^^  elasticity.      FoT  this  pUT- 

And  elAAtir.itv :  •«''  *^  * 

pose,  procure  a  siphon-shaped  tube 
ABD,  open  at  A,  the  end  of  the 
longer  branch,  and  hermetically 
sealed  at  the  end  D  of  the  shorter 
branch.  Place  between  the  branch- 
es, and  parallel  to  them,  a  scale  of 
equal  parts,  say  inches,  having  its 
zero  on  the  line  o  o. 

Pour  in,  at  the  open  end  A,  as 
much  quicksilver  as  will  fill  the 
horizontal  part  of  the  tube,  and 
bring  its  upper  surface  to  the  zero 
line  in  both  branches ;  a  quantity  of  atmospheric  air  of 
mode  of  using  It;  ordinary  density  will   then  be  confined  in  the  shorter 

branch.  The  expansive  action  of  this  air,  resisting,  as" 
does,  the  pressure  of  the  external  air,  is  measured  bv  ib 
weight  of  a  column  of  mercury,  whose  base  is  a  section  a' 
the  tube  and  height  30  inches.  Pour  into  the  lor.:-: 
branch  an  additional  quantity  of  mercury ;  it  will  rise  i5 


o—^^^ 
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the  shorter  branch,  and  cause  the  air  aboye  it  to  be  com- 
pressed into  a  smaller  space,  but  the  heights  at  which  it 
will  stand  in  the  two  branches  will  be  different.  The 
ditlerence  between  these  two  heights,  added  to  30  inches,  d*uii»««i 
will  l>e  the  altitude  of  the  column  of  mercury,  whose  ^p^^B^ct- 
weight  is  just  sufficient  to  resist  the  expansive  action  of 
the  confined  air.  Now  it  is  found  by  trial,  that  when  the 
air  in  the  shorter  branch  is  compi-essed  into  half  its  primi- 
tive volume,  the  difference  of  level  of  the  mercury  in  the 
two  branches  is  just  30  inches,  thus  making  the  compress- 
ing force  double  what  it  was  before ;  that  when  it  is 
compressed  into  one  third  of  its  original  volume,  the  dif- 
ference of  level  is  60  inches,  thus  trebling  the  pressure ; 
when  compressed  into  one  fourth,  the  difference  of  level  is 
90  inches,  thus  quadrupling  the  pressure,  and  so  on. 
Hence  we  see,  that  in  compressing  the  same  quantity  of 
air  into  smaller  spaces,  t/ie  volumes  occupied  by  it  are  in-  Toiumnm 
versely  proportional  to  the  pressures.  proDonioiui  (• 

This   law  holds   equally   when  the  ihBp«mire«; 

air,  instead  of  being  compressed,  is  per- 
mitted  to  expand.     Let  ab  he  a  glass  ^ 

tube,  about  33  inches  long,  one  end  a, 

being  fitted  wjth  an  air-tight  cock,  and  iiutninisnt  fm 

the   entire    length   of   the   tube   being  «piuiiiiii«  ii« 

graduated  in  inches.  Open  the  cock  a, 
immerse  the  tube  with  its  open  end 
downward  into  tlie  vessel  A,  previously 
half  filled  with  mercury,  which  will,  of 
necessity,  stand  at  an  equal  height  within 
and  without  the  tube.  Now  close  the 
cock  a,  and  so  confine  a  portion  of  air 

at  its  ordinary  density  within  the  tube  modeonuiiit; 

above  the  surface  of  the  mercury. 

Elevate  the  tube  any  distance  what- 
ever, taking  care  that  its  open  end  shall 
be  below  the  surface;  the  air  will  ex- 
pand, and  fill  a  larger  portion  of  the 
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weight  of  the 
suspended 

COlUIQQ  of 

mercury  plus 
elastic  force  of 
coiitlned  nlr, 
equal  to 
atmospheric 
pressure ; 


experiments 
made  at  Paris ; 


tube,  thougli  a  column  of  mercury  will  still  stand  at  an  ele- 
vation above  the  outer  level,  so  that  the  weight  of  this 
column,  with  the  elastic  force  of  the  inclosed  air,  counter- 
balances the  natural  pressure  of  the  atmosphere.  The  pres- 
sure therefore  which  the  included  air  sustains,  is  equal  to 
the  weight  of  a  column  of  mercury  30  inches  high,  minus 
that  of  the  column  supported  in  the  tube.  Let  the 
space  full  of  air  above  the  mercury  in  the  closed  tube 
be  3  inches;  lift  up  the  tube  so  that  this  space  shall 
be  6  inches,  the  mercury  will  be  found  to  stand  in 
the  tube  15  inches  above  that  in  the  outer  vessel.  Here 
the  volume  of  the  air  is  doubled,  and  the  pressure 
upon  it  is  30  —  15  =  15  =  one  half  of  30,  what  it  was 
before.  Again  raise  the  tube  till  the  volume  of  air  be- 
comes 9  inches  long,  the  mercury  in  the  tube  will  be 
found  to  stand  20  inches  higher  than  in  the  outer  vessel ; 
here  the  volume  is  three  times  its  primitive  volume,  and 
its  pressure  30  —  20  =  10  =  one  third  of  30,  its  original 
pressure ;  whence  the  law  is  manifest. 

By  experiments  made  at  Paris,  it  has  been  found  that 
this  law  obtains  when  air  is  condensed  27  times,  and  rare- 
fied 112  times.  Other  gases  obey  it  also,  till  the  pressure 
becomes  a  few  atmospheres  less  than  that  at  which  they 
assume  a  liquid  form. 

The  density  of  the  same  quantity  of  matter  is  inversely 
proportional  to  the  volume  it  occupies.  If,  therefore,  P 
be  the  pressure  upon  a  unit  of  surface  necessary  to  pro- 
duce a  density  unity,  'p  the  pressure  corresponding  to  a 
density  i>,  then,  according  to  this  law,  will, 


expression  of 
Mariotte's  law. 


p  =  PD 


(236). 


This  law  was  investigated  by  Boyle  and  Mariotte,  the 
former  in  1660,  and  the  latter  in  1668,  and  is  now  known 
as  MarioUe^s  law. 
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LAW    OF    THE    PRESSURE,    DENSITY,    AND    TEM- 
PERATURE. 

§  283. — It  is  a  universal  law  of  nature  that  heat  ex-  Law  coooecting 
pf  ads  all  bodies,  and  is  ever  active  in  producing  changes  ^*]I™*^d' 
of  density.     We  have  now  to  consider  the  law  of  this  temperature ; 
change  in  air. 

It  has  been  ascertained,  experimentally,  that  air,  sub- 
jected to  any  constant  pressure,  will  expand  0.00208th  of  rate  of  the  air't 
its  volume  at  32°  Fahr.,  for  each  degree  of  the  same  scale  ^'^p*^®*** 
above  this  temperature ;  so  that  if  Vi  be  the  volume  of  the 
air  at  32°,  and  V  its  volume  at  any  other  temperature  t, 

t^^^^il^  volume  for  any 

7  =   Fi  [1  +  (^  -  32°)  0.00208].  .  .  (237).      ^„37^J2j„^ 

preasure; 

If  D^  be  the  density  at  32°,  under  a  pressure  ^,  and 
D  that  at  the  temperature  t,  under  the  same  pressure, 
then,  because  the  densities  are  inversely  as  the  volumes, 
wiU 

Vi    :     Fi  [1  +  (^  -  32°)  0.00208]    :  :    D   :    D,; 

whence 

j\  density  at  any 

n t  f238^         temperature 

1  +  (^  -  32°)  .  0.00208  '     ■     ^  .  ^'        under  a  oonattnl 

proMure; 

If  ^^  denote  the  pressure  necessary  to  restore  this  air  to 
the  density  jD^,  we  shall  have  from  Mariotte's  law 

^  n 


1  +  (^  -  32°)  0.00208 
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whence 

pressure  to 
pruduce  at  a 

^ven  P,=P[l+{t-  32")  0.00208]  .  .  (239JL 

temperature  a 
density  at  32^ 

under  a  given  Again,  let  the  pressure  p  be  produced  by  the  weight  > : 

pressiu*;  ^  column  of  mcrcury,  having  a  base  unity,  and  an  altitii-. 

h^^j  taken  at  a  given  latitude,  say  that  of  45**,  in  order  tLj 
the  force  of  gravity  may  be  constant  Denoting  the  den- 
sity of  the  mercury  by  2?^^,  its  weight  will  be 

weight  of  a 

column  of  Jj^^  h^^  ff  / 

mercury  at  (? ; 

in  which  g'  denotes  the  force  of  gravity  at  the  ktitoie 
of  45°. 

Substituting  this  for^,  in  Eq.  (236),  we  have 

D,,h,,g^  =  PD; 
whence 


pressure  to 
produce  a  unit  of 
density  att^; 


D 


same  In  different 
form; 


and  substituting  the  value  of  D,  given  in  Eq.  (238),  this 
becomes 

p  ^  A  A;  9'  [1  +  (^  -  820)  0.00208]  .  .  (240). 


From  Eq.  (236),  we  have 


D  =   ^. 
P  ' 


and  substituting  the  value  for  P  above,  we  get 

density  at  i° 

under  a  constant  J)    :::; 


PD, 


P«-"»  ■'  l>„  K  ^'  [1  +  (« -  32")  0.00208]" 
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Denote  by  h  the  height  of  the  column  of  mercury  at  32®, 
necessary  to  produce  upon  a  unit  of  surface  the  pressure 
»,  then  will  ,  ^.  , 

•^'  weight  of  a 

column  or 

T\     lifjf.  mercury  at  32* 

jP  "  ^y  '  equal  to  the 

constant 
presBure ; 

which,  substituted  for  ^  above,  gives,  after  striking  out  the 
common  factors, 

_  D,h  density  at  !«• 

U   —    1 =:: — : — — ^ —   ^  ^^^^^~,»  under  a  oonataal 


K  [1  +  (<  -  32°)  0.00208]" 


pressure ; 


Now,  when  h^,  becomes  30  inches,  then  will  D^  take  the 
value  given  in  the  table  of  §  275  opposite  the  name  of 
the  gas  or  vapor  under  consideration,  and  we  have,  for 
the  practical  application  of  that  table, 

density  of  any  gas 
answering  to  a 

n  =  ±1/  y ^ r940V  •  *'''®° 

30  IH-  (^-  32°)  0.00208  '     '     ^      ^  '  temperature  and 

barometric 
column ; 

m  which  D^  is  the  tabular  specific  gravity  or  density,  A 
the  height  of  the  column  of  mercury  expressed  in  inches, 
and  jD  the  density  of  the  gas  pressing  upon  the  mercury. 

Example,  What  is  the  density  of  atmospheric  air,  when 
the  barometer  stands  at  26  inches  and  thermometer  at  example  to 
42°?    In  this  case,  D,  will  be  found  in  the  table  to  be  »""-J;'^« "»« ^ 

'       '  of  this  formula; 

0.0013,  whence 

J.  ^  0.0013 26 ^  Q  ^^- . 

30  1  +  (42°  -  32°)  0.00208 

We  are  now  prepared  to  understand  how  the  values  of 
i?^,  in  the  table  just  referred  to,  were  obtained,  and  of 
which  no  explanation  has,  thus  far,  been  made. 

It  will  be  recollected  that,  when  referred  to  the  same  to  obtain  the 
standard,  the  numbers  which  express  the  specific  gravities  ^^w"©? m!^ 
of  bodies  also  express  their  densities,  and  that  the  specific  fcc; 
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•peciflc  grarity 
or  any  body; 


gravity  of  a  body  is  the  ratio  obtained  by  dividing  ^le 
weight  of  the  body  by  that  of  an  equal  volume  of  tre 
standard  substance.  The  gases  and  vapors  are  incesaLt'j 
changing  their  densities,  on  account  of  the  varying  pres- 
sures and  temperatures  to  which  they  are  subjei-tel 
Tabulated  densities  must,  therefore,  correspond  to  a 
standard  of  temperature  and  of  pressure.  Thirty-two 
degrees  Fahrenheit's  scale  is  adopted  for  the  former;  a:.i 
density  of  gases,  the  Weight  of  a  columu  of  mercury,  at  the  same  temptrra- 
'  ture,  having  an  altitude  equal  to  thirty  inches,  and  restirij 

upon  a  base  whose  area  is  a  superficial  unit^  is  taken  i-.-r 
the  latter. 

By  a  very  simple  transformation  of  Eq.  (240)',  we  nid 


standard 
temperature  and 
pressure  for 


tabular  value  for 
density ; 


„  _  30  X  [1  +  (<  -  32°)  0.00208]        „ 


Rg.  8Ww 


To  make  this  formula  applicable  to  any  gas^  it  will  onlj 
be  necessary  to  observe  A,  by  means  of  a  barometer  in  tbe 
atmosphere;  t,  by  a  thermometer 
in  contact  with  the  gas ;  and  to  find 
D,  corresponding  to  these  quan- 
tities, by  the  following  process: 
Provide  a  glass  vessel  A,  whose 
mouth  may  be  closed  by  a  stop- 
cock -B,  air-tight,  and  of  which 
the  bottom  terminates  in  a  long 
vessel  for  finding  narrow  tubc  0^  closcd  at  the  end. 

^luT^or^Ls;  ^^^  ^^^  capacity  of  this  vessel  be 

carefully  ascertained  by  filling  it 
with  water,  and  pouring  this  water 
afterward  into  a  graduated  vessel ; 
also  let  the  tubular  portion  0  be 
graduated  and  numbered  by  tenths, 
hundredths,  &c.,  so  that  the  num- 
bers shall  increase  towards  the 
smaller  end,  and  express  that  portion  of  the  entire  capacitv 
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of  the  vessel,  regarded  as  unity,  which  is  comprised  be- 
tween its  mouth  B  and  these  numbers. 

This  being  understood,  denote  the  weight  of  this  ves- 
sel by  Wv  ;  that  of  a  volume  of  air,  or  of  the  gas  under 
consideration,  equal  to  the  contents  of  the  vessel,  and  notation; 
under  the  pressure  h  and  temperature  ^  by  Wa ;  the  buoy- 
ant effort  of  the  atmosphere,  under  the  same  pressure  and 
temperature,  by  e;  and  the  weight  required  to  counter- 
poise the  vessel  filled  with  gas  by  T^^,  then  will 

Wl    =^     Wf,    +    Wa    -^    ^»      .      .      .      (a).        ttlied  with  air; 

Connect  with  the  air-pump,  and  exhaust  as  far  as  conve- 
nient; close  the  stop-cock,  disconnect  and  weigh  again,  and 
denote  the  weight  necessary  to  counterpoise  the  vessel 
with  its  rarefied  air  by  W^  and  we  shall  have 

weight  of 
Wg    ^    Wr,    +    Wa,  —    e;  flUodwlth 

nrefledair; 

in  which  Wa^  denotes  the  weight  of  the  rarefied  air  re- 
maining in  the  vessel. 

Subtracting  this  from  the  equation  above,  we  find 


W,  -  Wi  =  F;  -  Wa,; 


weight  of  the 
extracted  air ; 


which  is  obviously  the  weight  of  the  extracted  air. 

Now  immerse  the  vessel  in  water,  mouth  downward, 
and  open  the  stop-cock ;  the  liquid  will  enter,  and  taking 
care  to  keep  its  level  on  the  inside  and  outside  the  same, 
the  water  will  come  to  rest  at  or  near  some  one  of  the 
graduated  points  on  the  tube.     The  air  or  gas  witliin  will 
then  have  the  same  elasticity  as  the  external  atmosphere, 
and  the  reading  h  of  the  barometer  becomes  applicable  to 
the  gas.     This   graduated  point  will   make  known  the  volume  of  the  air 
volume    V  of  air  or  gas  extracted ;  and,   knowing  its  ^*"^|!^ewr 
weight,  that  of  a  volume  equal  to  the  contents  of  the  prewure; 
whole  vessel,  which  we  have  denoted  by  Wa,  niay  be 
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weight  of  ttie 
vessel  fall  of 
air  under  the 
barometric 
pr^ure ; 


found  from  the  proportion 


F  :    Wi  -   TTa   ::    1   :     W^; 


whence 


Wt-W,_ 


-~"       Fr  a    •  •  • 


•  (i> 


Next  fill  the  vessel  with  water,  and  weigh  again ;  denote 
the  counterpoising  weight  by  TFi,  and  the  weight  of  the 
contained  water  by  W^j  and  we  shall  have 

TTj  =  W;  +  W;  -  e; 


weight  of  the 
Teasel  fUlI  of 
water; 


and  subtracting  Eq.  (a),  we  find 


TTa  -  TTi  =  TT.-   Wa/ 


adding  Eq.  (6),  we  find 


Wi  -  TTi  + 


ratio  of  the 
weights  of  equal 
'volumes  of  water 
and  gas; 


and  dividing  Eq.  (6)  by  this  one>  we  get 

4 

(TTg  -  TFi)  F  +  TFi  -  Wi  ""   TF.' 

Multiplying  both  members  by  the  tabular  density  d  of 
water  corresponding  to  the  temperature  of  that  employed, 
and  dividing  both  numerator  and  denominator  of  the  fiisi 
member  by  TFi  —  W^,  we  finally  get 


densltf  of  the 


TFi  -  TFa       ■*■ 


El 

IF. 


X  d 


But  the  second  member  is  the  specific  gravity  or  density 
D  of  air  or  gas,  under  the  pressure  h  and  temperature  L 
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Whence,  to  find  the  value  of  i?,  we  have  this  rule,  viz. : 
Weigh  the  vessel  full  of  the  gas  under  consideration; 
exhaust,  and  weigh  a  second  time;  find,  by  admitting  proc«. for 
virater,  the  volume  of  gas  exhausted  by  the  pump ;  fill  ^^^^^^^^^^ 
Arvith  water,  and  weigh  a  third  time ;  then  divide  the  dif-  gravity  of  a  giw. 
ference  between  the  last  and  fi«t  weights  by  the  differ- 
ence  between  the  first  and  second ;  multiply  this  quotient 
Toy  the  volume  exhausted ;  increase  this  product  by  unity, 
and  divide  the  tabular  density  of  water,  corresponding  to 
its  observed  temperature,  by  this  sum.     The  value  of  2?, 
thus  found,  and  the  observed  values  of  h  and  t,  being  sub- 
stituted in  the  value  for  D^,  this  latter  may  be  found  and 
tabulated. 


XIL 

BAROMETER. 

§  284. — The  atmosphere  being  a  heavy  and  elastic  fluid.  The  barometer; 
is  compressed  by  its  own  weight.    Its  density  cannot  be 
the  same  throughout,  but  diminishes  as  we  approach  its  densitj  and 
upper  limits  where  it  is  least,  being  greatest  at  the  surface  p"»"«^**»« 
of  the  earth.    If  a  vessel  filled  with  air  be  closed  at  the  dubrentpiaeea; 
base  of  a  high  mountain  and  afterward  opened  on  its 
summit,  the  air  wiU  rush  out ;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  the  moun- 
tain, the  air  wiU  rush  in. 

The  evaporation  which  takes  place  from  large  bodies 
of  water,  the  activity  of  vegetable  and  animal  life,  as  well 
as  vegetable  decompositions,  throw  considerable  quantities 
of  aqueous  vapor,  carbonic  acid,  and  other  foreign  ingre-  foreign 
dients  temporarily  into  the  permanent  portions  of  the'?*']"^^*"'^ 
atmosphere.     These,  together  with  its  ever- varying  tern-  change  of 
peraturo,  keep  the  density  and  elastic  force  of  the  air  in  a        ''' 
Btate  of  almost  incessant  change.     These  changes  are  indi- 
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description  of 
the  barometer; 


Urometer ;      '  catcd  by  the  Barometer,  an  instrument  employed  to  measure 
the  intensity  of  atmospheric  pressure,  and  frequently  called 

weather-giau;      a  weaUier-gloss^  because  of  certain  agreements  found  to  ex- 
ist between  its  indications  and  the  state  of  the  weather. 

The  barometer  consists  of  a  glass  tube  about  thirty-four 
or  thirty-five  inches  long,  open  at  one  end,  partly  filled 
with  distilled  mercury,  and  inverted  in  a  small  cistern  also 
containing  mercury.  A  scale  of  equal  parts  is  cut  upon  a 
slip  of  metal,  and  placed  against  the  tube  to  measure  the 
height  of  the  mercurial  column,  the  zero  being  on  a  level 
with  the  surface  of  the  mercury  in  the  cistern.  The  elastic 
force  of  the  air  acting  freely  upon  the  mercury  in  the  cis- 
tern, its  pressure  is  transmitted  to  the  interior  of  the  tube, 
and  sustains  a  column  of  mercury  whose  weight  it  is  just 
suflBcient  to  counterbalance.  If  the  density  and  conse- 
quent elastic  force  of  the  air  be  increased, 
the  column  of  mercury  will  rise  till  it 
attain  a  corresponding  increase  of  weight ; 
if,  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fall  till  its  di- 
minished weight  is  sufficient  to  restore 
the  equilibrium. 

In  the  Common  Barometer^  the  tube 
and  its  cistern  are  partly  inclosed  in  a 
metallic  case,  upon  which  the  scale  is 
cut,  the  cistern,  in  this  case,  having  a 
flexible  bottom  of  leather,  against  which 
a  plate  a  at  the  end  of  a  screw  h  is  made 
to  press,  in  order  to  elevate  or  depress 
the  mercury  in  the  cistern  to  the  zero  of 
the  scale. 

De  Luc's  Siphon  Barometer  consists 
of  a  glass  tube  bent  upward  so  as  to  form 
two  unequal  parallel  legs :  the  longer  is 
hermetically  sealed,  and  constitutes  the 
Torricellian  tube ;  the  shorter  is  open, 
and  on  the  surface  of  the   quicksilver 


column  of 
mercury  in 
equllibrio  with 
atmoaplieric 
pressure ; 


Fig.  837. 

A 


si 


M 


JBO 


common 
mountain 
barometer ; 


De  Luc^B  siphon 
barometer ; 


^ST 
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901: 


[ 


moTeable  or 
sliding  Male ; 


dliferent  doTiees 
for  appreciating 
slight  changes  of 
barometrie 
oolumn; 


the  pressure  of  tlie  atmosphere  is  exert-  Fig.  838. 

ed.  The  diflference  between  the  levels 
in  the  longer  and  shorter  legs  is  the 
iDarometric  height.  The  most  conve- 
nient and  practicable  way  of  measuring 
this  difference,  is  to  adjust  a  moveable 
scale  between  the  two  legs,  so  that  its 
zero  may  be  made  to  coincide  with  the 
level  of  the  mercury  in  the  shorter  leg. 

Different    contrivances    have    been 
adopted  to  render  the  minute  variations 
in  the  atmospheric  pressure,  and  conse- 
quently in  the  height  of  the  barometer, 
more  readily  perceptible   by  enlarging 
the  divisions  on  the  scale,  all  of  which 
devices  tend  to  hinder  the  exact  meas- 
urement of  the  length  of  the  column. 
Of  these  we  may  name  Morland's  Diagonal,  and  Hook's 
Wheel-Barometer,  but  especially  Huygen's  Double-Barom- 
eter. 

The  essential  properties  of  a  good  barometer  are :  width 
of  tube ;  purity  of  the  mercury ;  accurate  graduation  of  the 
scale ;  and  a  good  vernier. 

Heat  affects  the  density  of  mercury  as  well  as  that  of 
all  other  bodies.     When  its  temperature  is  increased,  it 
expands ;  when  diminished  it  contracts.     The  same  atmo- 
spheric pressure  will  sustain  the  same  weight — in  other 
words,  the  same  quantity  of  mercury ;  but  the  same  quan- 
tity of  mercury  will  occupy  different  volumes,  according  eubcts  of 
to  its  temperature,  and  the  same  atmospheric  pressure  will,  *®"p*"'"*» 
hence,  sustain  a  longer  column  when  the  temperature  is 
high  than  it  will  when  the  temperature  is  low.     The  indi- 
cations of  the  barometer  must,  therefore,  be  reduced  to 
what  they  would  have  been,  if  taken  at  a  standard  or  fixed 
temperature,   without    which    reduction  they  would  be 
utterly  worthless. 

From  the  experiments  of  Dulong  and  Petit,  it  is  found 
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expansion  of 
mercury ; 


barometric 
column  reduced 
to  standard 
temperature ; 


that  mercury  expands  y^Vr^*^  P^^  ^^  ^^  volume  for  eci 
degree  of  Fahrenheit's  scale  by  which  its  temperature  b 
increased,  and  that  it  contracts  according  to  the  aune  laT 
as  its  temperature  is  diminished.  I^  therefore,  T  den^j-k 
the  standard  temperature,  and  T'  the  temperature  of  ob- 
servation ;  h  the  altitude  which  the  barometer  would  hiTt 
at  the  standard  temperature,  and  V  the  observed  altitodc 
then  will, 

i  =  i'  [l  +  ^^]  =  i'  [1  +  (r-  T)  0.0001001] . .  (241); 


attached 
thermometer ; 


example  for 
illustration ; 


when  T  becomes  T,  V  will  be  equal  to  6. 

A  thermometer  is  usually  attached  to  the  baromet^ 
tube  for  the  purpose  of  observing  the  temperature  of  the 
mercury. 

Eocample.  Observed  the  barometric  column  to  stand  at 
29.81  inches,  while  its  thermometer  gave  a  temperature  of 
93°.  What  would  have  been  the  column  under  the  same 
pressure,  had  the  temperature  of  the  mercury  been  32"? 
Here  we  have 


in. 


V   =  29.81, 


T'  =  93.00, 
T  =  S2.00, 


T  -  T'  =  -  61.00 ; 


and 


M. 


>«<iu«xio<dumi>.  *  =  29.81  [1  -  61  X  0.0001001]  =  29.63. 


Barometer  used 
to  measure  the 
elasticity  of 
confined  gueSt 


§  285. — The  barometer  may  be  used  not  only  to  m«3^ 
ure  the  pressure  of  the  external  air,  but  also  to  determine 
the  density  and  elasticity  of  pent-up  gases  and  vapor?, 
and    furnishes    the  most  direct   means  of    asoertainiii? 
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Fig.  889. 
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Fig.  840. 


its  use  and 
application ; 


tlie  degree  of  rarefaction  in  the  receiver  of  an  air-pump. 
When    thus  employed,  it  is  called  the  barometer-gauge,  barometer  gauge; 
In  every  case  it  will  only  be   necessary  to  establish   a 
free  connection  between  the  cistern  of  the  barometer  and 
the    vessel  containing    the  fluid  whose  elasticity   is  to 
be   indicated;    the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  a  standard  temperature, 
and    multiplied  by  the  known  weight 
of  a   cubic   inch   of   mercury  at    that 
temperature,  will  give  the  pressure  in 
pounds  on  each  square  inch.     In  the 
case  of  the  steam  in  the  boiler  of  an 
engine,  the  upper  end  of  the  tube  is 
sometimes  left  open.     The  cistern  A  is 
a  steam-tight  vessel,  partly  filled  with 
mercury,   a  is   a  tube   communicating 
with  the  boiler,  and  through  which  the 
steam  flows  and  presses  upon  the  mer- 
cury;   the  barometer  tube  fee,  open  at 
top,  reaches  nearly  to  the  bottom  of  the 
"Vessel  Aj  having  attached  to  it  a  scale 
whose  zero  coincides  with  the  level  of 
the  quicksilver.    On  the  right  is  marked 
a  scale  of  inches,  and  on  the  left  a  scale 
of  atmospheres. 

K  a  very  high  pressure  were  exerted, 
one  of  several  atmospheres,  for  example, 
an  apparatus  thus  constructed  would  re- 
quire a  tube  of  great  length,  in  which 
case  MarioUe's  mofnometer  is  considered 
preferable.  The  tube  being  filled  with 
air  and  the  upper  end  closed,  the  sur- 
face of  tT;ie  mercury  in  both  branches 
will  stand  at  the  same  level  as  long 
as  no  steam  is  admitted.  The  steam 
being  admitted  through  d,  presses  on 
the  surface  of  the  mercury  a  and  forces 


scale  of  inches 
and  another  of 
atmospheres ; 


Mariotte's 
manometer; 
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fta  mode  of 
actltin. 


Levelling  by 
means  of  the 
barometer ; 


it  up  the  branch  b  c,  and  the  scale  from 
i  to  c  marks  the  force  of  compression 
in  atmospheres.  The  greater  width  of 
tube  is  given  at  a,  in  order  that  the 
level  of  the  mercury  at  this  point  may 
not  be  materially  affected  by  its  ascent 
up  the  branch  b  c,  the  point  a  being  the 
zero  of  the  scale. 


Tig.  Ma 


m 

rftiii 
I. 'if 


-y 


'm 

• 


effect  of  change 
of  place  upon  the 
height  of  the 
barometer ; 


effects  of 
irregularity  of  the 
•arth^s  mrfkce ; 


§  286. — Another  very  important  use 
of  the  barometer,  is  to  find  the  dijQfer- 
ence  of  level  between  two  places  on  the 
earth's  surface,  as  the  foot  and  top  of  a 
hill  or  mountain. 

Since  the  altitude  of  the  barometer  depends  on  the 
pressure  of  the  atmosphere,  and  as  this  force  depends  uj-cn 
the  height  of  the  pressing  column,  a  shorter  column  will 
exert  a  less  pressure  than  a  longer  one.  The  quicksilvtr: 
in  the  barometer  falls  when  the  instrument  is  carried  from 
the  foot  to  the  top  of  a  mountain,  and  rises  again  when 
restored  to  its  first  position :  if  taken  down  the  shaft  of  i 
mine,  the  barometric  column  rises  to  a  still  greater  heigliL 
At  the  foot  of  the  mountain  the  whole  column  of  tie 
atmosphere,  from  its  utmost  limits,  presses  with  its  entire 
weight  on  the  mercury ;  at  the  top  of  the  mountain  this 
weight  is  diminished  by  that  of  the  intervening  stratum 
between  the  two  stations,  and  a  shorter  colunm  of  mercuiy 
will  be  sustained  by  it. 

It  is  well  known  that  the  surface  of  the  earth  is  not 
uniform,  and  does  not,  in  consequence,  sustain  an  equal 
atmospheric  pressure  at  its  different  points;  whence 
the  mean  altitude  of  the  barometric  column  will  rarr 
at  different  places.  This  furnishes  one  of  the  best  and 
most  expeditious  means  of  getting  a  profile  of  an  ex- 
tended section  of  the  earth's  surface,  and  makes  the 
barometer  an  instrument  of  great  value  in  the  hands  of 
the  traveller  in  search  of  geographical  information. 
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To  find  the  relation  which  subsists  between  the  alti- 
tudes of  two  barometric  columns,  and  the  difference  of 
level  of  the  places  where  they  exist,  conceive  the  atmo- 
sphere to  be  divided  into  an  indefinite  number  of  elementary 
horizontal  strata  of  equal  thickness,  and  so  thin  that  the  reiauon  between 
density  from  the  top  to  the  bottom  of  the  same  stratum  ^la^^^^^  * 
may  without  error  be  regarded  as  uniform,  the  density  difference  of  level 

/t  i  of  the  places : 

varying  from  one  stratum  to  another. 

Then,  commenciag  at  any 
elevated  position  0,  above 
the  level  of  the  sea,  denote 
by  jp  the  pressure  exerted 
upon  the  unit  of  surface  by 
the  whole  column  of  atmo- 
sphere above  this  point.  The 
density  of  the  stratum  of  air 
-4,  immediately  below  this 

point,  will  be  due  to  this  pressure ;  call  this  density  2?, 
then,  from  Mariotte's  law,  Eq.  (236),  will 

P   =    I^  D  f  elastic  preasure ; 

in  which  P  is  the  pressure  necessary  to  produce,  on  a  unit 
of  surface,  a  unit  of  density.  From  this  equation,  we 
have 

J)   ^^    P_^  density 

P  correepondii^; 

The  weight  of  so  much  of  this  stratum  as  stands  upon  a 
unit  of  surface  will  be 

J-  g  h  '  weight  of  a  small 

g  U  ht    =  P    •     -p-  \  oolomn  on  unit 

of  surface ; 

in  which  h  denotes  the  indefinitely  small  height  common 
to  all  the  strata,  and  g  the  force  of  gravity. 

The  pressure  upon  the  unit  of  surface  of  the  second 
stratum  JS,  will  be  p^  transmitted  through  the  first  stratum, 
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augmented  by  the  weight  of  this  stratum  fonnd  abore 
and,  denoting  this  pressure  by  p\  we  shall  have 


i''=i>+i'-^  =  i>(i  +  ^> 


prewure  on  uiiit  ^  gh,  (-%  Q^ 

ofeurfaoeof  '^  *^  *^    "  ** 

■econd  stratum ; 


Denoting  by  U  the  density  of  the  second  stxatnni  B^ 
we  have  again  by  Mariotte's  law 

y  =  pjy, 

or 

p. 

and  for  the  weight  of  this  stratum  upon  a  unit  of  sor&oe^ 


weight  of Mcond  ^..  _      —  j,  _ 


hiy=.p'-i^, 


etratam; 


Mme  under 
another  form ; 


and  substituting  the  value  of  ^',  found  above, 

The  pressure  upon  the  unit  of  surface  of  the  third  sbutom 
C,  will  be  the  pressure  jp',  transmitted  through  the  second 
stratum,  increased  by  the  weight  found  above  for  this  same 
stratum ;  hence,  denoting  this  pressure  by  p'\  will 


third  stratum ; 

and  in  the  same  way  will  the  pressure  p**\  upon  the  fourth 
stratum,  be  given  by  the  equation 


same  for  fourth 
stratum; 


i'"'  =  a(i  +  ^)\ 


and  so  on  to  the  surface  of  the  earth :  and  supposing  n  to 
denote  the  number  of  strata  between  these  limits,  then  will 
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pressure  upon 
unit  of  surface 
of  nih  itratum ; 


in  "wliicli  pn  denotes  the  pressure  at  the  lowest  station. 

Developing  the  second  member  of  this  equation  by  the 
binomial  formula,  and  dividing  by  p,  we  have 

P«         -t   .     5^^  .  n(n-l)   fh^  ,  n(n-l)(n-2)  o«A»     ,     »do  of  the  upper 

The  strata  being  indefinitely  thin,  the  number  in  any 
definite  altitude  will  be  indefinitely  great,  and  this  being 
the  ease  in  the  above  series,  it  is  obvious  that  the  numbers 
1,  2,  3,  &c.,  connected  with  n  by  the  minus  sign,  may  be 
disregarded  without  sensibly  impairing  the  result,  which 
will  give 

—  -  1  +  --p-    +  j-2p5  +  1.2.3P'  ^  ^'  -mereduced; 

But  the  second  member  is  equal  to 


e  '*' 


in  which  e  =  2.7182818,  the  base  of  the  Naperian  system 
of  logarithms.     Whence, 


jP»      jns~  same  under 

2}  dilferent  form ; 


But  n  being  the  number  of  strata,  and  h  the  common 
height  of  each,  nh  will  be  equal  to  the  difference  of  level 
between  the  first  and  last  points.  Calling  this  s,  and 
taking  the  Naperian  logarithm  of  both  members,  we  find, 
after  substituting  s, 


loff     ^*     =     ^^  .  Naperian 

^     p  jP    '  logarithm; 
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commoQ 
logarithm ; 


and  passing  to  the  common  logarithms 


M .  Log 


Pn  _  gz 


p 


P' 


in  which  M  denotes  the  reciprocal  of  the  modulus  of  uie 
common  system ;  whence  we  have 


difference  of 
lev**! ; 


MP     T 
z  =  •  Log 


ratio  of  premuret 
in  terme  of 
barom««tric 
columns : 


Bam<«  reduced  to 
a  standard 
temperature  T; 


Denote  by  6»  the  height  of  the  barometric  column  ai 
the  lower  station,  where  the  pressure  is  p^  and  by  fc  thit 
at  the  upper  station  where  the  pressure  is  p,  then  will 

Pn      ^    _*i^. 

p  b  ' 

and  reducing  the  barometric  column  b  to  the  temperatore 
of  bn  taken  as  the  standard,  we  have,  Eq.  (241), 

Pn      _    *« 


i[i  4-  (r-  y)  o.oooiooiy 


in  which  T  becomes  the  temperature  of  the  mercury  at 
the  lower,  and  I"  that  at  the  upper  station.  Moreover. 
we  have,  Eq.  (81)', 


Talae  of  force  of 
gniTity; 


A 


g  =  32.1808  [1  -  0.002551  cos  2  +], 


or 


value  for 
difference  of 
level ; 


g  =  g'  {l-  0.002551  cos  2  +); 

in  which  g'  =  32.1808,  the  force  of  gravity  in  the  latitude 
of  45°. 

Substituting  these  values  of  — ,  g,  and  the  value  of  P 
given  by  Eq.  (240),  in  the  value  for  z   above,  and  we  find 

_MD,,k„   1  -f  (/  -  y>^  o.ooaoe  p»,      i ^-| 

*""        JJ,       '   1  -  0.0(K551  coa  a  *    ^     ^L*     ^  l  +  cr—  'O0.U«M00|J' 
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Tn  tliis  it  will  be  remembered  that  t  denotes  the  tem- 
)eratiire  of  the  air ;  but  this  may  not  be,  indeed  scarcely 
ivcr  is,  the  same  at  both  stations,  and  thence  arises  a  dif-  ^'^"'^""y  •^»'n« 

^.  1/1  i-r»-  '^"*  difference  of 

iculty  m  applying  the  fonnula.     But  if  we  represent,  for  temperature  of 
Ei   moment,  the  entire  factor  of  the  second  member,  into  *''"  **  ^^"^  ^'^^ 

stations; 

which  the  factor  involving  t  is  multiplied,  by  X,  then  we 
may  write 

difference  of  level 
Z    =    [1    +    {t    -    32°)  0.00208]  X.  to,  con.Umt 

temperature ; 

If  the  temperature  of  the  hiver  station  be  denoted  by  t^, 
and  this  temperature  be  the  same  throughout  to  the  upper 
station,  then  will 

temperature 

«  =  [1  +  (/  -  32")  0.00208]  X.  throughout  th« 

'  •-  '  -•  same  as  at  lower 

station; 

And  if  the  actual  temperature  of  the  upper  station  be 
denoted  by  if',  and  this  be  supposed  to  extend  to  the  lower 
station,  then  would 

^  «'  =  [1  +  (^  -  82^)  0.00208] .  X.  "Z^T^pei 

station ; 

Now  if  t,  be  greater  than  ^,  which  is  usually  the  case, 

then  will  the  barometric  column,  or  J,  at  the  upper  station 

be  greater  than  would  result  from  the  temperature  t\  since 

the  air  being  more  expanded,  a  portion  which  is  actually 

below  would  pass  above  the  upper  station  and  press  upon 

the  mercury  in  the  cistern;  and  because  b  enters  the  de-  mean  value  of 

nominator  of  the  value  X,  z.  would  be  too  small.     A^ain,  ^**''«"»  ^ 

'     '  level,  the  true 

by  supposing  the  temperature  the  same  as  that  at  the  one ; 
upper  station  throughout,  then  would  the  air  be  more 
condensed  at  the  lower  station,  a  portion  of  the  air  would 
sink  below  the  upper  station  that  before  was  above  it,  and 
would  cease  to  act  upon  the  mercurial  column  6,  which 
would,  in  consequence,  become  too  small ;  and  this  would 
make  z'  too  great.  Taking  a  mean  between  z,  and  2'  as 
the  true  value,  we  find 
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true  value  for 
difference  of 
level ; 


value  tor 
diflTerence  of 
level; 


Z   = 


__    Z,    +    Z' 


=  [1  +  i{t,  +  ^'   —  64°)  0.0020S]  I 


Replacing  X  by  its  value, 


MD„h,,      1  +  i  (t,  +  t>  -  640)  O.O0a06  p_*,       1_ 

D,  1  —  O.002551  c*» 9 ♦  ^  *^^*  L  *    ^14.(7'— r) 


OJMiA- 


The  factor ''    '\  we  have  seen,  is  constant,  anJ  ii 

only  remains  to  determine  its  value.  For  this  prapjse. 
measure  with  accuracy  the  diflFereaoe  of  level  betveea 
two  stations,  one  at  the  base  and  the  other  on  the  saminit 
of  some  lofty  mountain,  by  means  of  a  Theodolite,  or 
levelling  instrument — this  will  give  the  value  of  z:  observe 
the  barometric  column  at  both  stations — ^this  will  gire  I 
and  J,;  take  also  the  temperature  of  the  mercury  at  tbs 
two  stations — this  will  give  T  and  T';  and  by  a  detached 
find  the  value  of  thermometer  in  the  shade,  at  both  stations,  find  the  values 

of  t^  and  t\  These,  and  the  latitude  of  the  place,  being 
substituted  in  the  formula,  every  thing  is  known  except 
the  coefficient  in  question,  which  may,  therefore,  be  found 
by  the  solution  of  a  simple  equation.  In  this  way,  it  is 
found  that 


the  coelBclent ; 


its  value ; 


K^uhiL  =  60345.51  English  feet ; 


final  value  for 
difference  of 
level ; 


which  will  finally  give  for  «, 


,•?;.    i  +  ia  +  f-64°)o.ooao8 


x  =  6034SUSl- 


1— 0.003551  cofl  9 


To   find   the   difference   of   level   between    any  ttro 

stations,  the  latitude  of  the  locality  mujst  be  known:  it 

will    then    only  be  necessary  to    note    the    barometric 

data  for  ttouBo;    columns,  the  temperature  of  the  mercury,  and  that  of 

the  air  at  the  two  stations,  and  to  substitute  these  ohaerved 
elements  in  this  formula. 


MECHANICS    OF    FLUIDS.  .  577 


Much  labor  is,  however,  saved  by  the  use  of  a  table  i*tiornT«d by* 
for  the  computation  of  these  results,  and  we  now  proceed 
to  explain  how  it  may  be  formed  and  used. 

Make 

60345.51  [1  +  (<,  +  «'-  64)  0.00104]  =  A, 


=  B. 


1  -  0.002551  cos  2  + 


1  +  {T  -  T')  0.0001 


=  a 


mode  of 
computing  one ; 


Then  will 


z  ==  AB  '  Log.  — ^-^, 

Z   =    AB  '    [Log.  C  +    Log.  bn    -    Log.  6]  ;  abbrevUUed 

«-»      J  ^  formula; 

and  taking  the  logarithms  of  both  members, 

Log.  z  =  Log.  A  +  Log.  B  +  Log.  [Log.  C  +  Log.  bn  —  Log.  b]  . .  (242).  tu  logarithm; 

Making  ^^  +  i^  to  vary  from  40°  to  162°,  which  will  be  variaUousoftiM 
sufficient  for  all  practical  purposes,  the  logarithms  of  the  *®"]p®'*'"'*  °' 
corresponding  values  of  J,  are  entered  in  a  column,  under 
the  head  J.,  opposite  the  values  t^  +  tf^  as  an  argument. 

Causing  the  latitude  4^  to  vary  from  0°  to  90°,  the  yariaiiona  la 
logarithms  of  the  corresponding  values  of  5  are  entered  **"'"^* 
in  a  column  headed  B,  opposite  the  values  of  +.   * 

The  value  of  7  —  T'  being  made,  in  like  manner,  to 
vary  from  —  30°  to  +  30°,  the  logarithms  of  the  cor- 
responding values  of  0  are  entered  under  the  head  of  (7, 
and  opposite  the  values  ot  T  —  T.  In  this  way  a  table 
is  easily  constructed.  That  subjoined,  was  computed  by  rariatioM  in 
Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Francis  ^^^^V^  ^ 
Bail y,  which  Ls  very  nearly  the  same  as  that  just  described, 
there  being  but  a  trifling  difference  in  the  coefficients. 
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Table  for  fimdiho  Altitudes 


Detached  Thennometer. 

» 

4o 

1 
A 

1 

:  75 

A 

no 

A 

;  i45 

1 

A 

4 . 7689067 

4.7859208 

4.8oaa936 

4.8180714 

4i 

. 769402 1   76 

.7863973 

III 

.8oa75a5 

i46 

.8i85i4o 

4a 

.7698971  '  77 

.7868733 

iia 

.8o3aio9 

147 

.8189559 

43 

.7703911   78 

.7873487 

ii3 

.8036687 

i48 

.8193975 

44 

.7708851  '  79 

.7878236: 

1 

ii4 

.8o4ia6i  1 

149 

.8198387 

45 

.7713785'  80 

.7882979 

ii5 

1 

.8o4583o 

!  i5o 

.8aoa794 

46 

.7718711  '  81 

.7887719 

!  116 

.8o5o395  ■ 

!i5i 

.8207196 

47 

.7723633  '  82 

.7892451 

:ii7 

.8054953  1 

l52 

.8aii594 

48 

.7728548  i  83 

.7897180 !  118 

.8059509  1 

ii53 

.8ai5988 

49 

.7733457  \   84 

.7901903 

119 

.8o64o58  i 

i54 

.8220377 

5o 

.7738363  'j  85 

.7906621 

lao 

.8068604  1 

1 

i55 

.8224761 

5i 

.7743261 

86 

.7911335 

lai 

.8073144 

1 56 

.8229141 

5a 

.7748153 

87 

.791604a 

laa 

.8077680 

i57 

.8a335i7 

53 

.7753042 

88 

.7920745 

ia3 

.8o8a2ii 

1 58 

.8a37888 

54 

.7757925 

89 

.7925441 

124 

.8086737 

159 

.8a4a256 

55 

. 7762802 

90 

.7930135 

ia5 

.8091258 

160 

.8a466i8 

56 

.7767674 

9« 

.7934822 

126 

.8095776 

161 

.8250976 

57 

.7772540 

92 

.7939504 

127 

.8iooa87 

162 

.8255331 

58 

.7777400 

93 

.7944182 

ia8 

.8104795 

i63 

8a5968o 

59 

.7782256 

94 

.7948854 

ia9 

.8109298 

164 

.8264024 

6o 

.7787105 

95 

.7953521 

i3o 

.8113796 

i65 

.8268365 

6i 

•  779 » 949 

96 

.7958184 

i3i 

.8118290 

166 

.8a727oi 

6a 

.7796788 

97 

.7962841 

1 3a 

.8122778 

167 

.8277034 

63 

.7801622 

98 

.7967493 

1 33 

.8127263 

168 

.8a8i362 

64 

.7806450 

99 

.7972141 

1 34 

.8131742 

169 

.8285685 

65 

.7811272 

100 

.7976784 

1 35 

.8i362i6 

170 

.8290005 

66 

.7816090 

lOI 

.798i4ai 

1 36 

.8140688 

171 

.8294319 

67 

.7820902 

102 

.7986054 

i37 

.8i45i53 

17a 

.8a98629 

68 

.7825709 

io3 

.7990681 

1 38 

.8149614 

173 

.8303937 

69 

.783o5ii 

io4 

.7995303 

139 

.8154070 

174 

.8307238 

70 

.7835306 

io5 

.7999921 

i4o 

.8i58523 

175 

.83ii536 

71 

.7840098 

106 

.8004533 

i4i 

.8162970 

176 

.83i583o 

7a 

.7844883 

107 

.8009143 

i4a 

.8167413 

177 

.8320II9 

73 

.7849664 

108 

.8013744 

143 

.8171852 

178 

.8324404 

74 

4.7854438 

1 
1 

109 

4.8018343 

1 44 

! 

4.8176285 

179 

4.8328686 
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WITH  THE  BaKOMETBR. 


Latitude. 

Attached  Thennometer. 

T 

B 

T-T 

0 

0 

oo 

0.0011689 

+ 

^— 

3 

.0011624 

oo 

0.0000000 

0.0000000 

6 

.0011433 

I 

.0000434 

9.9999666 

9 

.0011117 

a 

.0000869 

.9999181 

•   la 

.0010679 

3 

.0001808 

.9998697 

i5 

.0010124 

4 

.0001787 

.9998262 

i8 

.0009459 

5 

.0002171 

.9997828 

ai 

.0008689 

6 

.0002605 

• 

.9997898 

24 

.0007825 

7 

.0008089 

.9996959 

27 

.0006874 

8 

".0008478 

.9996624 

3o 

.0005848 

9 

.0008907 

.9996090 

33 

.0004758 

10 

.000484 I 

.9996655 

36 

.ooo36i5 

II 

.0004775 

.9996220 

39 

.0002433 

la 

.ooo52o8 

.9994786 

4a 

.oooiaa3 

i3 

.ooo5642 

.9994350 

45 

.0000000 

14 

.0006076 

.9998916 

48 

9.9998775 

i5 

.ooo65io 

.9998481 

49 

.9998872 

16 

.0006943 

.9998046 

5o 

•9997967 

17 

.0007877 

.9992611 

5i 

•9997566 

18 

.0007810 

.9992176 

52 

.9997167 

»9 

.0008244 

.9991741 

53 

.9996772 

ao 

.0008677 

.9991806 

54 

.9996381 

ai 

.0009111 

.9990870 

55 

.9995995 

aa 

.0009544 

.9990435 

56 

.9995618 

28 

.0009977 

.9990000 

57 

.9995287 

24 

.ooio4ii 

.9989664 

58 

.9994866 

25 

.0010844 

.9989129 

59 

.9994502 

26 

.0011277 

.9988694 

6o 

.9994144 

27 

.0011710 

.9988268 

63 

.9998115 

28 

.0012X43 

.9987828 

66 

.9992161 

29 

.0012576 

.9987887 

69 

.9991298 

3o 

.0018009 

.998696a 

75 

.9989852 

3i 

0.0018442 

9.9986616 

81 

.9988854 

90 

9.9988800 

580 


rule  for 
computing 
difference  of  lerel 
with  a 
baromeler ; 


NATURAL    PHILOSOPHY. 

Taking  Eq.  (242)  in  connection  with  tliis  table,  we  haye 
this  rule  for  finding  the  altitude  of  one  station  aboTe 
another,  viz. : — 

TaJce  the  logarithm  of  the  barometric  reading  ai  the  lowo' 
station,  to  which  add  the  number  in  the  column  headed  Ccfp> 
site  the  observed  value  of  T^  T',  and  subtract  from  Ods  sum 
the  logarithm  of  the  barometric  reading  at  the  upper  staJdm : 
take  Hie  logarithm  of  this  differen/ce^  to  which  add  the  nuirii^ 
in  the  columns  headed  A  and  B,  corresponding  to  the  absented 
values  of  t^  +  t'  and  4^ ;  the  sum  wili  be  the  Jogariihm,  af  ^ 
height  in  English  feet 

Example.  At  the  mountain  of  Guanaxuato,  in  Mexico 
M.  Humboldt  observed  at  the 


•Kunple  flfit ; 


i^fp0r  StaUmi, 

w    ^^^^^^^       ^^         ^   * 

o 

Detached  thermometer,  ^'  =70.4; 

t,  =  77?8. 

Attached           "           7"  =  70.4 ; 

T  =  77.6. 

Barometric  column,        b   =  28.66 ; 

bn  =  30.05. 

What  was  the  difference  of  level? 


Here 


ob«»rveddata;        ^  +  ^'  =  148 ;       ^  -  7'  =  7.2;       Latitude  2L 


i». 


height  of 
Guwaaxaato ; 


To  Log.    30.05  =  1.4778445 
Add  Cfor  7!2     =  0.0003165 


in. 


Sub.  Log.  23.66  = 

Log.  of  -    -    •    • 
Add  A  for  148° 
Add  jB  for  21"  - 

6885!l 


1.4781610 
1.3740147 

0.1041463  =  - 


1.0176439 
4.8198975 
0.0008689 

8.8379103 ; 


wheace  the,  mountain  is  6885.1  feet  high. 
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It  will  be  remembered  that  the  final  Eq.  (242)  was  de-  barometric 
duced  on  the  supposition  that  each  stratum  of  air  pressed  J™n  |^e^i8*no' 
with  its  entire  weight  on  that  below  it,  a  condition  which  wind; 
can  only  be  fulfilled  when  the  air  is  in  equilibrio — that  is  to 
say,  when  there  is  no  wind.     The  barometer  can,  therefore, 
only  be  used  for  levelling  purposes  in  calm  weather.     More- 
over, to  insure  accuracy,  the  observations  at  the  two  stations 
whose  difference  of  level  is  to  be  found,  should  be  made 
sim  ultaneously,  else  the  temperature  of  the  air  may  change  obBervationa  at 
during  the  interval  between  them;  but  with  a  single  in- rr^li. 
strument  this  is  impracticable,  and  we  proceed  thus,  viz. :  eimuitaneouaiy 
Take  the  barometric  column,  the  reading  of  the  attached 
and  detached  thermometers,  and  time  of  day  at  one  of  the 
stations,  say  the  lower;  then  proceed  to  the  upper  station, 
and  take  the  same  elements  there  J  and  at  an  equal  interval  or  at  equal 
of  time  afterward,  observe  these  elements  at  the  lower  *"'®^^********^' 
station  again ;  reduce  the  mercurial  columns  at  the  lower 
station  to  the  same  temperature  by  Eq.  (241),  take  a  mean 
of  these  columns,  and  a  mean  of  the  temperatures  of  the 
air  at  this  station,  and  use  these  means  as  a  single  set  of 
observations  made  simultaneously  with  those  at  the  higher 
station. 

Example,  The  following  observations  were  made  to  de-  example  aeeond; 
termine  the  height  of  a  hill  near  West  Point,  N.  Y. 


carper  Statimu  Lowtr  Statum, 

O)  (8) 

o  o  o 

Detached  thermometer,  i'  =  57 ;  <,   =  56      and  61. 

Attached  "  T  =  57.5 ;  T  =  56.5   and  63. .      obaerved  data; 

in.  in,  in. 

Barometric  column,       b   =28.94;  i«  =  29.62  and  29.63. 


First,  to  reduce  29.63  inches  at  63°,  to  what  it  would 

o 

have  been  at  56.5.     For  this  purpose,  Eq.  (241)  gives 


in. 


j(l  +  T-  T  X  0.0001)  =  29.63  (1  -  6.5  X  0.0001)  =  29.611.  ~<iucuo« 


682 


ndueed  column ; 


temperature  at 
lower  atation ; 


eomputatien ; 


height  of  the  hilL 


NATUBAL    PHILOSOPHY. 

Then 

K  =  29-62  +  29.611  ^    ^--^^^ 

«,  +  «'=  58!5  +  57°-    -    =  lists, 
T  -r  =  56?5  -  57!5  -    =  - 1. 

To  Log.    29!6106  =  1,4714458 
Add  G  for  -  1°     =  9.9999566 

^  1.4714024 

Sub.  Log.  of  28.94  =  1.4614985 

Log.  of    .    -    -    -     0.0099039  =  -  8.9958082 

Add  A  for  IIS'S =        4.8048112 

Add  £  for  41.4 =        0.0001465 

632^07 2.8007639; 

whence  the  height  of  the  hill  is  682.07  English  feet. 


XIIL 


FUICFS. 


Pumpa; 


§  287. — ^Any  machine  employed  for  raising  water  firom 
one  level  to  a  higher,  in  which  the  agency  of  atmospheric 
pressure  is  employed,  is  called  a  Pump.    There  are  various 
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kinds  of  pumps ;  the  more  common  are  the  srwhingy  forcing^  dubnnt  kind* 
and  lifting  pumps. 


Fig.  842. 


pMon-TBlre ; 


■leeping-Talre ; 


§  288. — The   Sucking-Pump   consists  of  a  cylindrical  sueung-pump; 
'body  or  barrel  jB,  from  the  lower  end  of  which  a  tube  i?, 
called  the  sucking-pipe,  descends  into  the  water  contained 
in  a  reservoir  or  well.    In  the  interior  of  the  barrel  is  a 
moveable  piston  (7,  surrounded  with  leather  to  make  itpwon; 
-water-tight,  yet  capable  of  moving  up  and  down  freely. 
The  piston  is  perfora- 
ted  in   the  direction 
of    the  bore  of  the 
barrel,  and  the  orifice 
is  covered  by  a  valve 
F  called   the  piston- 
valve,     which    opens 
upward ;     a     similar 
valve  U,   called  the 
sleeping-valvCj    at   the 
bottom  of  the  barrel, 
covers  the  upper  end 
of  the  sucking-pipe. 
Above    the    highest 
point  ever  occupied 
by  the  piston,  a  dis- 
charge- pipe  P  is  in- 
serted into  the  barrel ; 
the  piston  is  worked 

by  means  of  a  lever  ff,  or  other  contrivance,  attached  to 
the  piston-rod  G.     The  distance  A  A',  between  the  highest  , 

and  lowest  points  of  the  piston,  is  called  the  play.  To  ex-  play; 
plain  the  action  of  this  pump,  let  the  piston  be  at  its  low- 
est point.  J.,-  the  valves  B  and  F  closed  by  their  own 
weight,  and  the  air  within  the  pump  of  the  same  density 
or  elastic  force  as  that  on  the  exterior.  The  water  of  the 
reservoir  will  stand  at  the  same  level  LL  both  within  and  operation  of  uw 
without  the  sucking-pipe.     Now  suppose  the  piston  raised  ^^^^* 


D 


r 


dl8charge-plp«; 
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to  its  highest  point  A\  the  air  contained  in  the  barrel  and 

sucking-pipe  will  tend  by  its  elastic  force  to  occupy  the 

nction  during  the  spacc  which  the  pistou  leavcs  void,  the  valve  E  will,  there- 

"^^.^    *       fore,  be  forced  open,  and  air  will  pass  from  the  pipe  to  the 

barrel,  its  elasticity  diminishing  in  proportion  as  it  fills  a 

larger  space.  It  will,  therefore,  exert  a  less  pressure  on  the 

water  below  it  in  the  sucking-pipe  than  the  exterior  air  does 

on  that  in  the  reservoir,  and  the  excess  of  pressure  on  the 

part  of  the  exterior  air,  will  force  the  water  up  the  pipe  till 

the  weight  of  the  suspended  column,  increased  by  the  elastic 

equilibrium ;       forcc  of  the  internal  air,  becomes  equal  to  the  pressure  of 

the  exterior  air.     When  this  takes  place,  the  valve  E  will 

close  of  its  own  weight ;  and  if  the  piston  be  depressed, 

the  air  contained  between  it  and  this  valve,  having  its 

density  augmented  as  the  piston  is  lowered,  will  at  length 

have  its  elasticity  greater  than  that  of  the  exterior  air ; 

action  during  the  this  cxcess  of  elasticity  will  force  open  the  valve  F^  and 

**^*n'**^'**''      air  enough  will  escape  to  reduce  what  is  left  to  the  same 

density  as  that  of  the  exterior  air.     The  valve  F  will  then 

fall  of  its  own  weight ;  and  if  the  piston  be  again  elevated, 

the  water  will  rise  still  hfgher,  for  the  same  reason  as 

before.      This   operation  of  raising  and  depressing  the 

piston  being  repeated  a  few  times,  the  water  will  at  length 

enter  the  barrel,  through  the  valve  F^  and  be  delivered 

from  the  discharge-pipe  P.     The  valves  E  and  F  closing 

after  the  water  has  passed  them,  the  latter  is  prevented  from 

the  result  of  a      returning,  and  a  cylinder  of  water  equal  to  that  through 

'^Iton'^^'^*'**^^*  which  the  piston  is  raised,  will,  at  each  upward  motion,  be 

forced  out,  provided  the  discharge-pipe  is  large  enough. 

As  the  ascent  of  the  water  to  the  piston  is  produced  by 

the  difference  of  pressure  of  the  internal  and  external  air, 

it  is  plain  that  the  lowest  point  to  which  the  piston  may 

reach,  should  never  have  a  greater  altitude  above  the 

greatest  altitude   watcr  in  the  rcscrvoir  than  that  of  the  column  of  this 

u»e*piay;  "*'  ^    ^^^^  which   the  atmosphcrfc  pressure   may  support,   in 

vacuo,  at  the  place. 

From  a  little  reflection  upon  what  has  been  said  of  the 
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Fig.  848. 


to  find  the 
relation  of  the 
play  to  thtt  other 
diineiuions ; 


operations  of  tbis  pump,  it  will  appear  that  the  rise  of  feet  upon  which 
water,   during  each  ascent  of  the  piston  after  the  first,  ofthrwJtor-'*'* 
depends  upon  the  expulsion  of  air  through  the  piston- 
valve  during  its  previous  descent.     But  air  can  only  issue 
through  this  valve  when  the  air  below  it  has  a  greater 
density,  and,  therefore,  greater  elasticity,  than  the  external 
air ;   and  if  the  piston  may  not  descend  low  enough,  for 
want  of  sufficient  play,  to  produce  this  degree  of  compres- 
sion, the  water  must  cease  to  rise,  and  the  working  of  the 
piston  can  have  no  other  effect  than  alternately  to  com- 
press and  dilate  the  same  air  between  it  and  the  surface  of 
the  water.     To  ascertain,  therefore, 
the  relation  which  the  play  of  the 
piston    should    bear   to  the  other 
dimensions,  in  order  to  make  the 
pump  effective,  suppose  the  water 
to  have  reached  a  stationary  level 
JT,  at  some  one  ascent  of  the  piston 
to  its  highest  point  A\  and  that,  in 
its  subsequent  descent,  the  piston- 
valve  will   not  open,  but  the  air 
below  it  will  be  compressed  only  to 
the  same  density  with  the  external 
air,    when   the  piston   reaches   its 
lowest  point  A,    The  piston  may  be 
worked  up  and  down  indefinitely, 
within  these  limits  for  the  play,  with- 
out moving  the  water.    Denote  the  play  of  the  piston  by  a  ; 
the  greatest  height  to  which  the  piston  may  be  raised  above 
the  level  of  the  water  in  the  reservoir,  by  J,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge-pipe ;  the  notation; 
elevation  of  the  point  X,  at  which  the  water  stops,  above 
the  water  in  the  reservoir,  by  x ;  the  cross-section  of  the 
interior  of  the  barrel  by  B,      The  volume   of  the  air  Toiumeoftho 
between  the  level  X  and  A  will  be  X^the*p?rtoii 

is  at  its  lowest 

By,  (6  —  a;  —  a) ; 


hypothesis  In 
respect  to  rise  of 
water; 
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the  volume  of  this  same  air,  when  the  pistoa  is  raised  to 
A\  provided  the  water  does  not  move,  will  be 

Tolumo  of  same 

air  expanded  Jff  (6  —  x). 

when  piston  is  at 

^  ^^  ^  Represent  by  A  the  greatest  height  to  which  water  maj be 
supported  in  vacuo  at  that  place.  The  weight  of  the 
column  of  water  which  the  elastic  force  of  the  air,  when 
occupying  the  space  between  the  limits  JC  and  J.,  wi3 
support  in  a  tube,  with  a  bore  equal  to  that  of  the  barrel, 
weight  of  the      is  measured  by 

column  of  water  t^  >  v>  ^ 

which  the  flnt  nil  ,g  .  dj; 

will  support; 

in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.  The  weight  of  the  column  which  the  elasti: 
force  of  this  same  air  wiU  support,  when  expanded  between 
the  limits  X  and  A\  will  be 


weight  supported 
by  the  second ; 


Bh'.g.D; 

in  which  h'  denotes  the  height  of  this  new  column.    B^ 
from  Mariotte's  law  we  have 

5(6-x-a)    :    5(J-cc)    ::    BK g D    :    BhgD; 

whence 

....  A     =   A    •    ; . 

heighto;  6  —  X 

But  there  is  an  equilibrium  between  the  presure  of  the 
external  air  and  that  of  the  rarefied  air  between  the  limits 
X  and  A\  when  the  latter  is  increased  by  the  weight  of 
the  column  of  water  whose  altitude  is  x.  Whence,  omit 
ting  the  common  factors,  B^  2>,  and  g^ 


ratio  of  the 


eonditlon  of 


X  +'A  =  a;  +  A  •  — r — =  h; 


equilibrium;  b  —  x 


or,  clearing  the  fraction  and  solving  the  equation  in  refer 
ence  to  x,  we  find 


altitude  of  point 


aiiuncie  oi  point  i    »     ,     -i      /Tl i r~  ^«.  ^  ->» 
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When  X  has  a  real  value,  the  water  will  cease  to  rise,  ooDdiiton  or 
but  X  will  be  real  as  long  as  6^  is  greater  than  4  a  A.    K,  on  ■'**pp^®» 
the  contrary,  4  aA  is  greater  than  i*,  the  value  of  x  will 
be  imaginary,  and  the  water  cannot  cease  to  rise,  and  the 
pump  will  always  be  effective  when  its  dimensions  satisfy 
this  condition,  viz. : — 

4:ah  >  6«,  ' 

or 

...^^      P^    ,  oondition  of 

^    ^  f^  '  IncoHint  flow ; 

that  is  to  say,  the  play  of  the  piston  must  be  greater  than  the  rule  ibr  piay  of 

square  of  the  altitude  of  the  upper  limit  of  the  play  of  the  piston    *  ^  "'^^^ 

ahove  the  surface  of  the  water  in  ike  reservoir ^  divided  by  four 

times  the  height  to  which  the  atmospheric  pressure  at  the  place, 

where  the  pump  is  used^  will  support  water  in  vacuo.     This 

last  height  is  easily  found  by  means  of  the  barometer. 

We  have  but  to  notice  the  altitude  of  the  barometer  at  the  value  of* 

the  place,  and  multiply  its  column,  reduced  to  feet,  by  J^^eLr^* 

13^,  this  being  the  specific  gravity  of  mercury  referred  to 

water  as  a  standard,  and  the  product  will  give  the  value 

of  h  in  feet. 

Example.  Eequired  the  least  play  of  the  piston  in  a 
sucking-pump  intended  to  raise  water  through  a  height 
of  13  feet,  at  a  place  where  the  barometer  stands  at  28  example; 
inches. 

Here  J  =  18,      and      6«  =  169. 

tn. 

28 
Barometer,  r-r  =  2.383  feet.  <uu ; 

h  =  2^333  X  18.5  =  81.5  feet. 

Play        =  a  >  -^  =  j-^,-^  =  1.841+  ;  ««uti»gii»iifor 

•^  4A       4  X  81.5  pJ»y; 

that  is,  the  play  of  the  piston  must  be  greater  than  one 

anrl  onft  third  of  a  foot. 


and  one  third  of  a  foot. 
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The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water 
qtumtuyofwork  through  the  discharge-pipe  P,  is  easily 
ihe  ■ucking^       computed.    Suppose  the  piston  to  have 
pump;  any  position,  as  M^  and  to  be  moving 

upward,  the  water  being  at  the  level 
LL  in  the  reservoir,  and  at  P  in  the 
pump.  The  pressure  upon  the  up- 
per surface  of  the  piston  will  be  equal 
to  the  entire  atmospheric  pressure  de- 
noted by  A^  increased  by  the  weight  of 
the  column  of  water  MP\  whose  height 
is  c\  and  whose  base  is  the  area  B  of 
the  piston ;  that  is,  the  pressure  upon 
the  top  of  the  piston  will  be 


i%.  M4. 


rf    - 


-:t7-  e 


213 


Jl^ 


pressare  on  top 
of  piiton ; 


A  +  Bc'gD, 

in  which  g  and  D  are  the  force  of  gravity  and  densiiT  4 
the  water,  respectively.  Again,  the  pressure  upon  the  ui- 
der  surface  of  the  piston  is  equal  to  the  atmospheric  pns' 
sure  A,  transmitted  through  the  water  in  the  reservoir  ani 
up  the  suspended  column,  diminished  by  the  weight  of  tii-e 
column  of  water  NM  below  the  piston,  and  whose  l^se  is 
B  and  altitude  c;  that  is,  the  pressure  from  below  will  be 

A  -  BcgD, 

and  the  difference  of  these  pressures  will  be 

A  +  Bc'gD  "  {A  -  BcgU)  =  BgD{e  -f- c^; 

but,  employing  the  notation  of  the  sucking-pump  jos 
described, 

pressure  to  be 

overcome  by  the  C  -f-  c'  =  &  * 

power; 


pressure  on  the 
under  surfooe  of 
pttton; 


weight  to  be 
overcome ; 


whence  the  foregoing  expression  becomes 

Bb.g.D; 
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which  is  obviously  the  weight  of  a  column  of  the  fluid 

whose  base  is  the  area  of  the  piston  and  altitude  the 

height  of  the  discharge-pipe  above  the  level  of  the  water 

in  the  reservoir.     And  adding  to  this  the  eflfort  necessary  to  which  fricuoa 

to  overcome  the  friction  of  the  parts  of  the  pump  when  in  ^^^'^^•^ 

motion,  denoted  by  9,  we  shall  have  the  resistance  which 

the  force  F,  applied  to  the  piston-rod,  must  overcome  to 

produce  any  useful  effect;  that  is, 

T7         -nr       r\    »  value  ofthe 

F=  Bbgl)  +  (p.  motive  force; 

Denote  the  play  of  the  piston  by  p,  and  the  number  of  its 
double  strokes,  from  the  beginning  of  the  flow  through 
the  discharge-pipe  till  any  quantity  Q  is  delivered,  by  n; 
the  quantity  of  work  will,  by  omitting  the  effort  necessary 
to  depress  the  piston,  be 

Fnp  =  np  [Bh.gD  +  9];  quantity  of  work; 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p 
and  6  must  be  expressed  in  linear  feet  and  B  in  square 
feet,  and  substituting  for  g  D  \\a  value  62.5  pounds,  we 
finally  have  for  the  quantity  of  work  necessary  to  deliver 
a  number  of  cubic  feet  of  water  Q  =  Bnpj 

quantity  requiaite 

Fnp  =  np[62.5.Bb  +  <,}    .    .    (244);      „t2"or'cS;;r 

in  which  9  must  be  expressed  in  pounds,  and  may  be 
determined  either  by  experiment  in  each  particular  pump, 
or  computed  by  the  rules  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump 
must  be  very  irregular,  and  that  it  is  only  during  the 
ascent  of  the  piston  that  it  produces  any  useful  effect ;  ■ucking^pamp 
during  the  descent  of  the  piston,  the  force  is  scarcely  ^^^' '°  '** 
exerted  at  all,  not  more  than  is  necessary  to  overcome 
the  friction. 

§  289. — What  is  usually  called  the  UJling-pump,  does  ufiing-pump; 
not  differ  much  from  the  sucking-pump  just  described, 
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positions  of  the 
barrel  aiid  pipe 
reversed  in  tliis 
pump; 


except  that  the  barrel  and  Kg.  84fi. 

sleeping-valve  E  are  placed 
at  the  bottom  of  the  pipe,  and 
some  distance  below  the  sur- 
face of  the  water  LL  in  the 
reservoir;  the  piston  may  or 
may  not  be  below  this  same 
surface  when  at  the  lowest 
point  of  its  play.  The  pis- 
ton and  sleeping  valves  open 
upward.  Supposing  the  pis- 
ton at  its  lowest  point,  it 
mode  of  action;    wiU,   wheu  raiscd,   lift  the 

column  of  water  above  it, 
and  the  pressure  of  the  ex- 
ternal air,  together  with  the 

head  of  fluid  in  the  reservoir  above  the  level  of  the  slerp- 
ing-valve,  will  force  the  latter  open,  the  water  will  5ot 
into  the  barrel  and  follow  the  piston.  When  the  pist-.^ 
reaches  the  upper  limit  of  its  play,  the  sleeping-valve  vil. 
close  and  prevent  the  return  of  the  water  above  it.  Tis 
piston  being  depressed,  its  valves  F  will  open  and  tie 
water  will  flow  through  them  till  the  piston  reaches  is 
lowest  point.  The  same  operation  being  repeated  a  few 
times,  a  column  of  water  will  be  lifted  to  the  mouth  of  lie 
discharge-pipe  P,  after  which  every  elevation  of  the  pisior 
will  deliver  a  volume  of  the  fluid  equal  to  that  of  a  cv!- 
inder  whose  base  is  the  area  of  the  piston  and  whoa' 
altitude  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  and  without  the 
pump  will  be  in  equilibrio,  it  is  plain  that  the  resistance 
to  be  overcome  by  the  power,  will  be  the  friction  of  the 
rubbing  surfaces  of  the  pump,  augmented  by  the  weight  of 
a  column  of  fluid  whose  base  is  the  area  of  the  piston,  anii 
woric  estimated  altitude,  the  difference  of  level  between  the  surface  of  the 
by  the  same  rule  ^^^^  j^  ^\^q  reservoir  aud  the  discharge-pipe.     Hence  the 

BS  for  sucking-  o     x-  r 

pump;  quantity  of  work  is  estimated  by  the  same  rule,  Eq.  (2441 


the  result  of 
several  strokes 
of  the  piston ; 
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If  we  omit  for  a  moment  the  consideration  of  friction,  and 
take  but  a  single  elevation  of  the  piston  after  the  water 
has  reftched  the  discharge-pipe,  n  will  equal  one,  ip  will  be 
zero,  and  that  equation  reduces  to 


Fp  =  62.5  Bp  xb;  .1 

p' 

but  62.5  X  Bp  is  the  quantity  of  fluid  discharged  at  each 
double  stroke  of  the  piston,  and  b  being  the  elevation 
of  the  discharge-pipe  above  the  water  in  the  reservoir,  = 
we  see  that,  the  work  will  be  the  same  as  though  that "" 
amount  of  fluid  had  actually  been  lifted  through  this 
vertical  height,  which,  indeed,  is  the  useful  effect  of  the 
pump  for  every  double  stroke. 

§  290.— The    for-  f 

cing-pump  is   a   fur-  Fig-  848. 

ther   modification  of 

the  simple  sucking- 
pump.       The    barrel 

S  and  sleeping- valve 

£1  are    placed   upon 

the  top  of  the  auck- 

ing-pipe     M.        The 

piston  F  is   without 

perforation  and  valve, 

and   the  water,  after 

being  forced  into  the 
barrel  by  the  atmo- 
spheric pressure  with- 
out, as  in  the  sucking- 
pump,  is  driven  by 
the  depression  of  the 
piston  through  a  lat- 
eral pipe  ff  into  an 
air-vessel  A^,  at  the 
bottom  of  which   is 
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action  or  the 
air-vesself  second 
valve; 


•ecoud  a    second     sleeping-  Kg.  sift. 

sleeping  valve;      y^^y^   ^ /^     Opening, 

like  the  first,  upward. 
Through  the  top  of 
the  air-vessel  a  dis- 
discharge-pipe ;  charge-pipe  K  passes, 
air-tight,  nearly  to  the 
bottom.  The  water 
when  forced  into  the 
air-vessel  by  the  de- 
scent of  the  piston, 
rises  above  the  lower 
end  of  this  pipe,  con- 
fines and  compresses 
the  air,  and  this,  re- 
acting by  its  elastici- 
ty, forces  the  water 
up  the  pipe,  while  the 
valve  H^  is  closed 
by  its  own  weight 
and  the  pressure  from 
above,  as  soon  as  the 

piston  reaches  the  lower  limit  of  its  play.  A  fe* 
strokes  of  the  piston  will,  in  general,  be  suflScieiit  to  raise 
water  in  the  pipe  K  to  any  desired  height,  the  only  limi^ 
being  that  determined  by  the  power  at  commaDd  and  ^ 
strength  of  the  pump. 

During  the  ascent  of  the  piston,  the  valve  B'  is  closed 
and  E  is  open ;  the  pressure  upon  the  upper  surface  ot 
quantity  of  work  the  pistou  is  that  cxcrtcd  by  the  entire  atmosphere;  the 
n  orcng-pump,  pj.ggg^j^  upou  the  lowcr  surfacc  is  that  of  the  entire 
atmosphere  transmitted  from  the  surface  of  the  reservoir 
through  the  fluid  up  the  pump,  diminished  by  the  weigfi* 
of  the  column  of  water  whose  base  is  the  area  of  tie 
piston  and  altitude  the  height  of  the  piston  above  tie 
surface  of  the  water  in  the  reservoir ;  hence  the  resistant 
to  be  overcome  by  the  power  will  be  the  difference  o. 
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these    pressures,  whicli  is  obviously  the  weight  of  this  rMistanoe  to  be 
column  of  water.    Denote  the  area  of  the  piston  by  By  its  ^^'^r*  ^^  '*** 
lieight  above  the  water  of  the  reservoir  at  one  instant  by 
y,  and  the  weight  of  a  unit  of  volume  of  the  fluid  by  w^ 
then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

W.B.y;  lUmeMOie; 

and  denoting  the  indefinitely  small  space  described  by  the 
piston  from  this  position  by  5,  the  elementary  quantity  of 
work  will  be 

wBy.s.  ri«ii«.u,T 

**  quantity  of  work ; 

In  like  manner,  denoting  by  y\  y",  y'",  &c.,  the  different 
heights  of  the  piston,  and  by  «', «", «'",'  &c.,  the  correspond- 
ing elementary  spaces  described  by  it,  the  elementary 
quantities  of  work  of  the  power  will  be 

MUM  for  dUtoroBl 

wBy'  8',      wBy^s"^      wBy'^'a'",  &c.;  potitioBsof 

piston; 

and  the  whole  quantity  of  work  during  the  entire  ascent, 
will  be 

wiBy,  +  By'8'  +  By"s"  +  By'"  a'"  +  &a] ;         ':^^':;^'^ 

but  Ba  \&  the  volume  of  a  hori2X)ntal  stratum  of  the  fluid 
in  the  barrel,  and  Bs  X  y  is  the  product  of  this  volume 
into  the  distance  of  its  centre  of  gravity  from  the  surface 
of  the  fluid  in  the  reservoir ;  and  the  same  of  the  others. 
Hence,  if  y^  denote  the  height  of  the  centre  of  gravity  of 
the  play  p  of  the  piston,  in  other  words,  of  its  middle 
point,  then  will 

BvVs  =  ^y^  +  ^y'^'  +  ^y"«"  +  &C.;  «preJonfor 

tfaenme; 

and 

w .  Bp  .y, 
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will  measure  the  quantity  of  work  of  the  motor  dniing  ose 
ascent  of  the  piston.  During  the  descent  of  the  pistoc, 
the  valve  E  is  closed  and  E'  open,  and  as  the  columns 
of  the  fluid  in  the  barrel  and  discharge-pipe,  below  the 
horizontal  plane  of  the  lower  surface  of  the  piston,  will 
maintain  each  other  in  equilibrio,  the  resistance  to  be 
work  during  one  ovcrcome  by  the  power  will,  obviously,  be  the  weight  of* 
**^°  *  column  of  fluid  whose  base  is  the  area  of  the  piston,  aihi 

altitude,  the  diflference  of  level  between  the  piston  and 
point  of  delivery  P;  and  denoting  by  z^  the  distance  d 
the  central  point  of  the  play  below  the  point  -P,  we  sh£l 
find,  by  exactly  the  same  process, 

iUmoBfun;  wSp^ 

for  the  quantity  of  work  of  the  motor  during  the  de- 
scent of  the  piston;  and  hence  the  quantity  of  work 
during  an  entire  double  stroke  will  be  the  sum  of  these, 
or 

work  during  one  wBp(y,+Z,). 

double  stroke;  X' Vf/  // 

But  y^  +z^i3  the  height  of  the  point  of  delivery  P  abore 
the  surface  of  the  water  in  .the  reservoir,  and  denoting  thisj 
as  before,  by  6,  we  have 

Mine;  wBph; 

and  calling  the  number  of  double  strokes  n,  and  the  whole 
quantity  of  work  Q,  we  finally  have 

work  for  any 

number  of  double  Q  =  nW  ,  Bpb     ....      (245). 

ntrokoe; 

If  we  make  z,  =  y^,  or  6  =  2  y„  which  will  give  y,  =  -p 

mouon  made       the  quantity  of  work  during  the  ascent  will  be  equal  to 
toSdn'^um  •     *^^*  during  the  descent,  and  thus,  in  the  forcing-pump,  the 

work  may  be  equalized  and  the   motion  made  in  some 
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degree  regular.     In  the  lifting  and  eucking  pumps,  the 

motor  has,  during  the  ascent  of  the  piston,  to  overcome 

the  weight  of  the  entire  column  whose  base  is  equal  to  the  it  k  vorj 

area  of  the  piston,  and  altitude  the  difference  of  level  be- 1[|]^"'!°"" 

tween  the  water  in  the  reservoir  and  point  of  delivery,  and  Mioiiing-pii«in 

being  wholly  relieved  from  this  load  during  the  descent, 

when  the  load  is  thrown  upon  the  eleeping-valve  and  its 

box,  the  work  becomes  exceedingly  variable,  and  the 

motion  irregular. 


THE    SIPHON. 

§  291. — The  siphon  is  a  bent  tube  of  unequal  branches,  upbcm; 
open  at  both  ends,  and  is  used  to  convey  a  liquid  from  a 
higher  to  a  lower  level,  over 
an  intermediate  point  higher 
than   either;    and   although  '%■  **'■ 

its  discussion  more  naturally 
appertains  to  the  motion  of 

fluids,  its  analogy  with  the  tavipHa 

pumps,  renders  a  descrip- 
tion of  it  here  proper.  The 
siphon  having  its  parallel 
branches  vertical  and  plun- 
ged into  two  liquids  whose  modeofn 
upper  surfaces  are  aX  LM 
and  L'  M',  the  fluid  will  stand 

at  the  same  level  both  within  and  without  each  branch 
of  the  tube  when  a  vent  or  small  opening  is  made  at  0. 
If  the  air  be  withdrawn  hoia  the  siphon  through  this 
vent,  the  water  will  rise  in  the  branches  by  the  atmo- 
spheric  pressure   without,   and   when    the   two   columns 
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flow; 


ezpUiuiUoii ; 


ooDdiUonsoftbe  unite  and  the  vent  is  stopped,  the  liquid  will  flow  boz 
the  reservoir  J.  to  ^',  as  long  as  the  level  Zr'  if'vis  below 
LAT,  and  the  end  of  the  shorter  branch  of  the  siphoD  is 
below  the  surface  of  the  liquid  in  the  reservoir  A. 

The  cause  of  this  apparent  paradox  will  be  maniftst 
fix>m  the  following  consideration,  viz.:  The  atmospheric 
pressures  upon  the  surfaces  Zif  and  L'  J£\  tend  to  faroe 
the  liquid  up  the  two  branches  of  the  tube.     Wh^n  *ie 
siphon  is  filled  with  the  liquid,  each  of  these  pressures  is 
counteracted  in  part  by  th^  weight  of  the  fluid  column  in 
the  branch  of  the  siphon  that-  dips  into  the  fluid  upon 
which  the  pressure  is,exert- 
ed.    The  atmospheric  pres- 
sures  are  very  nearly  the 
same  for  a  diiference  of  level 
of  several  feet,  by  reason  of 
the  slight  densify  of  air.  The 
weights  of   the    suspended 
columns. of. water  will,  for 
the  same  difference  of  level, 
differ  considerably,  in  conse- 
quence of  the  greater  density 
of  the  liquid.      The  atmo- 
spheric pressure  opposed  to  the  longer  column  will  there- 
fore be  more  diminished  than  that  opposed  to  the  shorter, 
thus  leaving  an  excess  of  pressure  at  the  end  of  the  shorter 
branch,  which  will  produce  the  motion.     Thus,  denote  by 
A  the  intensity  of  the  atmospheric  pressure  upon  a  stiiface 
a  equal  to  that  of  a  cross-section  of  the  bore  of  the  siphoa: 
by  h  the  difference  of  level  between  the  surface  Zif  and 
the  bend  0  of  the  siphon ;  by  h'  the  difference  of  level  be- 
tween the  same  point  0  and  the  level  L  M^ ;  hj  D  the 
density  of  the  liquid ;  and  by  g  the  force  of  gravity:  then 
will  the  pressure,  which  tends  to  force  the  fluid  up  ihe 
branch  which  dips  below  LM^he 


moiioD  dae  t» 
the  exeem  of 
preatora  up  the 
ihorter  branch ; 


prewure  op  the 
■horter  branch ; 


A  —  ahDg ; 
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and   that  which  tends  to  force  the  fluid  up  the  branch 
itomersed  in  the  other  reservoir,  be 

A   —  ah'nn-  prewuro  up  the 

^         a/lJJg,  longer  bnuich; 

and  subtracting  the  second  from  the  first,  we  find 

pretture  which 
aDg  Qi'  —  A),  determines  the 

flow; 

for* the  actual  intensity  of  the  force  which  urges  the  fluid 
within  the  siphon,  in  a  direction  from  the  upper  to  the 
lower  reservoir. 

Denote  by  I  the  entire  length  of  the  siphon.  It  is 
obvious  that  this  will  be  the  distance  over  which  any  one 
stratum  will  move,  while  subjected  to  the  action  of  the 
above  force,  and  that  the  quantity  of  action  will  be  meaa- 

"Orea  by  quantity  of  acUoo 

in  passing  a 
a  D  g  (Jl'  —  K)L  siphon  full  IVom 

the  upper  to 
lower  rnervoir; 

The  mass  moved  will  be  all  the  fluid  in  the  siphon  which 
is  measured  hj  alD ;  and  if  we  denote  the  velocity  by  F, 
we  shall  have,  for  the  living  force  of  the  moving  mass, 

alD.Y\  UTiDgforoe; 

and  because  the  quantity  of  action  is  equal  to  half  the 
living  force,  we  find 

aDg{h'  -  A)Z  =  — ^ — ; 
whence 

V  =  y/2g{h'-hy,  rr'"'" 


flow; 


from  which  it  appears,  that  the  velocity  with  which  the  liquid 
will  flow  through  the  siphon^  is  equal  to  the  square  root  of 
twice  the  force  of  gravity,  into  the  difference  of  level  of  the  fluid 
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flow  will  ceaM 
wheo  the  water 
in  the  reservolre 
comes  to  same 
level ; 


practical 
application  of 
the  siphon ; 


mode  of  using  It 
for  draining 
purposes; 


greatest  elevation 
over  which  the 
water  may  be 
raised. 


in  the  two  reservoirs.  When  the  fluid  in  the  resoroirs 
comes  to  the  same  level,  the  flow  will  cease^  since,  in  thit 
case,  h'  —  h  =  0. 

The  siphon  may  be  employed  to  great  advantage  to 
drain  canals,  ponds,  marshes,  and  the  like.     For  this  pur- 
pose, it  may  be  made  flexible  by  constructing  it  of  leather, 
well  saturated  with  grease,  like  the  common  Tiose,  and  fur- 
nished with  internal  hoops  to  prevent  its  collapsing  by  the 
pressure  of  the  external  air. 
It  is  thrown  into  the  water 
to  be  drained,   and  filled; 
when,  the  ends  being  plug- 
ged up,  it  is  placed  across 
the  ridge  or  bank  over  which 
the  water  is  to  be  conveyed ; 
the  plugs  are  then  removed, 
the  flow  will  take  place,  and 
thus  the  atmosphere  will  be 

made  literally  to  press  the  water  from  one  basin  to  another, 
over  an  intermediate  ridge. 

It  is  obvious  that  the  difference  of  level  between  the 
bottom  of  the  basin  to  be  drained  and  the  highest  point  0, 
over  which  the  water  is  to  be  conveyed,  should  never 
exceed  the  height  to  which  water  may  be  supported  in 
vacuo  by  the  atmospheric  pressure  at  the  place. 


XV. 


MOTION    OP    FLUIDS. 


ifouon  or  fluids;  §  292. — ^Thc  purposc  now  is  to  discuss  the  laws  which 
govern  the  motion  of  fluids;  and  we  shall  begin  with 
those  that  relate  to  liquids.  Suppose  A  BD  C  U>  ^ 
any  vessel  containing  a  heavy  fluid  whose  upper  level  is 
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Kg.  S4e. 


V 


A.  B.  If  a  small  opening  a&  be 
made  in  the  vertical  side  of  the 
vessel,  the  pressure  from  within  will 
urge  the  fluid  out,  and  this  pres- 
sure being  greater"  as  we  descend 
to  a  greater  distance  from  the  upper 
surface  A  B,  the  fluid  will  flow  with 
a  greater  velocity  and  in  greater 
quantity  during  a  given  time,  in 
proportion  as  the  opening  is  made 
nearer  the  bottom.     The  quantity 

of  fluid  discharged  in  a  unit  of  time,  as  a  second,  is  called 
the  expense.  The  liquid  on  leaving  the  vessel  forms  a 
continuous  stream  called  the  vein  or  Jet,  which  takes  the 
form  of  the  curve  described  by  a  body  thrown  per- 
pendicularly from  the  aide  of  the  vessel  with  the  velocity 
which  the  fluid  has  at  its  exit,  and  afterward  acted  upon 
by  its  own  weight  This,  we  have  seen,  is  a  parabola. 
At  every  point  of  this  parabola,  the  weight  of  the  fluid 
tends  to  alter  its  velocity,  but  at  the  orifice,  the  ve- 
locity is  determined  solely  by  what  takes  place  within 
the  vessel. 

If  the  oriflce  be  in  the  horizontal  bottom,  as  at  a'  b', 
the  jet  will  be  vertical,  and  the  liquid  will  flow  down- 
ward; if,  aa  &t  d,  the  orifice  be  in 
a  horizontal  face  pressed  vertically 
upward,  the  jet  will  also  be  vertical,  Kg.  8Bo» 

and  the  liquid  will  ascend  on  leav- 
ing the  vessel.  In  general,  when 
the  sides  of  the  vessel  are  thiu,  the 
direction  of  the  vein  will  be  per- 
pendicular to  the  surface  through 
which  the  orifice  is  made. 


direction  of  Iha 
tbId  dMeriDliwd 
br  Itaa  hoe  ot  lb* 


I  293. — The  interior  surface  of  every  vessel  containing  houod  omagh 
a  heavy  fluid  is  subjected,  as  we  have  seen,  to  a  pressure  ''^'"™' 
therefrom,  which  depends  upon  the  extent  of  surface  and 
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FSfrttl. 


to  And  the 
Telocity  of  a  fluid 
flowinff  freely 
through  an 
orifloe  in  a  thin 
plate; 


permanent  flow ; 


equal  volumes 
flow  through  the 
difliarent  sections 
in  same  time ; 


data; 


the  distance  of  its  centre  of  gravity 
below  the  upper  level  of  the  fluid. 
At  the  moment  an  orifice  ab  is 
made,  the  fluid  at  its  mouth  is  urged 
by  this  pressure  to  leave  the  vessel, 
the  neighboring  particles  crowd  to- 
wards the  opening,  describing  paths 
which  converge  towards  and  lead 
through  it  This  movement  is  soon 
propagated  in  some  modified  degree 
to  all  parts  of  the  fluid,  and  speedily  each  point  of  spaa 
within  the  vessel  becomes  distinguished  by  the  constani 
velocity  which  every  particle  of  the  fluid  mass  that  passes 
through  it  will  there  possess.  It  is  firom  this  instant,  when 
the  motion  of  the  fluid  becomes  permanent,  that  we  are  to 
consider  the  flow. 

If  the  fluid  be  incompressible,  it  is  obvious  that  the 
same  volume  will  flow  through  each  horizontal  section  of 
the  vessel  above  the  orifice  in  the  same  time,  and  that  this 
volume  must  be  equal  to  that  dis* 
charged  through  the  orifice.     De- 
note by  A  the  area  of  the  section 
NB  of  the  interior  of  the  vessel,  at 
the  upper  surface  of  the  fluid ;  by  a 
the  area  of  the  orifice  MO;  by  s 
the  distance  through  which  the  up* 
per  stratum  NB  descends  in  any 
indefinitely  small  portion  of  time ; 
and  by  S  the  distance  0  0'  through 
which  the  stratum  at  the  mouth  of 
orifice  passes  in  the  same  time.    The  volume  of  the  fluid 
which  flows  through  the  section  NB  in  this  time  will  be 
measured  by  As;  and  that  through  the  orifice,  by  a S; 
and  because  these  must  be  equal,  we  have 


fig.  362. 


equal  Tolumes ; 


As  =  aS; 


whence 
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J  d  ratio  of  spaces 

-^    =    "j-«  and  areas  of 

^  "^  sections; 


But  because  the  distances  s  and  S  are  described  in  the 
same  time,  they  will  be  proportional  respectively  to  the 
velocities  of  the  strata  which  describe  them ;  and  denoting 
the  velocity  of  the  stratum  at  the  upper  surface  by  v,  and 
that  ol*  the  stratum  at  the  orifice  by  V]  we  have 


*     *^  .  ratio  of  spaces 

Jg  "Y^  and  yelocillea; 


■whicli,  substituted  above,  gives 

J^    _    ^  ratio  of  velociass 

y  ^  *  and  aroas ; 

That  is  to  say,  the  velocities  of  the  strata  are  inversely 
proportional  to  the  areas  of  the  sections  through  which 
they  flow,  and  from  which  we  obtain 

v  =  r.±    ....  (246).   :^ZS^ 

Again,  since  the  flow  is  permanent,  it  is  obvious  that 
the  living  force  of  the  fluid  ^pass  N'B'MQ  n^ust  always 
be  the  same.  Denote  this  by  L,  and  let  w  represent 
the  weight  of  the  fluid  mass  in  NBB'  N',  equal  to  that 
in  MM'0'0;  then  will  the  living  force  of  the  mass 
NBMQ  be 

r      I     ^  *J  llTlng  force  of 

"^    g       '  the  Interior  flnld; 

and  that  of  the  mass  B' N'  QM'CrOhe 

yj        2  that  of  a  portion 

L   +    —   V    \  within  and  thai 

9  at  the  Jet; 

and  subtracting  the  first  from  the  second,  we  find  for  the 
difference  of  living  force  of  tlie  same  mass  NBMQ,  and 


^ 
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difference  of 
liTtng  force  ol 
tne  Mme 


mass; 


work  of  the 
weight  of  the 
entire  fluid ; 


work  at  the  end 
of  any  short 
interral ; 

that  at  the 
beginning ; 


NATURAL    PHILOSOPHY. 

B'  N'  Q  MM'  0'  0,  moving  with  the  velocities  v  and  F 

respectively,  the  expression 


w 


(F*- A 


The  quantity  of  work  performed 
by  the  weight  of  this  same  mass 
in  the  interval  between  its  oc- 
cupying the  space  NBMQ^  and 
B'N'QM'O'O,  is,  as  we  have 
seen,  equal  to  this  weight  multi- 
plied  by  the  vertical  distance 
through  which  its  centre  of  gravity 
may  have  descended  in  the  interval. 
Let  (?'  be  the  centre  of  gravity 
of  the  whole  mass  when  in  the  position  NBMQ,  and 
Q"  when  it  occupies  the  space  B'  N' Q  M'  O'  0.  Denote 
the  vertical  distance  of  (?'  below  the  upper  surfiace  J5 
by  h\  that  of  0 "  below  the  same  surfEtoe  by  A",  and  tie 
weight  of  the  entire  fluid  by  TT,  then  will  the  quantity  d 
work  of  this  weight  be 

WQi"  -  AO  =  TTA"  -  Wh'; 

and  calling  the  distance  of  the  centre  of  gravity  of  the 
mass  MM'O'  0  below  the  upper  surface,  h'" ;  that  of  the 
centre  of  gravity  of  the  mass  N'  B'  MQ  below  the  same 
surface,  I;  and  denoting  the  weight  of  this  latter  mass  bv 
TT';  we  have,  from  the  principles  of  the  centre  of  grarity, 

TTA"  =W'l  +  w  A'", 

in  which  J  s  denotes  the  distance  of  the  centre  of  pvstj 
of  the  mass  NB B'  N'  below  the  surface  N B;  whence  . 


work  during  the 
interval ; 


Wh"  -  WA'  =  w{h"'  -  Js); 
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but  A'"— J  5  is  the  vertical  distance  between  the  centres  of 
gravity  of  the  masses  N B B'  N'  and  MM'  (7  0,  and  when 
these  masses  are  considered  as  elementary,  this  distance 
becomes  the  depth  of  the  centre  of  gravity  of  the  orifice 
below  the  upper  level  of  the  fluid.  Denote  this  distance 
by  A,  and  the  quantity  of  work  of  the  weight  of  the  fluid 
while  the  stratum  NB  is  passing  to  iV' J5',  and  the  stratum 
MO  to  M'  0',  becomes 

V)h,  the  taffle ; 

If  the  upper  surface  be  subjected  to  any  pressure,  as  that 
of  a  piston  or  the  atmosphere,  then  will  the  quantity 
of  work  due  to  this  pressure  be 

elementary  work 
p  A  S  ^  fVom  external 

pressure  above ; 

in  which  p  denotes  the  pressure  exerted  upon  the  unit  of 
surface.  If,  moreover,  the  fluid  at  the  orifice  be  also  sub- 
jected to  a  like  pressure  inward,  this  pressure  would  be 
transmitted  to  the  lower  face  of  the  stratum  whose  area  is 
A,  and  its  work  would  be  measured  by 

elementarj  work 
p'  As  y  from  external 

preeaare  below ; 

and  taking  the  difference,  we  have,  for  the  effective  work 
of  these  pressures, 

eflbctive  work  of 
{p'  -^  p)  As,  external 

pressures; 

Now  A  s  Dg  =  w^  from  which 

t^  Tolnmeofthe 


stratum; 


and,  substituting  this  above,  we  have 

w 

{p'  —  p)As  =  {p'  —  p)  jj- ;  effectire  work; 

if 

whence  the  whole  quantity  of  work  due  to  the  weight  of 
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the  fluid  and  the  pressures  at  the  upper  sur&oe  and  tk 
orifice,  becomes 


work;  ^^  ^'  Dg^ 

and  because  the  difference  of  the  living  force  at  the  begin- 
ning and  end  of  any  interval,  is  equal  to  twice  the  quantirv^ 
of  action  in  this  interval,  we  have 

qaanUtyofwork  v;      __fl  f  V*  ^  V\ 

equal  half  gala  —  (7^  -  t;>)  =  2  W;  ( A  +        y.  ); 

oflivlng  force;  g  \  U  g     / 

or,  dividing  out  the  common  factor,  multiplying  by  y, 
and  substituting  for  v  its  value,  given  in  Eq.  (246),  »« 
have 


r'-7'.|  =  2(.»  +  ?^), 


whence 


Telocity  of 
through  the 
orifice; 


F  =      /  -^ ^-L     .     .     (247> 


If  p  and  p>  denote  the  atmospheric  pressures  upon 
the  unit  of  surface,  they  become  equal  when  the  altitude 
of  the  fluid  above  the  orifice  is  not  very  great,  in  which 
case 


Muae  when  the 


preMoresattop  /     2yA  . 

and  orifice  are  ^    —      j  "jT  •      •      •      •       \£r*Q) , 

the  same;.  V      1  —  ^ 

and  if  the  area  of  the  orifice  be  very  small  as  compared 

with  that  of  the  upper  surface  of  the  fluid,  the  fi^action 

a* 

-7^  will  be  so  small,  that  it  may,  without  sensible  error,  be 

Ar 

omitted ;  in  which  case,  the  fluid  at  the  surface  will  be  tX 
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30iiiparatiye  rest  while  it  flows  through  the  orifice,  and 

, velocity  of  egTMM 

F  =   V  2gh;  through  a  very 

small  orifloe ; 

that  is  to  say,  when  a  liquid  is  flowing  through  a  small 
orifice  in  the  side  or  bottom  of  a  large  vessel,  its  velocity  is 
equal  to  the  square  root  of  twice  the  force  of  gravity  multiplied  rule; 
hy   the  depth  of  the  centre  of  gravity  of  the  orifice  below  the 
upper  surface  of  the  fluid. 

It  is  apparent  from  the  form  of  the  above  expression, 
that  this  velocity  is  the  same  as  that  acquired  by  a  heavy  ToiocUy  same  as 
body  while  falling,  in  vacuo,  from  a  state  of  rest,  through  ^^]J^^^ 
the   distance  of  the  orifice  below  the  fluid  level.     The  iwiing  through 
distance  h  is  called,  in  the  case  of  discharging  fluids,  the  ^^^?^  **' 
generating  load, 

K  a  be  equal  to  A^  that  is,  if  the  bottom  of  the  vessel 
be  removed,  then  will,  Eq.  (246), 

t;=  F. 

The  space  described  uniformly  by  the  stratum  of  fluid 
at  the  orifice  in  a  unit  of  time  being  F,  the  expense, 
estimated  in  volume,  will  be 

^  TT.  ezpeoaaia 

^  Tolume ; 

and  in  weight, 

a  VDg.  In  weight; 

So  that,  if  t  denote  the  time  of  flow,  expressed  in  seconds; 
Q  the  quantity  in  volume,  and  Q'  the  quantity  in  weight 
discharged,  then  will 

quantity  in 

Q    =:   aVt (249),        Tolumeina 

given  time ; 
quantity  in 

q  —    aVDgt      ....      (250);       weight  in  agiyw 


time; 


in  which  i?^  is  the  weight  of  the  unit  of  volume. 
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data; 
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Eocample,  The  upper  sur&ce  of  tlie  water,  wbkh  a 
15  feet  above  the  centre  of  gravity  of  the  orifice,  is  presed 
with  an  intensity  equal  to  20  pounds  upon  the  sqaai? 
foot ;  the  area  of  the  orifice  being  0.02  of  a  foot  Wb: 
is  the  velocity  of  egress,  and  what  the  expense  ?  Here,  tie 
atmospheric  pressure  upon  the  piston  and  at  the  ori&e 
being  the  same, 

^'  —  J)  =  20  pounds, 

Z)=  1, 

A  =  15, 

^  =  32  nearly ; 


Telocity  of 
egrets; 


quantity  in 
volume  In  one 
second; 

quantity  in 
pounds  in  one 
second. 


and  neglecting  the  small  fi*action  ^r^,  we  find,  fix>in  £q. 
(247), 


F=  V30  X  32  +40  =  81.6  feet; 


and  for  one  second, 


Q   =  0.02  X  81.6  =  0.682  cubic  feet^ 


/««. 


(^  =  62.5  X  0.632  =  39.5  pounds. 


XVI. 


MOTION    OP    GASES    AND    VAPORa 


Motion  of  gases 
and  vapors ; 


§  294. — In  the  preceding  case,  we  have  supposed, 
1st,  that  the  volume  of  the  fluid  which  escapes  through 
the  orifice,  is  equal  to  that  which  passes,  during  the 
same  time,  through  any  interior  horizontal  section  of  the 
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Fig.  863. 


^5g^.-^^^^^ 


vessel;  2d,  that  the  density  in  all  parts  of  the  vessel 
remains  the  same:  both  of  which  suppositions  are  sensibly 
true  for  liquids,  but  are  not  so  in  the  cases  of  gases  and 
vapors. 

When  fluids  of  this  latter  class  are  confined  and  sub- 
jected'to  any  compressing  action,  as  that  of  a  piston,  and 
are  permitted  to  escape  through  an  orifice  at  which  the 
resistance  of  external  pressure  is  too  feeble  to  retain  them, 
the  density,  tending  as  it  always  does  to  conform  to  Mari- 
otte's  law,  will  be  greater  at  the  piston  where  the  pressure 
is  greatest,  than  at  the  place  of  egress  where  it  is  least. 
Again,  the  motion  being  permanent,  the  same  amount,  in 
weight,  of  gas  will  flow  through 
any  section  A*  B'  of  the  vessel  as 
through  the  orifice  ah;  but  the  den- 
sities at  these  places  being  different, 
the  volumes  of  these  equal  weights 
will  also  be  different.  In  these  par- 
ticulars, the  circumstances  attending 
the  motion  of  gases  and  vapors  dif- 
fer from  those  of  liquids. 

To  find  the  velocity  of  egress  at 
the  orifice,  we  remark,  that  the 
fluid  is  subjected,  as  in  the  case  of 
liquids,  to  the  action,  1st,  of  its 
own  weight;  2d,  to  that  of  the 
opposing  pressures  at  the  piston  and 
orifice;    and  3d,  to  the  additional 

action  arising  from  the  repulsions  of  the  particles  for  each 
other,  this  latter  producing  expansion  whenever  the  pres- 
sure from  without  will  permit  it.  The  quantity  of  work 
upon  the  stratum  issuing  through  the  orifice,  due  to  the 
weight  of  the  fluid  mass,  is,  as  we  have  seen,  measured  by 
wh;  in  which  w  denotes  the  weight  of  the  stratum,  and  h 
the  height  of  the  fluid  above  the  orifice.  To  find  the 
work  due  to  the  pressures,  denote  the  pressure  upon  a 
unit  of  surface  at  the  piston  by  jp;  that  on  the  same 


both  the  volnme 
through  different 
sections  and 
density  vary; 


density  greatest 
at  piston  and 
least  at  orlflce; 


B 


equal  quantitlea, 
by  weight,  will 
flow  through  the 
dUforent  section! 
in  the  same  time : 


the  volumes  of 
these  will  be 
different ; 


the  forces  which 
act:  weight, 
pressure  from, 
the  piston,  and 
molecular 
repulsion ; 


work  of  the 
weight ; 


to  find  the  work 
due  to  the 
pressures; 
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notation ; 


the  eqaal 
weights ; 


volumes 
iDvereely  as 
densities ; 


densities  directly 
as  pressures; 


extent  of  surface  at  the  orifice  by 
^y ;  the  area  of  the  piston  by  A  ; 
that  of  the  orifice  by  a;  the  dis- 
tance between  any  two  consecutive 
positions,  as  ^  ^  and  A' B\  of  the 
piston  by  s;  the  distance  between 
the  two  corresponding  positions  ah 
and  a'V  of  the  stratum  at  the 
orifice  by  S,  Then,  because  the 
weights  of  the  volumes  ABB* A' 
and  ahV a'  of  the  fluid  are  equal, 
we  have 


AsDg  =  aSiyg     . 


Kg:  SSa. 


.    (251); 


in  which  D  and  D'  denote  the  densities  of  the  gas  at  the 
piston  and  orifice,  respectively,  and  g  the  force  of  graTity. 
Whence 


A$ 


But  by  Mariotte's  law  the  densities  are  directly  prc^ 
tional  to  the  pressures,  hence 


relation  of 
volumes  and 
pressures; 


loss  or  gain  of 
work  due  to 
pressure ; 


which  substituted  above,  gives 

aS         p 


(252> 


Clearing  the  fraction  and  transposing,  we  find 

p  .  As  ^  p'aS  ==  0. 

But  ^  A  is  the  pressure  on  the  whole  extent  of  the  piston, 
and  pAs  is,  therefore,  the  whole  work  of  this  pressure, 
also  j^'  a  is  the  pressure  on  the  surface  of  the  stratara  of 
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fluid  in  the  orifice,  and  p'  aS  is  the  quantity  of  work 
of  this  pressure ;  and  as  these  quantities  of  work  are  pro- 
duced in  the  same  time,  we  see  that  the  loss  or  gain  of  this  u aero; 
work,  due  to  these  pressures,  is  zero. 

The  quantity  of  work  due  to  the  molecular  actions,  to  And  qnanuty 
arises  in  consequence  of  the  expansion  which  takes  place  ^^T**'"^,  **"**** 

^  *  ^  molecular  action ; 

when  the  gas  passes  from  the  pressure  p,  within  the  vessel 
and  near  the  piston,  to  the  pressure  p',  at  the  mouth  of 
the  orifice.     The  amount  of  this  work  is  directly  propor- 
tional to  the  primitive  volume  expanded  during  the  change  ufsdireeuy 
of  pressure ;  if  the  primitive  volume  to  be  expanded  be  PJ^'^^J^?^  ^ 
doubled,  tripled,  or  quadrupled,  &c.,  the  quantity  of  the  volume  to  be 
work  will  be  doubled,  tripled,  quadrupled,  &c.     Hence,  **^"  *  ' 
taking  a  cubic  foot  of  the  gas  under  the  pressure  p,  and 
denoting  the  quantity  of  work  due  to  the  expansion,  cor- 
responding to  a  change  from  the  pressure  p  to  the  pressure 
p'y  by  -E',  then  will  the  work  due  to  the  expansion  of  the 
volume  A  BB' A'  to  abb'  a',  be  measured  by 

work  of  tho 
4  jTf  .  expansion  flrom 

-^  •  *  •  -^'  the  volume  at  the 

*  piston  to  that  ai 

But  since  w  denotes  the  weight  of  the  gas  in  the  volume  "*'*** ' 
A£B'A\weheiYe 


whence 


and 


w  —  Aag  D;  weightof the 

Btratum ; 


-^*  —  TT5>  its  volume ; 

9^ 


A  .8  .E=i  ^^-^:  ^o^"^  «««•  *o 


g  D  ^  expansion ; 

whence  the  whole  quantity  of  action  or  work  due  to  the 
weight  and  expansion  of  the  fluid  will  be 


work  title  to 


ton  +  W   •  — =:  =  10  [h  +  — jr],  '  expausiunofthe 

(JJ^  \  gDI  stnrtum; 
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liTing  foroe  equal 
to  twice  quantity 
of  ftctlon ; 


Denoting,  as  before,  the  velocity  at  the  piston  by  v,  and 
that  at  the  orifice  by  V,  we  have,  fix>ni  the  principle  of 
living  forces, 


or 


V-^  =  2gh  + 


2E 
D 


.     .    (25S). 


Prom  Eq.-(252)  we  have 


relation  of 
elementary 
patha; 


and  the  spaces  s  and  S^  being  described  in  the  aame  time, 
they  are  to  each  other  as  the  velocities  v  and  V^  henoe 


•ame  as  ratio  of 
velocitlet; 


Telocity  at 
piiton; 


or 


V  ^  p  a 

V  ""  JA' 


pA 


which  substituted  in  Eq.  (253)  for  v,  we  find 


r-(i  -  0  =  .,.  +  ^. 


Making 


the  above  gives 


Taloe  for  the 
velocity  of 


=  iv/ 


2gh  + 


2E 
D 


(254> 
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It  remains  to  find  tlie  value  of  E.    For  greater  sim-  to  And  the  wo* 
plicity,  let  ns  take  for  the  primitive  volume  of  gas  a  unit  exp^tonof* 
or  cubic  foot ;  and  suppose  this  unit  of  volume  to  be  con-  unit  of  volume, 
tained  in  a  tube,  of  which  the  area  of  the  internal  cross-  ^remxm  to 
section  is  a  unit  of  surface,  or  square  foot,  so  that  in  its  "><>"»"» 
primitive  condition,  under  the  pressure  jp,  the  length  of 
the  tube  it  occupies  will  be  the  linear  unit,  one  foot 
When  the  pressure  is  reduced  to  jp',  the  volume  becomes 
dilated,  and  because  the  volume,  and  therefore  the  length, 
since  the  base  is  supposed  constant,  is  inversely  as  the 
pressure,  we  have,  calling  the  new  length  2,  . 

p    \    p'    :  I     I    I    1\ 
whence 

1  p  new  lengtli  of  tlw 

"^f  volume  of  gu; 

The  path  described  by  the  moveable  face  of  the  cubic 
foot  of  the  gas,  during  the  expansion,  will  be 

I  ]^  — -   P_  _  J  --  P        P  expauion  during 

p'  p*      '  tbeduuise; 

Dividing  this  path  into  two  equal  parts,  and  adding  one 
of  them  to  unity,  the  original  length,  we  have 

*p  tp*         4)  J.  p'  length  when  the 

i  -f"   — q'     f —  =  — — — ;; — >  expansion  IB  half 

^P  ^P  completed; 

for  the  length  of  the  fluid  when  its  expansion  is  half 
completed;  and  denoting  the  corresponding  pressure  by 
p^^  we  have,  by  Mariotte's  law, 


whence 


p  +  p' 
1    •   %^    -'  P,    '  Pi 


__    ^ PP  coireaponding 

jp  -h  p''  pneiaure ; 
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If  we  now  observe  that  the  consecative  pressures  are 


Che  three 

consecutive 

preHoree; 


A 


sjid  p' ; 


•pace  deacribed 
by  the  preaeure 
while  its  yaloe  is 
chuigiDg  from 
the  firat  to 
•eoond; 


and  that  the  constant  space  psussed  over,  during  the  inter- 
val which  separates  the  instants  in  which  these  preasoroB 
are  exerted,  is 

P-P\ 


2p 


f    J 


the  computation  of 
the  total  work  be- 
comes easy  by  the 
rule  given  in  §  48. 
For  this  purpose, 
take 


Fig.  3M. 


AG=  OB 


and  erect  the  perpendiculars 


_  j?--y 


2p 


t   f 


determination  of 
the  work; 


AM  =  p, 

P   +P 

m 

BM"  =  p'; 

join  the  points  if,  M',  and  M";  the  area  ABM"  M  wiH 
be  the  value  oiE:  that  is  to  say,  the  value  of  the  quantity 
of  work  performed  by  the  gas  during  its  expansion.  But 
this  area  is,  by  the  rule  just  referred  to,  measured  by 


its  ralue ; 


^AC{AM+4:CM'  +  BM"); 


and,  substituting  the  values  above,  we  have 
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wMch,  substituted  for  JE,  in  Eq.  (254),  gives 


value  of  velooity 
in  terma  of 
prefesuret: 


F=-i  V2?*  +  0-^^^"**J+?+^'>  •  •  (255). '■"»""  Of 

When  the  orifice  is  small,  as  compared  with  the  area  of 
the  piston,  the  fraction 

may  be  neglected,  and  K  will  become  equal  to  unity. 
Moreover,  the  term  2  gh,  in  the  case  of  gases,  is  scarcely 
ever  appreciable  in  practice ;  making  these  suppositions, 
Eq.  (255)  becomes 


The  pressures  p  and  j?'  are  usually  ascertained  by  means 

oi  gauges,  or  manometers,  as  they  are  sometimes  called,  and  use  of  gauges  to 

it  will  be  convenient  to  express  the  velocity  of  eeress  in  **®'®™*"®  "»• 

^  ^  o  pressures; 

terms  of  the  indications  of  these  instruments.  For  this 
purpose,  denote  by  h  the  height  of  a  column  of  mercury 
resting  on  a  unit  of  surface,  and  whose  weight  is  equal  to 
p,  and  by  h'  the  same  for  the  pressure  j^';  then,  denoting 
the  density  of  the  mercury  by  i?^^,  will 

P  =  g^D,,,      and     p'  =  gh'D,,; 


which,  substituted  above,  give 


velocity  in  terma 
the  indications 
the 

manometer ; 
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in  which  V  will  be  expressed  in  feet,  g  being  equal  to  32 
feet  very  nearly,  and  i)„  equal  to  13.5  nearly. 

The  expense  e,  in  volume,  will  be  gireu  by  the  equa- 
tion 

e  =  aV (258); 

and  the   quantity  Q  ia  volume,  discharged  in  a  given 
time  t„  expressed  in  seconds,  will  be  known  from 


Q  =  aVt,. 


in  which  a  must  be  expressed  iu  square  feet  The  density 
.D,  it  will  be  remembered,  is  that  of  the  fluid  in  the  vessel 
near  the  piston,  where  the  pressure  is  ^ ;  the  density  D', 
which  the  fluid  assumes  on  leaving  the  orifice,  is  deter 
mined  by  the  pressure  p',  and  is  connected  with  I>,  ac- 
cording to  Mariotte's  law,  by  the  relation 


IT 


=  n£-. 


quBoUly  In 
weighl 
dlKbirged  in 


Hence,  the  expense  § ',  in  weight,  will  be  given  by 

Q'  =  D'gar=  DgaV^  .    .    (260); 

and  the  quantity  Q"  in  weight,  discharged  in  the  time  *,, 

Q"  =  DgaV~t,.    .    .     (261); 


in  which  a  must  be  expreas- 
ed  in  square  feet,  as  above. 

The  density  D  ia  com- 
puted by  Eq.  (240)'. 

Example,  The  open  gauge, 
connected  with  a  gasometer, 
containing  heavy  carbureted 
hydrogen,  shows  a  difference 
of  level  in  the  mercury  of  8 


Fig.  35S. 
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inclies;  the  barometer  in  the  air  stands  at  28  inches; 
the  thermometer  of  the  gasometer,  at  52° :  required  the  eomutioia; 
velocity  with  which  the  gas  will  flow  into  the  open  air, 
and  the  volume  and  weight  discharged  through  an  ori- 
fice 0.02  of  a  square  foot  of  area  in  20  minutes  =  1200 
seconds. 


Here, 


A  -  A'  =    8  inches  =  0.666  feet, 

h:  =  28     "       =  2.838    "  ;  d.ui 


whence 


A    =  86     "       =  8.000    " 
i)..=  18.5 


// 


(7    =  82 

t    =  52°; 

and  from  Eq.  (240)',  after  substituting  the  values  of  h  and 
U  above,  and  that  of  i>„  in  the  table,  page  533,  for  heavy 
carbureted  hydrogen,  we  find 

J.   __    0.00127 86 _    r.r^..r^ 

30      ^  1  4-  (52  -  32)  0.00208  ""  ^'^^^^  5      *»»"»^5 
and  these  values,  in  Eq.  (257),  give 

/Z  isifi  0.666       .     ,  8  X  8  X  2.8S8  .  ~       A 

'^^  V  "'^  •  irx5M45^2l»i3^(^+     8  +  2.833     +8-''«8)=««8-02.  ^.,. 

Substituting  this  and  the  numerical  values  of  a  and  t,  in 
Eq.  (259),  we  find 

Q  =  0.02  X  668.02  X  1200  =  16032.00  cubic  feet.       J^i^f.*" 

The  quantity  Dff,  in  Eq.  (261),  is  the  weight  of  a  cubic 
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qiuatlly  In 
weight. 


Vein. 


theoretical 
ftuppositloos; 


results  of 
experience ; 


foot  of  the  gas,  whose  density  in  this  case  is  0.001465 ;  and 
as  a  cubic  foot  of  water  weighs  62.5  pounds,  the  value  of 
Dg  becomes  62.5  X  0.001465  =  0.0916,  nearly;  whence 

Q"  =  0.0916  X  0.02  X  668.02  X  ii  X  1200  =  1142.4. 


§  295. — A  stream  flowing  through  an  orifice  is  called 
a  vein.  In  estimating  the  quantity  of  fluid  discharged 
through  an  orifice,  it  is  supposed,  1st,  that  the  orifice  is 
very  small,'  as  compared  with  a  section  of  the  vessel  at 
the  upper  surface  of  the  fluid ;  2d,  that  there  are  neither 
within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  flow;  3d,  that  the  fluid  has  no  vis- 
cosity, and  does  not  adhere  to  the  sides  of  the  vessel  and 
orifice;  4th,  that  the  particles  of  the  fluid  reach  the 
upper  surface  with  a  common  velocity,  and  also  leave  the 
orifice  with  equal  and  parallel  velocities.  None  of  these 
conditions  are  fulfilled  in  practice,  and  the  theoretical  dis- 
charge must,  therefore,  differ  from  the  actual.  Experience 
teaches  that  the  former  always  exceeds  the  latter.  If  we 
take  water,  for  example,  which  is  far  the  most  important 
of  the  liquids  in  a  practical  point  of  view,  we  shall  find 
it  to  a  certain  degree  viscous,  and  always  exhibiting  a 
tendency  to  adhere  to  ununctuous  surfaces  with  which  it 
may  be  brought  in  contact.  When  water  flows  through 
an  opening,  the  adhesion  of  its  particles  to  the  surface 
will  check  their  motion,  and  the  viscosity  of  the  fluid  will 
transmit  this  effect  towards  the  interior  of  the  vein ;  the 
velocity  will,  therefore,  be  greatest  at  the  axis  of  the 
latter,  and  least  on  and  near  its  surface ;  the  inner  particles 
causes  which  lend  thus  flowing  away  from  those  without,  the  vein  will 
increase  in  length  and  diminish  in  thickness,  till,  at 
a  certain  distance  from  the  orifice,  the  velocity  becomes 
the  same  throughout  the  same  cross-section,  which  usually 
takes  place  at  a  short  distance  from  the  aperture.  This 
effect  will  be  increased  by  the  crowding  of  the  particles, 
arising  from  the  convergence  of  the  paths  along  which 


to  contract  the 
vein; 
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they  approach  the  aperture,  every  particle,  which  enters 
near  the  edge,  tending  to  pass  obhquely  across  to  the 
opposite  side.  This  diminution  of  the  fluid  vein  is  called 
the  veinal  contraction.  The  -quantity  of  fluid  discharged  veinai 
must  depend  upon  the  degree  of  veinal  contraction,  and  ®*"**^  '*' 
the  velocity  of  the  particles  at  the  section  of  greatest 
diminution ;  and  any  cause  that  will  diminish  the  viscosity 
and  adhesion,  and  draw  the  particles  in  the  direction  of 
the  axis  of  the  vein  as  they  enter  the  aperture,  will 
increase  the  discharge. 

Experience  shows  that  the  greatest  contraction  takes 
place  at  a  distance  from  the  vessel  varying  from  a  half  to  place  of  gnsatest 
once  the  greatest  dimension  of  the  aperture,  and  that  the  "*°'^*"*°» 
amount  of  contraction  depends  somewhat  upon  the  shape 
of  the  vessel  about  the  orifice  and  the  head  of  fluid.     It  is 
further  found  by  experiment,  that  if  a  tube  of  the  same  it*  amount 
shape  and  size  as  the  vein,  from  the  side  of  the  vessel  to  ^«p^^"i^»»' 
the  place  of  greatest  contraction,  be   inserted  into  the 
apeature,  the  actual  discharge  of  fluid  may  be  accurately 
computed  by  Eq.  (261),  provided  the  smaller  base  of  the 
tube  be  substituted  for  the  area  of  the  aperture ;  and  that,  the  actual 
generally,,  without  the  use  of  the  tube,  the  actual  may  be  **J*^**^* 

°  •"  *.  .  .  obtained  from 

deduced  from  the  theoretical  discharge,  as  given  by  that  the  theoretical; 
equation,  by  simply  multiplying  the  theoretical  discharge 
into  a  coefficient  whose  numerical  value  depends  upon  the 
size  of  the  aperture  and  head  of  the  fluid.     Moreover, 
all  other  circun^tances  being  the  same,  it  is  ascertained 
that  this  coefficient  remains  constant,  whether  the  aper- 
ture be  circular,  square,  or  oblong,  which  embrace  all  coefficient  of 
cases  of  practice,  provided  that  in  comparing  rectangular  ********^®'' 
with  circular  orifices,  we  compare  the  smallest  dimension 
of  the  former  with  the  diameter  of  the  latter.     The  value 
of  this  coefficient  depends,  therefore,  when  other  circum- depends  upon; 
stances  are  the  same,  upon  the  smallest  dimension  of  the 
rectangular  orifice,  and  upon  the  diameter  of  the  circle, 
in  the  case  of  circular  orifices.     But  should   other  cir- 
cumstances, such  as  the  head  of  fluid,  and  the  place  of 
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discharge 
through  orifices 
In  thin  plates ; 


coefficient 
deduced  fh>m 
experiments ; 


the  orifice,  in  respect  to  the  sides  Kg.  M«. 

and  bottom  of  the  vessel,  vary, 
then  will  the  coefficient  also  vary. 
"When  the  flow  takes  place  through 
thin  plates,  or  through  orifices 
whose  lips  are  bevelled  external- 
ly, the  coefficient  corresponding  to 
given  heads  and  orifices,  may  be 
found  in  the  following  table,  pro- 
vided the  orifices  be  remote  from 
the  lateral  faces  of  the  vessel.  This 
table  is  deduced  from  the  experi- 
ments of  Captain  Lesbros,  of  the  French  engineers,  and 
agrees  with  the  previous  experiments  of  Bossut,  Miche- 
lotti,  and  others. 


TABLE. 

Coefficient  values,  for  the  dischabos  of  fluids  thbough  thih 

PLATES,  the  orifices  BEING  REMOTE  FROM  THE  LATERAL  FACBS  OP 
THE  VESSEL. 


tuble  of 
GoefflcienU; 


• 

Valoes  of  the  coefllolenta  for  orifloee  whoie  smnllert  dimanaions  or 

Head  of  fluid 

diametera  are— 

above  the 

centre  of  the 

oriflce,  in  TeeL 

A 

A 

A 

A 

A 

■^, 

0.66 

0.33 

0.16 

0.08 

0.07 

o.o3 

o.o5 

0.700 

0.07 

0.627 

0.660 

0.696 

o.i3 

0.618 

0.63a 

0.657 

0.685 

0.30 

0.59a 

o.6ao 

o.64o 

0.656 

0.677 

o.a6 

o.6oa 

o.6a5 

0.638 

0.655 

0.672 

0.33 

0.593 

0.608 

o.63o 

0.637 

0.655 

0.667 

0.66 

0.596 

o.6i3 

o.63i 

0.634 

0.654 

0.655 

1. 00 

0.601 

0.617 

o.63o 

o.63a 

0.644 

o.65o 

1.64 

0.60a 

0.617 

0.628 

o.63o 

0.640 

0.644 

3.28 

o.6o5 

o.6i5 

0.626 

o.6a8 

0.633 

o.63a 

5.00 

o.6o3 

o.6ia 

0.620 

0.620 

0.621 

0.618 

6.65 

o.6oa 

0.610 

o.6i5 

o.6i5 

0.610 

0.610 

3a.  75 

0.600 

0.600 

0.600 

0.600 

0.600 

0.600 

coefficients  for 
gas ;  and  for 
oriiices  not  in  the 
table; 


In  the  instance  of  gas,  the  generating  head  ia  always  greater  than  MS  fL,  and  the 
coefficient  0.6,  or  0.61,  is  talcen  in  all  cases. 

For  orifices  larger  than  0.66  ft.,  the  coefficients  are  taken  as  for  this  dimenson ;  for 
orifices  smaller  than  0.03  ft.,  the  coefficients  are  the  same  as  for  this  latter ;  flnaUj,  for 
orifices  between  those  of  the  table,  we  take  coefficients  whose  yalaea  are  a  mean 
between  the  latter,  corresponding  to  the  given  head. 
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-Aa   the   orifice   approaches  one  Fig'  S67. 

f"  the  lateral  faces  of  the  reservoir, 
;ie  contraction  on  that  side  becomes 
3SS  and  less,  and  will  ultimately  be- 
ome  nothing,  and  the  coefficient 
^'ill  be  greater  than  those  of  the 
a.\)le,  K  the  orifice  be  near  two 
>f"  these  faces,  the  contraction  be- 
iomes  nothing  on  two  sides,  and  the 
coefficient  will  be  still  greater,  Fig.  368. 

Under  these  circumstances,  we 
Wave  the  following  rnles:  Denote 
\yy  G  the  tabular,  and  by  C  the 
true  coefficient  corresponding  to  a 
given  aperture  and  head,  then,  if 

tlie  contraction  be  nothing  on  one 

side,  will 

G'  =  1.03  G; 
if  nothing  on  two  sides, 

0'  =  1.06  G; 
if  nothing  on  three  sides, 

0"  =  1.12  G;  I 

a 

and  it  must  be  borne  in  mind,  that  these  results  and  those, 
of  the  table  are  applicable  only  when  the  fluid  issues-' 
through  holes  in  thin  plates,  or  through  apertures  so 
bevelled  externally  that  the  particles  may  not  be  drawn 
aside  by  molecular  action  along  their  tubular  contour. 

§  296. — When  the  orifice  is  rectangular,  and  has  no  d 
upper  limit,  or  is  open  at  the  top,  it  is  called  a  shdce-way.  ^^^ 
It  is  usually  a  cut  made  in  the  edge  of  a  reservoir,  through 
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which  the  fluid  may 

flow    when    it    rises 

above  a  certain  level. 

etttimateorthe     The  expcnsc  is  esti- 

expend  through    ^^^^     j^     ^^^    ^^^^^ 
a  sliiice-wajr ; 

Denote  by  I  the  length 
of  the  horizontal  side 


notation ; 


of  the  sluice-way ;  by  h  the  head  or  distance  BI,  of  the 
centre  of  gravity  of  a  transverse  section  of  the  flowing 
fluid  below  the  upper  surface  of  the  latter  in  the  reservoir ; 
by  fl'the  height  of  the  fluid  above  the  sill  CJ  of  the  sluice- 
way; and  by  V  the  mean  velocity:  then,  supposing  the 
sluice-way  filled  to  the  upper  level  of  the  fluid  in  the 
reservoir,  will 


whence 


h  =  ^ff, 


value  of  mel  n 
velocity ; 


r  =  0.707  V2gH; 


and  the  theoretical  expense  will  be 


theoretical 
expense; 


Fx  I  X  H=  0.707  •  ^/TgHx  Ix  K 

But  this  is  too  great,  and  experience  shows  that  it  should 
be  multiplied  by  the  coefiicient  0.57  for  all  ordinary  cases 
of  practice ;  that  is  .to  say,  the  true  expense,  denoted  by 
Uj  will  be  given  by  the  equation, 


practical 
expense, 


^  =  0.57  X  0.707  X  /  X  HX  V2^if=  0.408 1 .  if.  y/TgW,  .  .  (262). 

The  experiments  of  Dubuat,  Bidone,  Eytelwein,  and 
LesbroA,  show  that  the  coefficient  0.403  should   be  re- 
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:3uced  to  about  0.39  when  H  becomes  equal  to  or  greater 

ji-lian   0.66  of  a  foot,  and  increased  to  0.415  when  H  be- 

Ciomes  less  than   0.07   of  a  foot ;    but  that  it  remains  variation  in  um 

.sensibly  the  same,  whatever  be  the  total  contraction  pr^^^^* 

3^)osition  of  the  sluice-way  in  regard  to  the  vertical  sides 

of  the  reservoir,  provided  H  be  measured  from  the  level 

of  the  upper  surface  of  the  sill  to  that  of  a  point,  as  -4, 

in  the  surface  of  the  fluid  in  the  reservoir  which  has  no 

sensible  velocity.     When  the  sill  is  on  a  level  with  the 

bottom  of  the  reservoir,  the  velocity  of  the  upper  surface 

is    everywhere  sensible,  and  the  coefficient  increases  to 

about  0.45.     On  the  contrary,  0.403  is  already  too  large 

when  the  sluice-way  is  prolonged  into  a  trough-like  duct, 

of  slight  inclination,  wherein  the  fluid  may  have  impressed 

upon  it  a  whirling  or  irregular  motion  by  the  roughness 

of  the  surface. 

The  foregoing  conclusions  suppose  that  the  fluid  is  discharge 
discharged  through  orifices  in  thin  plates,  and  that,  du.  ^^j^**  **»*<* 
ring  the  flow,  the  fluid  particles  are  not  drawn  aside  from 
the  converging  paths,  along  which  they  tend  to  approach 
the  orifice,  by  the  action  of  any  extraneous  cause.     When 
the   discharge  is  through    thick  plates   without  bevel,   or 
tlirough  cylindrical  tubes  whose  lengths  are  from,  two  to 
three  times  the  smaller   dimension  of  the  orifice,   the 
expense  is  increased,  the  mean  coefficient,  in  such  cases, 
augmenting,  according  to  experiment  to  about  0.815  for  vaiueaorttM 
orifices  of  which  the  smaller  dimension  varies  from  0.33  «*«^^«"'»? 
to  0.66  of  a  foot,  under  heads  which  give  a  coefficient 
0.619  in  the  case  of  thin  plates.    The  cause  of  this  in- 
crease is  obvious.     It  is  within  the  observation  of  every 
one,  that  water  will  wet  most  surfaces  not  highly  polished 
or  covered  with  an  unctuous  coating— ^in  other  words, 
that  there  exists  between  the  particles  of  the  fluid  and  explanation; 
those  of  solids  an  affinity  which  will  cause  the  former  to 
spread  themselves  over  the  latter  and  adhere  with  con- 
siderable  pertinacity.     This  affinity   becoming   effective 
between  the  inner  surface  of  the  tube  and  those  particles 
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of  the  fluid  which  enter  the  orifice  near  its  edge,  the  latur 
will  not  only  be  drawn  aside  from  their  conveiging  direc- 
tions, but  will  take  with  them,  by  the  force  of  visooatj, 
the  other  particles,  with  which  they  are  in  sensible  ood- 
tact.  The  fluid  filaments  leading  through  the  tubewilu 
therefore,  be  more  nearly  parallel  than  in  the  csat  uf 
orifices  through  thin  plates,  the  contraction  of  the  vda 
will  be  less,  and  the  discharge  consequently  greater. 


XVIL 


DISCHARGE    OF    FLUIDS    THROUGH    PIPES. 


orifloes; 


Discharge  of  Wc  havc  Considered  the  discharge  of  fluids  throngh 

fluids  through      ^1^.  j^  ^^^  ^j^j^j^    1  ^^     j^  remains  to  discuss  the  discharge 

pipes;  *^  _^ 

through  pipes.  When  the  flow  is  through  pipes  whose 
length  does  not  exceed  two  or  three  times  their  diameter, 
the  quantity  discharged  in  a  given  time  is,  as  we  hare 
seen,  greater  than  through  bevelled  orifices  of  the  same 
size ;  but  when  the  length  is  increased  much  beyond  this 
limit,  the  reverse  is  the  case  and,  all  other  things  being 
less  than  through  cqual,  the  discharge  will  be  less  as  the  pipe  is  longer.  The 
same  pipe  may  be  of  variable  bore,  that  is  to  say,  it  .may 
have  a  greater  cross-section  at  one  point  than  at  another: 
in  which  case,  the  living  force  of  any  given  portion  of  the 
moving  fluid  cannot  be  constant  throughout.  When  of 
considerable  length,  pipes  are  rarely  perfectly  smooth,  the 
fluid  particles  cannot,  therefore,  flow  through  them  in  pa^ 
allel  filaments,  but  must  be  incessantly  deflected  from  their 
onward  course  into  partial  eddies  formed  by  the  small  ir- 
regularities of  surface.  Moreover,  as  the  pipes  increase  in 
length,  will  the  surface  exposed  to  fluid  pressure  increase, 
and  as  the  extent  of  surface,  all  other  things  being  equal, 
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determines  the  amount  of  pressure,  the  friction,  which  de-  ft 
.pends  upon  the  pressure,  augments  so  as  greatly  to  impede 
tlie  motion.     We  shall  proceed  to  estiniate  the  value  of 
tliese  influences. 

§  297.— But  first  of  all  let  us  Kg.  wa 

compute  the  aroount  of  living  force  '- 

resulting  from  the  shock  of  fluids,  ti 

flowing    with    different    velocities.  " 

For  this  purpose,  let  the  fluid  in 
the  pipe  LK  flow  with  the  velocity 
V,  and  denote  by  if  the  mass  which 
flows  into  the  vessel  B  C  in  &  unit 
of  time ;  also  let  the  velocity  of  the 
fluid  in  the  vessel  5(7 be  V,  and  its 
mass  M' ;  then  will  the  correspond- 
ing living  force  be 


and  supposing  the  fluid  to  be  water,  which  we  have  re- 
garded as  unelastic,  the  common  velocity  after  impact  will 
be  obtained  from  either  of  the  Eqs.  (194)  or  (195),  by 
making  e  —  0;  hence  the  common  velocity  denoted  by  v, 
will  he  given  by 


_  M.V  +  W  .V\ 


and  the  corresponding  living  force, 


<'+->•■■=  (^^5$f^)"  "<'+ '^"'^Si^-. 


and  the  loss  of  living  force  in  a  unit  of  time,  denoted 
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loss  or  living 
force 


i.-jnv+My  mTTP  M-{-M'     ' 


and,  dividing  by  if', 


•>m«: 


r        M{y-  V'f 


•    .     (263); 


•ame  when  a 
small  mass  flows 
lato  a  large 
mass. 


Loss  of  living 
force  from 
contraction  of 
cross-section  of  a 
pipe: 


Fig.  861. 


hypothesis; 


Botation ; 


or  when  the  mass  M'  is  very  great  as  compared  to  M^ 

L=^M{V-  VJ      ...     (26*> 

§  298. — It  will  be  an  easy  matter  now  to  estimate  iJg 
loss  of  living  force,  arising  from  a  contraction  of  the  vessel 
or  pipe  through  which  the  fluid 
may  be  flowing.  Let  A  BCD  be 
a  vessel  containing  a  heavy  fluid, 
of  which  -4^  is  the  upper  level, 
and  issuing  through  an  opening  a  b 
in  the  bottom  OD;  and  suppose 
-4.'  jB'  to  be  a  diaphragm,  pierced 
Dy  an  opening  a '  b'.  Denote  by  -4" 
tne  area  of  the  section  at  A"  B'\  by 
a  the  area  of  the  contraction  at  a  6, 
and  by  a'  that  of  the  contraction 
at  a'  b\  ThQ  fluid,  in  passing 
through  the  contraction  a' J',  im- 
pinges against  that  below  the  diaphragm  A'  B\  and  if 
the  opening  a  6  is  beyond  the  reach  of  the  eddies  formed 
by  this  conflict,  the  velocity  at  either  contraction  may  ba 
computed  from  that  at  the  other. 

Denote  by  V  the  velocity  of  the  fluid  as  it  passes  the 
contraction  at  a  i,  by  F'  that  at  the  contraction  a'  b\  and 
by  V"  that  at  the  section  A" B'\  supposed  beyond  the 
region  of  eddies ;  and  let  m  represent  the  coefficient  of  the 
expense  at  ai,  and  m'  that  at  a'b' :  these  coefllicients 
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may  be  found  from  the  table.     The  expense  at  a  i  will  be 

m  a  F,  that  through  the  section  A"  JS"  will  be  A''  F", 

and  that  through  the  contraction  at  a'  6'  will  be  m'  a'  F';  expense  through 

but  as  the  same  quantity  of  fluid  must  pass  through  the '^^^H.'^' 

sections  of  a 6,  A" B"y  and  a' 6',  in  the  same  time,  wc 

have 

maV  ^  A"V'\ 


maV  =  m'a'V; 


whence 


A' 

▼elociUet ; 


and   the   velocity  with  which  the  fluid    through  a '  6 ' 
impinges  against  that  below  the  diaphragm,  will  be 

F'    -     F"    =    ma(^-r Ijj)  V.  relative  velocity 

\7n  a  A    I  of  the  Impact; 

Denoting  by  %o  the  weight  of  fluid  that  passes  a'  J '  in  any 
small  portion  of  time,  its  loss  of  living  force  will  be 

g^  ^         g  Wa'         A")       ^   ' 

and  denoting  the  factor  m  a  i — j—j  —  --jn]  by  K^  the 
quantity  of  work  lost  will  be 

^      ^  •  work  lost; 


2^ 


The  work  of  the  weight,  during  the  same  time,  will  be 
v:  h,  and  the  quantity  of  work  remaining  will  be 


40 
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the  work 
remaluing ; 


W 


^9 


but  this  must  be  equal  to  half  of  the  living  force,  htoce 


which  is  equal  to 
hair  the  living 
force; 


9 


=  wh  — 


w 
27 


^F»; 


whence  we  find 


▼elodty  of 
through  a  b. 


•    • 


(265); 


Loss  of  liTiDg 

force  in  short 
pipea; 


hypothesis  and 
notation ; 


Fig.  362. 


and  from  which  we  see  that  the  velocity  will  be  less  thja 
that  due  to  the  height  A  (7,  equal  to  h, 

§  299. — ^Let  us  apply  this  to  the  discharge  of  a  flui-i 
through  a  short  pipe,  inserted  into  the  orifice  in  the  side 
of  a  vessel.  The  fluid  hav- 
ing contracted  to  its  mini- 
mum dimensions  at  n,  again 
dilates,  and  fills  the  tube  at 
a'  h\  Let  V  be  the  mean 
velocity  at  a '  6 ',  where  the 
area  of  the  cross-section  of 
the  pipe  is  a.  The  fluid 
particles  moving  in  parallel 
paths  at  a'  h\  the  expense 
will  be  a  X  V ;  while  that 

through  a  section  at  a  i,  where  the  velocity  is  F',  and 
cross-section  a',  will  be  ma'  V\  in  which  m  is  the  co- 
efficient corresponding  to  the  area  a ' ;  and,  as  these  must 
be  equal,  we  have 


-i4-~jz=:-^:^^^ 


aV  =  ma'V; 


whence 


▼eloclty  at  the 
entrance  of  pipe ; 


F'  = 


a 


ma 


-  V' 
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and  the  loss  of  living  force, 


w 
9 


kNMofliTing 
force; 


The  quantity  of  work  of  the  weight,  in  the  same  time, 
is  w  X  \  and  this,  diminished  by  half  the  loss  above, 
must  be  equal  to  half  the  actual  living  force;  and, 
therefore, 


^17*  J.  ^ 


\ma         /    • 


a 


or  making  -21_  -  1  =  JT  we  find 
ma 


When  the  tube  is  cylindrical  a  =  a\  and 


Telocity  of  egreas 
ttom  the  pipe ; 


m 


when  the  contraction  is  complete  in  n,  and  the  head 

varies  from  3  to  7  feet,  it  is  found  that  m  is  equal  to^aiwofw; 

0.62  very  nearly  ;  whence 

•    1 


^  =  TTao  -  1  =  0.613  very  nearly. 


0.62 


and 


^/\  +  K^ 


=  0.86 ; 


whence 


F=0.85  V'igh. 


▼alae  of  the 
constant ; 


final  value  for 
Telocity  of 


Experiments  give  the  coefficient  0.82,  but,  in  com- 
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oiefflcieni  sven   putuig  the  foregoing   value,   no  account   was   taken  (rf 
ii,  eipenidflni  B   f|.i,,j_i(j,j^  whicli  is  an   additional  cause   to   diminish  the 
work  of  the  weight  w  k. 

§  300. — When  the  velocity  of  a  Quid  is  con^defab'-f, 
Huw  of  iLuid»  and  the  length  of  the  pipe  through  which  it  flows  is  grtit, 
».u"i«i.[ih^  °  friction,  which  has  thus  far  been  neglected,  becomes  as 
effective  cause  of  obstruction,  and  can  never  be  neg'.i.\''i"i 
in  estimating  the  circumstances  which  determine  I'm 
quantity  discharged.  The  amount  of  friction  dcpe^l-. 
as  we  have  seen  in  the  case  of  fluids,  upon  the  pi>s5uni, 
and  this  latter  is  determined  by  the  extent  of  surface,  i..i 
the  head  which  impresses  the  velocity,  so  that  the  leii.-'. 
of  pipe  and  tiie  velocity  of  flow,  are  the  elements  fron 
which  friction  is  to  be  estimated. 

Let    abb'  a'    be 
a    pipe    of    uniform  pg.  aaa. 

bore  throughout,  con-  ,' 
necting  two  reser- 
voirs AC D B  and 
A'  C"  D'  B\  partly 
cBeitaud;  filled  with  fluid,  the 
former  to  the  level 
A  B,  and  the  latter  to 
the  level  ^'B'.  De- 
note by  //  the  dilfer- 
Doudon;  ence  of  level  between 

.-IS  and  A'B';  by  a 
the  area  of  a  ca^)ss-sec- 
tion  of  the  bore  of  the 

pi|)e ;  by  C  the  contour  of  this  section ;  by  L  the  length  of 
the  pipe;  and  by  Fthe  constant  velocity  of  the  fluid  flow- 
ing through  it.  Experience  shows,  and  the  computatioai 
of  Coulomb,  de  Mest,  ]feoNY,  Ettelwein,  and  Natier, 
MM  of  work  mm  teach  us,  that  the  loss  of  work  occasioned  by  friction  of 
MciiaDLnpipn;  pjpyj,^  j^  jj^^j  i\mii  during  which  a  weight  of  the  fluid 
denoted  by  la  is  discharged,  is  proportional  to  the  valu-.' 
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of  the  expression 


W       x/  X    C/  X     r     ^  proportional  to 

~Z^  '  IT  '  this  function ; 


and  that  this  loss  is  a  certain  fraction  n  of  this  function,  or 
is  equal  to 

^       L  X    C  X    V  the loMof work 

g  a  from  Mction ; 

If,  therefore,  there  be  neither  contractions  in  the  pipe, 
nor  sudden  turns  giving  rise  to  shocks,  the  only  loss  of 
work  will  be  that  measured  by  the  above  expression,  and 
that  due  to  a  diminution  at  the  orifice  a  b,  measured  by 
the  expression 

-  worlc  lost  from 

^      ,  y2    ,   /_f 1)    =     ^     T^jr*  dimmution  at  tl» 

2g  \m  J  2g  '  entrance  of  the 

pipe; 


in  which 


and,  because  of  the  principle  of  fluid  level,  jS"  is  the  only 
distance  through  which  w  can  act  to  produce  work,  we 
have 


«'F»  =  «,^_Ji..7'.ir*-«.^.:^^^ 


2<7  2g 

■whence 


..(266); 


F=       /  ^9S  ^ 

V    \  +  K*  +  2n'L'  — 

a 

from  which  the  velocity  may  be  found. 

The  expense,  denoted  by  Q,  ■will  be  given  by 


(267), 


veloeitj  of 


Q   =    aV (268).        expen»; 
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Taking  the  value  of  m  equal  to  0.60,  (see  table,)  we  find 


TBlueofUie  1  +  Z*=  1.4444 

oonstaDt; 

Experiment  shows  that,  for  water, 

Talae  of  the 

coefficient  m  for  ^    =    0.0035; 

waler; 

and  for  air  or  gas, 

•ndforga.;  n   —    0.00324; 

modiflcatioD  iD     and  it  is  important  to  remark  that,  when  the  questiot 
e  ormu    or    ^^j^^g  ^  ^^  discharge  of  gas,  we  must  make 


gap 


jj_  .D,.     h-h'     (  8hh'  \ 


as  indicated  by  Eqs.  (254),  (257),  in  the  latter  of  whicli  h 

and  A'  denote  the  mercurial  altitudes  corresponding  to  the 

interior  and  exterior  pressures. 

Denote  by  I)  the  internal  diameter  of  the  pipe,  then 

^  JD^ 
will  0  =  irD,  and  a  =  — j-,  so  that 

Substituting  these  different  values  and  thllt  of  gravity, 
Eq.  (22),  in  the  expression  for  the  velocity,  we  have, 
after  dividing  both  terms  of  the  fraction  by  8n> 


:?nlS;r""    for  water, . . .  F  =  47.&4  v7+^i.g  .  2?   '    '    ^^ 


iDkOMe 


of-r;     for  air, F  =  49.83  J--^^~  .    .    (270); 

^  L  +  00.72  .  Z> 
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in  whicli  all  linear  dimensions  are  expressed  in  English  either  fomiUA 
feet     The  first  formula  may  be  employed  even  for  gas,  ^^  ^  •™p>oy«i 
because  of  the  small  difference  between  the  values  of  n 
for  the  two  fluids,  provided  we  employ  the  proper  value 
for  K 

Finally,  if  the   aperture 
a'  V  of  final  egress  be  small-  Fig.  864. 

er  than  a 6,  or  of  less  section        .^ l_-^ -^.^__.j^/^ 

than  a,  V  being  the  velocity        ^^^^^^^^^^^-^^^^^^^^j^:      ^^len  the 
within  the  pipe,  the  expense  aperture  of  iinai 

■*■   ^  -"^  egress  is  smaller 

may  still  be  deduced  from  a  than  secuon  or 

slight  modification  of  the  value  of  the  velocity,  as  given  ^^^^'' 
by  Eq.  (267).    For  let  F'  denote  the  velocity  of  egress, 
a'  the  area  of  the  section  at  a' J',  and  m'  its  coefficient 
of  contraction,  then  will 


eonditlon  ot 


'  permanent  flow ; 


whence 


m  a 


and  the  living  force  of  the  fluid  as  it  issues  through  a' ft', 
will  be 


W   ^fi  _    *^  <^  jT^  UTin*  force  of  tU 

77  "■    T  ^    ^*2^J  ^     ^  I  discharging 

which,  being  |)laced  equal  to  the  second  member  of  Eq. 
(266),  will  give 


^  I  275" 

*^  ^  W     ~^ ;; Tr  •   •   (271).  its  velocity; 

V    -\^+E^  +  2nL.^ 

When  a'  is  very  small  as  compared  with  a,  the  value 
of  m'  is  about  0.60.     If  the  values  of  a  and  a'  differ  but 
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Tttlueeof  Um 
ooaOlcieiit  m'; 


eosunple; 


slightly,  or  if  the  pipe  term-  F»g.  365, 

inates  at  dV  in  a  conical  -.—--__-  = 
tube,  then  will  the  value  of  ."^^^^^Tr" 
m'  vary  from  0.82  to  0.96. 

Example.  Let  the  height 
of  the  reservoir  above  the  point  of  delivery  be  70  feet, 
the  diameter  of  the  pipe  0.5  of  a  foot,  and  its  length  liOO 
feet:   required  the  quantity  of  water  discharged  in  24 
hours.     In  this  case, 


data; 


2)  =  05;        JET  =  70^       i  =  1200^ 


which,  in  Eq.  (269),  give 


vslocitj; 


=  47.94  </. 
V  1 


0.5  X  70 


1200  -h  51.57  X  0.5 


=  8.102. 


The  value  of  a,  in  Eq.  (268),  will  be  given  by 


arMoftha 
■eeUonofpipe; 


7)8  0  9^ 

a  =  «•  ^  =  3.1416  X  i^  =  0.196; 


which,  in  Eq.  (268),  gives 


Q  ^  aV  =^  0.196  X  8.102  =  1.6  nearly ; 


and  this  multiplied  by  the  number  of  seconds  in  24  hoan 
equal  to  86400,  gives  138240  for  the  number  of  cubic  feet 
discharged  in  the  given  time. 
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